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Analytical Improvement on the Electromagnetic
Scattering From Deformed Spherical

Conducting Objects
Baris Ates , Alp Kustepeli, and Zebih Cetin

Abstract— In this article, electromagnetic scattering from con-
ducting deformed spheres is considered analytically by employing
the perturbation method and utilizing Debye potentials. To be
able to analyze a wide variety of scattering problems, azimuthal
variation is indispensable, and therefore, the geometries of
the scatterers considered in this study do not have rotational
symmetry; hence, they are dependent on the θ and ϕ angles
in spherical coordinates. Analyses are carried up to the second
order explicitly to obtain more accurate results, and thus,
scattered fields are obtained with second-order corrections. The
coefficients used to determine the scattered field are expressed
in terms of Clebsch–Gordan coefficients, which enables one to
obtain the results for new geometries only by simple algebraic
manipulations. Numerical results and their comparisons are also
presented for various deformation functions and parameters.

Index Terms— Analytical solution, Debye potential, electro-
magnetic wave scattering, perturbation method (PM), radar cross
section (RCS).

I. INTRODUCTION

NONSPHERICAL objects are of great importance and
taken into consideration in many areas of study, e.g.,

elasticity [1], fluid dynamics [2], neuroscience [3], astro-
physics [4], and acoustics [5]– [7], including electromagnetic
scattering [8], [9]. The interest in the scattering properties
of conducting objects for real-life problems [10]–[13] never
decreases for researchers in many different fields [14]–[16].
The studies on PEC bodies maintain their importance because
they either find direct applications [17], [18] or allow one
to examine and understand more complex materials, such
as dielectrics and others [7], [19]– [22]. One of the realis-
tic examples of those dielectric objects is raindrop, which
causes attenuation [23]. Even though raindrops are assumed as
spherical in shape in the analysis [24], because of the gravity,
wind, pressure, and other effects, they actually differ much and
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their shapes deviate from the sphere. To determine the shape
of raindrop, several successful models have been developed
[25], [26] and the results show that the sphericity assumption
is not very satisfactory for realistic calculations if its size is
large [27], [28].

Since the exact solution to electromagnetic scattering prob-
lems can be obtained only for certain geometries [26],
many methods have been developed and applied for the
detailed investigation of scattering by any object, e.g.,
the perturbation method (PM) [29], [30], the point matching
method [31], the method of moments [32], [33], the gener-
alized multipole method [34], the volume integral equation
method [35], the finite-difference time-domain method [36],
the finite-element method [37], the T matrix method [38],
and the Sh matrix method [39]. Although numerical methods
are very valuable and utilizable, the superiority of analytical
methods in many aspects, such as completeness, accuracy,
time, and memory requirements, is greatly appreciated, and
therefore, they are much more preferred [40], [41].

The PM [29], [42]–[44] can be considered as an advan-
tageous one since a full analytic approach is employed. The
method was employed up to the first order for various impor-
tant obstacles having rotational symmetry [29], [45], [46].
However, even for very specific geometries and problems,
lower order calculations are not sufficient for accurate results
[47]–[50] and to reveal the physics behind as well [5]–[22],
[46], [51]–[55]. Therefore, the order of the method turns out to
be very important for a clear and deep understanding of more
complicated problems. Even though there were some attempts
to increase the order to obtain more accurate results for
scatterers having arbitrary geometries, due to the complexity of
the integrals involved, only the general theory with the closed
form of the integrals was presented without their evaluation
[29], [43], [56].

The geometries considered in this work are obtained by the
smooth deformations of sphere which are dependent on both
θ and ϕ angles in spherical coordinates. In addition to this,
instead of the statistical version of the PM that causes loss
of information [57]–[59], the problem is examined directly
by using the second-order perturbation theory and neither
averaging methods nor additional assumptions are used, such
as in [60]–[62]. In this sense, present work could be regarded
as a generalization of [63].

Vector wave functions are commonly used to express the
fields [29], [43], [44], [57], [59], [64], [65], but since it is
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Fig. 1. Geometry obtained by deformation functions f1(θ, ϕ) =
Re(Y 5

6 (θ, ϕ)) and f2(θ, ϕ) = Re(Y 6
6 (θ, ϕ)). (a) 3-D geometry. (b) θ variation

for ϕ = π/6. (c) ϕ variation for θ = π/3.

easier to deal with one function than three, scalar functions
are considered instead of vector functions, and hence, Debye
potentials are utilized. Spherical harmonic expansion is also
utilized to expand the deformation functions in terms of spher-
ical harmonics denoted by Y m

n (θ, ϕ) [66], which enables one
to obtain the results for new geometries very easily without
repeating all of the calculations and to examine any scatterer
under TE or TM incidence without any additional, special,
or separate treatment through Wigner rotation matrices. The
unknown coefficients used to represent the scattered field are
presented explicitly and all of the surface integrals involved
are evaluated analytically.

II. FORMULATION AND SOLUTION

Geometries of the scatterers considered in this study are
obtained by small and smooth deformations of spheres and
their surfaces are described in spherical coordinates by

r = rs(θ, ϕ) = R(1 + β f1(θ, ϕ) + β2 f2(θ, ϕ)) (1)

where r, θ, and ϕ are the spherical coordinates, R represents
the radius of the sphere to be perturbed, β is the small
perturbation parameter, and f1(θ, ϕ) and f2(θ, ϕ) are arbi-
trary deformation functions. One of the θ - and ϕ-dependent
geometries to be examined can be seen in Fig. 1 and it is
obtained using the real parts of the spherical harmonics for
the deformation functions where Re() represents the real part.
The total electric field �E = �E i + �E s where �E i and �E s are the
incident and scattered fields, respectively, and for the perturbed
case, it can be written in terms of the perturbation parameter
β as [29]

�E(r, θ, ϕ) = �E0 + β �E1 + β2 �E2 + O(β3) (2)

where �E0(r, θ, ϕ) is the field component for the sphere and it
corresponds to the zeroth-order solution, �E1(r, θ, ϕ) is the con-
tribution from the first-order correction, and finally, �E2(r, θ, ϕ)
is the contribution due to the second-order correction. By the
formulation given in (2), it can be concluded that the field
for the deformed sphere is obtained by the summation of
the field belonging to the sphere together with the first-
and second-order corrections. Although the complexity of the
calculations increases enormously due to the increase in the
order of PM especially when the ϕ dependence is taken into
consideration to be able to represent an arbitrary geometry for

the scatterer, analyses are carried up to the second order to
obtain more accurate results. The time dependence is assumed
to be e−iωt and suppressed throughout this article (i = √−1).
The scattered field components are of the forms [67]

Eγ r =
∑
m,n

iaγ mn

ωμ�
Z1n(kr)Pm

n (cos θ)eimϕ

Eγ θ =
∑
m,n

iaγ mn

ωμ�
Z2n(kr)

d

dθ
Pm

n (cos θ)eimϕ

−
∑
m,n

im

� sin θ
bγ mn Z3n(kr)Pm

n (cos θ)eimϕ

Eγϕ = −
∑
m,n

maγ mn

ωμ� sin θ
Z2n(kr)Pm

n (cos θ)eimϕ

+
∑
m,n

bγ mn

�
Z3n(kr)

d

dθ
Pm

n (cos θ)eimϕ (3)

where
∑

m,n = ∑∛
n=1

∑n
m=−n and γ indicates the

order of perturbation. The Z functions seen in (3) are
Z1 n(kr) = ((d2/dr2) + k2)(kr h(1)

n (kr)), Z2 n(kr) =
(1/r)(d/dr)(kr h(1)

n (kr)), and Z3 n(kr) = k h(1)
n (kr) and h(1)

n
is the spherical Hankel function of the first kind. Pm

n is the
associated Legendre function [66], k is the wavenumber of
the surrounding medium, � is the permittivity, and μ is the
permeability. The coefficients aγ mn and bγ mn are arbitrary con-
stants [9], [67] and they are determined by using the boundary
condition on the surface of the conductor, n̂ × �E |r=rs = 0,
where n̂ is the unit normal vector on the surface and it is
described up to the second order by

n̂ =
(

1 − β2

(
1

2

(
∂ f1

∂θ

)2

+ 1

2 sin2 θ

(
∂ f1

∂ϕ

)2))
r̂

+
(

− β
∂ f1

∂θ
+ β2 f1

∂ f1

∂θ
− β2 ∂ f2

∂θ

)
θ̂

+
(

− β
1

sin θ

∂ f1

∂ϕ
+ β2 f1

sin θ

∂ f1

∂ϕ
− β2 1

sin θ

∂ f2

∂ϕ

)
ϕ̂

+ O(β3). (4)

Considering rs in (1) as rs = R + 
R where 
R =
β f1 R + β2 f2 R, the expressions for the field components up
to the second order are obtained as

Eγα(rs, θ, ϕ) = Eγα(R + 
R, θ, ϕ)

=
[

Eγα(r, θ, ϕ) + β f1r
∂

∂r
Eγα(r, θ, ϕ)

+ β2 f2r
∂

∂r
Eγα(r, θ, ϕ) + β2( f1)

2r2

2

× ∂2

∂r2
Eγα(r, θ, ϕ)

]
r=R

+ O(β3) (5)

where α indicates the r , θ , or ϕ component of the fields in
spherical coordinates.

A. Scattering From Conducting Sphere;
Zeroth-Order Solution

To employ the PM, one must first obtain the zeroth-order
solution, which corresponds to the plane wave scattering by a
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conducting sphere. Considering (2), the total electric field for
the zeroth-order solution can be represented as �E = �E i+ �E s =
�E0, and in this case, �Es = �E sph and, therefore, �E0 = �E i+ �E sph,

where �E i is the incident field and �E sph is the scattered field
from the sphere. If the incident field is considered as �E i =
E i eikz x̂ where E i is an arbitrary constant, it can be expressed
in spherical coordinates by the expansion [68]

�E i = E i
∛∑

n=0

an

[
− i

cos ϕ

kr
jn(kr)P1

n (cos θ)r̂

+ cos θ cos ϕ jn(kr)P0
n (cos θ)θ̂

− sin ϕ jn(kr)P0
n (cos θ)ϕ̂

]
(6)

where an = i n(2n + 1) and jn is the spherical Bessel
function of the first kind. The incident field can also be
expressed in terms of the representation given in (3) by
arranging the coefficients and using jn for the Z func-
tions accordingly. Thus, the unknown coefficients a0 mn and
b0 mn to be used to determine the scattered field can be
obtained as

a0 mn =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

E i i n(2n + 1)(k R jn(k R))�

2ωn(n + 1)(k Rh(1)
n (k R))�

, m = 1

−E i i n(2n + 1)(k R jn(k R))�

2ω(k Rh(1)
n (k R))�

, m = −1

0 , m �= ±1

(7)

b0 mn =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

E i −i n+1(2n + 1) jn(k R)

2ωηn(n + 1)h(1)
n (k R)

, m = 1

−E i i n+1(2n + 1) jn(k R)

2ωηh(1)
n (k R)

, m = −1

0 , m �= ±1

(8)

by using the relations of Legendre functions [66]. The primes
in (7) and (8) represent the derivatives with respect to the
argument of the functions. η is the intrinsic impedance of the
medium.

B. Scattering From Deformed Conducting
Sphere—First-Order Corrections

For the first-order corrections, the total field can be written
as �E = �E0 + β �E1 = �E i + �E sph + β �E1 by neglecting higher
order terms in (2), and for this case, the scattered field �E s =
�E sph +β �E1. Considering the angular dependencies of the field

defined in (3), it would be very convenient to find and utilize
the spherical harmonics expansion of the perturbation function
f1(θ, ϕ) as [6]

f1(θ, ϕ) =
∛∑
j=0

j∑
s=− j

ds
j Y

s
j =

∛∑
j=0

j∑
s=− j

f s
j Ps

j (cos θ)eisϕ. (9)

It should be noted here that, for some functions, the sum-
mation term j could be infinite; in such a case, summation
term must be truncated at a large value in order to make
sure that particle’s shape is represented accurately [58]. The

first-order perturbation coefficients a1 mn and b1 mn can be
obtained as

a1mn = −
⎡
⎣ωμ�(2n + 1)(n − m)!

4π Z2n(kr)m(n + m)!

×
⎛
⎝K1(m, n) +

∑
p,q

∑
j,s

Aq
1(p, q, j, s, n, m) δqsm

+
∑

p

∑
j,s

A1(p, j, s, n, m)

⎞
⎠

⎤
⎦

r=R

(10)

where

K1(m, n) =
(

4πkb1mn+1(n + m + 1)(n + 2)

(2n + 3)(2n + 1)
h(1)

n+1(kr)

− 4πkb1mn−1(n − 1)(n − m)

(2n − 1)(2n + 1)
h(1)

n−1(kr)

)

× (n + m)!
�(n − m)! (11)

b1mn =
⎡
⎣(

ωμ�(2n + 1)(n-m)!
4π i Z1n(kr)(n + m)!

)

×
⎛
⎝∑

p,q

∑
j,s

δqsm × Bq
1 (p, q, j, s, n, m)

+
∑

p

∑
j,s

B1(p, j, s, n, m)

⎞
⎠

⎤
⎦

r=R

(12)

δqsm = 2πδq+s,m and δi, j is the Kronecker delta. A1, Aq
1 , B1,

Bq
1 , and all the other A and B functions with various indices to

be seen below are presented in the Appendix. The superscript
q in the A and B functions indicates that those functions are
dependent on an additional parameter q and they are related to
the scattered fields, while the others are related to the incident
field.

C. Scattering From Deformed Conducting
Sphere—Second-Order Corrections

To obtain more accurate results, one needs to add more
correction terms by considering the higher order solutions,
and therefore, it is now intended to determine the field by
obtaining the second-order coefficients [9], [53]– [55]. For
the second-order corrections, the total field can be written as
�E = �E0 +β �E1 +β2 �E2 = �E i + �E sph +β �E1 +β2 �E2, and in this
case, the scattered field �E s = �E sph + β �E1 + β2 �E2. Similar to
f1(θ, ϕ) in (9), it will also be convenient to expand f2(θ, ϕ)
and ( f1(θ, ϕ))2 in terms of the spherical harmonics as

f2(θ, ϕ) =
∛∑
j=0

j∑
s=− j

hs
j Ps

j (cos θ)eisϕ (13)

( f1(θ, ϕ))2 =
∛∑
j=0

j∑
s=− j

ks
j Ps

j (cos θ)eisϕ. (14)

Considering the field components given in (3) and the spher-
ical harmonics expansions presented in (9), (13), and (14),
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using the orthogonality relations [65] and performing the
integrals involving multiplication of various forms of three
associated Legendre functions given in the Appendix, one can
obtain

a2mn

= −
⎡
⎣ωμ�(2n + 1)(n − m)!

4π Z2n(kr)m(n + m)!

×
⎛
⎝K2(m, n) +

∑
p,q

∑
j,s

10∑
ν=2

Aq
ν(p, q, j, s, n, m) δqsm

+
∑

p

∑
j,s

15∑
ν=11

Aν(p, j, s, n, m)

⎞
⎠

⎤
⎦

r=R

(15)

where

K2(m, n) =
(

4πkb2mn+1(n + m + 1)(n + 2)

(2n + 3)(2n + 1)
h(1)

n+1(kr)

−4πkb2mn−1(n − 1)(n − m)

(2n − 1)(2n + 1)
h(1)

n−1(kr)

)

× (n + m)!
�(n − m)! (16)

b2mn =
⎡
⎣ωμ�(2n + 1)(n − m)!

4π i Z1n(kr)(n + m)!

×
⎛
⎝∑

p,q

∑
j,s

18∑
ν=2

δqsm × Bq
ν (p, q, j, s, n, m)

+
∑

p

∑
j,s

25∑
ν=19

Bν(p, j, s, n, m)

⎞
⎠

⎤
⎦

r=R

.

(17)

If a1mn and b1mn presented in (10) and (12), respectively, are
taken into consideration with the expressions of the A and B
functions given in the Appendix, one may conclude that it can
be quite difficult to obtain the first-order corrections if there
is a ϕ variation in the scatterer geometry and it can be noticed
that the results can be obtained by using the A and B functions
with ν = 1 in those cases. Moreover, the complexity and
difficulty of obtaining the second-order corrections for such
cases can be well appreciated if one examines (15) and (17)
that include all of the A and B functions with ν ≥ 2
accordingly.

III. VALIDATION AND NUMERICAL RESULTS

In this section, first, the results are verified and validated by
comparisons in terms of the radar cross section (RCS) [68]

σ = lim
r→∛

(
4πr2 | �E s|2

| �E i|2
)

. (18)

Use previously published ones obtained for ϕ independent
scatterers and utilize their transformed forms. Then, more
results are presented for θ - and ϕ-dependent scatterers, e.g.,

ellipsoids, also called triaxial ellipsoids. Similar to (2), RCS
for the perturbed case can also be written as

σ = σ sph + βσ1 + β2σ2 + O(β3) (19)

where σ sph corresponds to RCS from the sphere and σ1 and
σ2 are the first- and second-order corrections, respectively.
Actually, the efficiency of the method lies on the fact that,
in the PM with the representation given in (19), separation
of size and shape of scatterer enables to analyze the results
for many new geometries for fixed deformation function
but different perturbation parameters without repeating all of
the calculations. It is sufficient to change the perturbation
parameter and use the previously obtained σ ’s. This feature
of the PM makes it an advantageous one to save time in
terms of computations [69]. To employ the PM through the
general representation in (2) via the expansions given in (3),
the summations seen in (3) must be truncated accordingly
in order to achieve a good convergence. Hence, it can be
concluded that for the purposes of this study, choosing N =
15 is sufficient to obtain satisfactory results regarding the
convergence as in [64].

For comparisons and verifications, three different cases
are examined. In the first case, the θ - and ϕ-independent
deformation functions f1(θ, ϕ) = C1 and f2(θ, ϕ) = C2 can
be considered with real constants C1 and C2 in (1) leading
to the angle independent deformation of the sphere, which
results in a new sphere with radius R(1 + C1β + C2β

2).
This deformation is not only important to compare the results
obtained by the perturbation theory with the ones obtained by
the Mie theory [70] but also enables to examine the size effect
in the perturbation theory for the same type of objects with
different sizes. The results are in a very good agreement and
not presented here because of this article limitations.

Next, the results can be checked by considering geometries
having rotational symmetry obtained by using deformation
functions in the form of fi (θ, ϕ) = fi (θ). A spheroid is one
of those type of geometries and it is considered in the analysis
of many important problems [69], [71]–[78]. The surface of
spheroid is described, as a deformed sphere, by the following
relation [77]:

rs(θ) = R

(
1 − h2

2
sin2 θ − h4

2

(
sin2 θ − 3

4
sin4 θ

))
. (20)

In [77], h2 is used as a perturbation parameter and it corre-
sponds to the perturbation parameter given as β in (1). Since
β = h2, the results for prolate and oblate spheroids in [77]
can be obtained by β = h2 and β = −h2, respectively, with
f1(θ) = −1/2 sin2 θ and f2(θ) = −1/2 sin2 θ + 3/8 sin4 θ .
In Fig. 2, backward RCS (σb) obtained by the second-order
perturbation for prolate spheroids is examined and compared
with the ones obtained by CST for various values of h. It is
seen that the results are in a good agreement. Bistatic RCS
results are also presented in Fig. 3 for a prolate spheroid
obtained with h = 0.4 at k R = 1 and the results are in a
very good agreement. By the comparisons given above, it can
be concluded that the present results are consistent with the
ones obtained by CST for the spheroids.
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Fig. 2. Backward RCS for prolate spheroids. Comparison of the results
obtained by the PM and CST for various h values.

Fig. 3. Bistatic RCS for prolate spheroid h = 0.4 and for the sphere at
k R = 1 with ϕ = 0 and �E i = eikz x̂ .

Fig. 4. Coordinate transformation for comparisons. (a) Spheroid. (b) Rotated
spheroid by an angle α.

Finally, in the third case, the results are checked by
transforming the backward RCS values of a ϕ independent
scatterer under oblique incidence with the ones obtained
by CST for spheroids. For comparison purposes, the spher-
oid examined in [77] as shown in Fig. 4(a) is consid-
ered in the primed coordinate system. Employing a rotation
by an angle α leads to a θ - and ϕ-dependent geometry in
unprimed coordinate system as shown in Fig. 4(b), which
results in θ - and ϕ-dependent deformation functions f1(θ, ϕ)
and f2(θ, ϕ). With that approach for this very special case,
the results of that ϕ independent geometry are utilized
for the comparison and validation of the perturbation results of
the θ - and ϕ-dependent geometry. The deformation functions

Fig. 5. Normalized forward RCS for prolate and oblate spheroids.

Fig. 6. Normalized backward RCS for prolate and oblate spheroids for TE
case.

can also be obtained by using Wigner rotation matrices [79]
for that special case. Since the Wigner rotation matrices
can be employed for any kind of rotation in 3-D space,
the deformation functions can be obtained for any case by
their usage and that allows one to examine θ - and ϕ-dependent
geometries for TE or TM incidence without the need of any
separate treatment. It is also worth mentioning here that the
usage of Wigner rotation matrices in the present work, which
allows one to consider 3-D rotations, is very important for
detecting buried objects. It is known that for spheroidal targets,
there exists some blind orientation that prevents buried objects
to be detected [10]. Thus, the present approach allows one to
consider different angles of incidence without repeating all
of the calculations from the beginning and therefore has the
potential to find application in that area. Forward RCS (σf)
results obtained by the second-order perturbation are shown
in Fig. 5. Both prolate and oblate spheroids for the deformation
parameters 0.2 and 0.4 are considered and it is seen that
the results are consistent with [77, Fig. 6]. Moreover, if the
backward RCS results presented in Fig. 6 are compared with
the ones shown in [77, Fig. 2] where α corresponds to θ0 of
that figure, it can be seen that they are also in a very good
agreement.

Consequently, the verification and validation of the results
reveal that the methodology presented in this article can be
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Fig. 7. Backward RCS for triaxial ellipsoid for ξ = 0.25 and various values
of h with �E i = eikz x̂ .

successfully used for the accurate calculation of the RCS
of arbitrarily shaped scatterers. Ellipsoidal surfaces can be
given as a well-known example for these types of shapes.
By expressing the semiaxes of the ellipsoid in terms of the
perturbation parameter β as a, a(1 + β) and a(1 + βξ),
the equation of the ellipsoid, also called triaxial ellipsoid, can
be given as

x2

a2
+ y2

a2(1 + β)2
+ z2

a2(1 + βξ)2
= 1 (21)

and in spherical coordinates, it can also be written as in (1),
where R corresponds to the semiminor axis a, f1(θ, ϕ) =
sin2 θ sin2 ϕ + ξ cos2 θ , and f2(θ, ϕ) = (3/2)( f 2

1 (θ, ϕ) −
f1(θ, ϕ)+(ξ−ξ2) cos2 θ) such that ξ is arbitrary and |βξ | < 1.
The coefficients f s

j , ks
j , and hs

j used in the expansions of the
perturbation functions presented in (9), (13), and (14) are given
in the Appendix for arbitrary ξ . The incident field for the
ellipsoids is again �E i = E ieikz x̂ and it is employed via the
expansion in (6) as in the previous cases. Fig. 7 shows the
backward RCS results of the ellipsoids for ξ = 0.25 and
various values of h and the results are in good agreement.
To reveal the efficiency of the PM method for an ellipsoid, one
may compare the CPU times for the PM and CST solutions.
Using the values k R = 1.5, ξ = 0.25, and h = 0.2, the PM
method needs 557 s and CST needs 1799 s, which leads to a
speedup of 3.23 times. In addition to that, the efficiency of the
PM method will be very well appreciated if one considers its
application for many different values of h. For every different
values of h, one needs to repeat the computations requiring the
same amount of time with CST. Since the computations with
the PM method are performed using a very simple expression
given in (19), the computation time for the new value of h is
less than 1×10−5 s, which does not make any contribution to
the total computation time. Therefore, one can conclude that
the PM method is the number of values of h × 3.23 times
faster than CST. Bistatic RCS results for ellipsoids are also
presented in Fig. 8 and it is seen that the results are in a very
good agreement.

In addition to the triaxial ellipsoid results, the present
calculations allow to evaluate the RCS results for more irreg-
ularly shaped obstacles. A specific example for such kind of
deformed objects has been presented in Fig. 1 and RCS results

Fig. 8. Bistatic RCS for triaxial ellipsoid for ξ = 0.25 and h = ±0.4 at
k R = 1 with ϕ = 0 and �E i = eikz x̂ .

Fig. 9. Normalized backward RCS for the geometries obtained by the defor-
mation function pairs f1(θ, ϕ) = Re(Y 5

6 (θ, ϕ)) and f2(θ, ϕ) = Re(Y 6
6 (θ, ϕ))

and f1(θ, ϕ) = Re(Y 2
4 (θ, ϕ)) and f2(θ, ϕ) = Re(Y 3

4 (θ, ϕ)) with h = 0.36
and �E i = eikz x̂ .

for two different cases of that geometry are presented in Fig. 9.
Comparisons of the results show the very good agreement and
successful implementation of the methodology for irregularly
shaped obstacles.

IV. CONCLUSION

In this study, an analytical solution to the electromagnetic
scattering of a plane wave by arbitrarily shaped conducting
objects was presented by employing the PM. The geometries
of the scatterers are dependent on the θ and ϕ angles in spher-
ical coordinates, and hence, they have azimuthal variations as
well, which increases the complexity significantly, contrary to
the ones generally considered with rotational symmetry in the
literature. Even though it led to very complicated expressions,
second-order corrections were also included in the solutions
to obtain more accurate results. Since it is easier to deal with
scalar functions, Debye potentials were utilized instead of
vector functions. By expanding the deformation functions in
terms of spherical harmonics, the scattered field was obtained
in terms of Clebsch–Gordan coefficients by evaluating all of
the surface integrals analytically and that approach enables one
to obtain the results for new geometries without repeating all
of the calculations and also eliminates the need of the separate
treatment of TE and TM excitations. Scattering results from
objects with azimuthal variations including ellipsoids were
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also presented. The validations of the results were performed
by comparisons with the ones given in the literature accord-
ingly and with the ones obtained by CST. From the results,
it can be concluded that the methodology can be successfully
employed with high accuracy for the solution to scattering
from more irregularly shaped objects.

APPENDIX

The A and B functions with various indices and the
results of the integrals involving multiplication of various
forms of three associated Legendre functions are presented
in the following. The A functions are in the form of Aν =
Aν(p, j, s, n, m) and Aq

ν = Aq
ν (p, q, j, s, n, m), the B func-

tions are also in the same form. The arguments of the A and
B functions are suppressed in the Appendix for simplicity

Aq
1 = q f s

j a0qp

ωμ�
r

d

dr
Z2p(kr)I0(p, j, n, q, s, m)

− f s
j b0qp

�
r

d

dr
Z3p(kr)I4(p, j, n, q, s, m)

+ s f s
j a0qp

ωμ�
Z1p(kr)I0(p, j, n, q, s, m) (A.1)

A1 = − f s
j E i i p+1

2
r

d

dr
jp(kr)δ−

× [I0( j, p + 1, n, s, 1, m) − I0( j, p − 1, n, s, 1, m)]
− s f s

j E i i p(2 p + 1)

2

jp(kr)

kr
× I0(p, j, n, 1, s, m)δ+ (A.2)

Aq
2 = −sks

j a0qp

2ωμ�
Z1p(kr)I0(p, j, n, q, s, m) (A.3)

Aq
3 = sks

j a0qp

2ωμ�
r

d

dr
Z1p(kr)I0(p, j, n, q, s, m) (A.4)

Aq
4 = s f s

j a1qp

ωμ�
Z1p(kr)I0(p, j, n, q, s, m) (A.5)

Aq
5 = qks

j a0qp

2ωμ�
r2 d2

dr2
Z2p(kr)I0(p, j, n, q, s, m) (A.6)

Aq
6 = −ks

j b0qp

2�
r2 d2

dr2
Z3p(kr)I4(p, j, n, q, s, m) (A.7)

Aq
7 = q f s

j a1qp

ωμ�
r

d

dr
Z2p(kr)I0(p, j, n, q, s, m) (A.8)

Aq
8 = − f s

j b1qp

�
r

d

dr
Z3p(kr)I4(p, j, n, q, s, m) (A.9)

Aq
9 = shs

j a0qp

ωμ�
Z1p(kr)I0(p, j, n, q, s, m) (A.10)

Aq
10 = qhs

j a0qp

ωμ�
r

d

dr
Z2p(kr)I0(p, j, n, q, s, m)

− hs
j b0qp

�
r

d

dr
Z3p(kr)I4(p, j, n, q, s, m) (A.11)

A11 = sks
j E i i p(2 p + 1)

4

jp(kr)

kr
I0(p, j, n, 1, s, m)δ+ (A.12)

A12 = −sks
j E i i p(2 p + 1)

4
r

d

dr

(
jp(kr)

kr

)
× I0(p, j, n, 1, s, m)δ+ (A.13)

A13 = 1

4
ks

j E i i p−1r2 d2

dr2
jp(kr)

× [I0(p + 1, j, n, 1, s, m)

− I0(p − 1, j, n, 1, s, m)]δ− (A.14)

A14 = − shs
j E i i p(2 p + 1)

2 k r
jp(kr)I0(p, j, n, 1, s, m)δ+

(A.15)

A15 = hs
j E i i p−1

2
r

d

dr
jp(kr)

× [I0(p + 1, j, n, 1, s, m)

− I0(p − 1, j, n, 1, s, m)]δ− (A.16)

Bq
1 = − i f s

j b0qp

ωμ�
r

d

dr
Z1p(kr)I0(p, j, n, q, s, m)

+ iq f s
j a0qp

μ
Z3p(kr)I2(p, j, n, q, s, m)

+ i f s
j b0qp

ωμ�
Z2p(kr)I1(p, j, n, q, s, m)

× −i s f s
j a0qp

μ
Z3p(kr)I2( j, p, n, s, q, m)

− i sq f s
j b0qp

ωμ�
Z2p(kr)I3(p, j, n, q, s, m) (A.17)

B1 = k f s
j E i i p(2 p + 1)

2wμ
r

d

dr

(
jp(kr)

kr

)
I0(p, j, n, 1, s, m)δ−

+ k f s
j E i i p−1(2 p + 1)

2wμ
jp(kr)

× [
a1(p, 0)I5( j, p + 1, n, s, 0, m)

+ a2(p, 0)I5( j, p − 1, n, s, 0, m)
]
δ−

+ sk f s
j E i i p+1(2 p + 1)

2wμ
jp(kr)I6(p, j, n, 0, s, m)δ+

(A.18)

Bq
2 = − iks

jb0qp

2ωμ�
r2 d2

dr2
Z1p(kr)I0(p, j, n, q, s, m) (A.19)

Bq
3 = −i f s

j b1qp

ωμ�
r

d

dr
Z1p(kr)I0(p, j, n, q, s, m) (A.20)

Bq
4 = iqks

ja0qp

2μ
r

d

dr
Z3p(kr)I2(p, j, n, q, s, m) (A.21)

Bq
5 = iks

j b0qp

2ωμ�
r

d

dr
Z2p(kr)I1(p, j, n, q, s, m) (A.22)

Bq
6 = iq f s

j a1qp

μ
Z3p(kr)I2(p, j, n, q, s, m) (A.23)

Bq
7 = i f s

j b1qp

ωμ�
Z2p(kr)I1(p, j, n, q, s, m) (A.24)

Bq
8 = −iqks

ja0qp

2μ
Z3p(kr)I2(p, j, n, q, s, m) (A.25)

Bq
9 = − iks

jb0qp

2ωμ�
Z2p(kr)I1(p, j, n, q, s, m) (A.26)

Bq
10 = −i sks

j a0qp

2μ
r

d

dr
Z3p(kr)I2( j, p, n, s, q, m) (A.27)
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Bq
11 = − i sqks

jb0qp

2ωμ�
r

d

dr
Z2p(kr)I3(p, j, n, q, s, m) (A.28)

Bq
12 = −i s f s

j a1qp

μ
Z3p(kr)I2( j, p, n, s, q, m) (A.29)

Bq
13 = − i sq f s

j b1qp

ωμ�
Z2p(kr)I3(p, j, n, q, s, m) (A.30)

Bq
14 = i sks

j a0qp

2μ
Z3p(kr)I2( j, p, n, s, q, m) (A.31)

Bq
15 = i sqks

j b0qp

2ωμ�
Z2p(kr)I3(p, j, n, q, s, m) (A.32)

Bq
16 = iqhs

j a0qp

μ
Z3p(kr)I2(p, j, n, q, s, m)

+ ihs
j b0qp

ωμ�
Z2p(kr)I1(p, j, n, q, s, m) (A.33)

Bq
17 = − i shs

j a0qp

μ
Z3p(kr)I2( j, p, n, s, q, m)

− i sphs
j b0qp

ωμ�
Z2p(kr)I3(p, j, n, q, s, m) (A.34)

Bq
18 = − ihs

j b0qp

ωμ�
r

d

dr
Z1p(kr)I0(p, j, n, q, s, m) (A.35)

B19 = k ks
j E i i p(2 p + 1)

4wμ
r2 d2

dr2

(
jp(kr)

kr

)
× I0(p, j, n, 1, s, m)δ− (A.36)

B20 = − k ks
j E i i p+1(2 p + 1)

4wμ
r

d

dr
jp(kr)δ−

× [a1(p, 0)I5( j, p + 1, n, s, 0, m)

+ a2(p, 0)I5( j, p − 1, n, s, 0, m)] (A.37)

B21 = k ks
j E i i p+1(2 p + 1)

4wμ
jp(kr)δ−

× [a1(p, 0)I5( j, p + 1, n, s, 0, m)

+ a2(p, 0)I5( j, p − 1, n, s, 0, m)] (A.38)

B22 = s k ks
j E i i p+1(2 p + 1)

4wμ
r

d

dr
jp(kr)

× I6(p, j, n, 0, s, m)δ+ − s k ks
j E i i p+1(2 p + 1)

4wμ

× jp(kr)I6(p, j, n, 0, s, m)δ+ (A.39)

B23 = k hs
j E i i p(2 p + 1)

2wμ
r

d

dr

(
jp(kr)

kr

)
× I0(p, j, n, 1, s, m)δ− (A.40)

B24 = khs
j E i i p−1(2 p + 1)

2wμ
jp(kr)δ−

× [a1(p, 0)I5( j, p + 1, n, s, 0, m)

+ a2(p, 0)I5( j, p − 1, n, s, 0, m)] (A.41)

B25 = skhs
j E i i p+1(2 p + 1)

2wμ
jp(kr)I6(p, j, n, 0, s, m)δ+

(A.42)

where a1(p, q) = ((p − q + 1)/(2 p + 1)), a2(p, q) =
((p + q)/(2 p + 1)), δ+ = 2π(δ1+s,m + δ−1+s,m),

δ− = 2π(δ1+s,m − δ−1+s,m), and

I0(p, j, n, q, s, m) =
∫ π

0
Pq

p Ps
j Pm

n sin θdθ (A.43)

I1(p, j, n, q, s, m) =
∫ π

0

∂ Pq
p

∂θ

∂ Ps
j

∂θ
Pm

n sin θdθ (A.44)

I2(p, j, n, q, s, m) =
∫ π

0

Pq
p

sin θ

∂ Ps
j

∂θ
Pm

n sin θdθ (A.45)

I3(p, j, n, q, s, m) =
∫ π

0

Pq
p

sin θ

Ps
j

sin θ
Pm

n sin θdθ (A.46)

I4(p, j, n, q, s, m) =
∫ π

0

∂ Pq
p

∂θ
Ps

j Pm
n sin2 θdθ (A.47)

I5(p, j, n, q, s, m) =
∫ π

0

∂ Pq
p

∂θ
Ps

j Pm
n sin θdθ (A.48)

I6(p, j, n, q, s, m) =
∫ π

0

Pq
p

sin θ
Ps

j Pm
n sin θdθ (A.49)

where the arguments of the associated Legendre functions,
cos θ , are suppressed for simplicity. The integrals given
in (A.44)–(A.48) can be evaluated by transforming them to
the expressions involving many integrals similar to (A.43).
Considering

d

dx
Pm

n (x) = −nx

1 − x2
Pm

n (x) + n + m

1 − x2
Pm

n−1(x) (A.50)

x Pm
n (x) = (n − m + 1)

2n + 1
Pm

n+1(x) + n + m

2n + 1
Pm

n−1(x) (A.51)

Pm
n (x)√
1 − x2

= (2n − 1)Pm−1
n−1 (x) + Pm

n−2(x)√
1 − x2

(A.52)

and a very useful relation

Pm
n (x)√
1 − x2

=
	 n−m

2 
∑
τ=0

(2(n − 2τ ) − 1)Pm−1
n−1−2τ (x) (A.53)

obtained via (A.52) where 	x
 denotes the greatest integer less
or equal to x and those integrals can be written in term of I0

as

I1(p, j, n, q, s, m)

= 1

4
[(p − q + 1)(p + q)

× ( j − s + 1)( j + s)I0(p, j, n, q − 1, s − 1, m)

− (p − q + 1)(p + q)I0(p, j, n, q − 1, s + 1, m)

− ( j − s + 1)( j + s)I0(p, j, n, q + 1, s − 1, m)

+ I0(p, j, n, q + 1, s + 1, m)] (A.54)

I2(p, j, n, q, s, m)

= [−�(p, q, τ1)�( j + 1, s, τ2)

× a3( j, s) I0(p − 1 − 2τ1, j − 2τ2, n, q − 1, s − 1, m)

− �(p, q, τ3)�( j − 1, s, τ4)a4( j, s)

× I0(p − 1 − 2τ3, j − 2 − 2τ4, n, q − 1, s − 1, m)]
(A.55)
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where a3(p, q) = ((−p(p − q + 1))/(2 p + 1)) and
a4(p, q) = (((p + q)(p + 1))/(2 p + 1))

I3(p, j, n, q, s, m)

= [�(p, q, τ1)�( j, s, τ2)

× I0(p − 1 − 2τ1, j − 1 − 2τ2, n, q − 1, s − 1, m)]
(A.56)

I4(p, j, n, q, s, m)

= (p − q + 1)(p + q)

2(2 j + 1)
× I0(p, j + 1, n, q − 1, s + 1, m)

− (p − q + 1)(p + q)

2(2 j + 1)
I0(p, j − 1, n, q − 1, s + 1, m)

− 1

2(2 j + 1)
I0(p, j + 1, n, q + 1, s + 1, m)

+ 1

2(2 j + 1)
I0(p, j − 1, n, q + 1, s + 1, m) (A.57)

I5(p, j, n, q, s, m)

= 1

2
(p − q + 1)(p + q) × I0(p, j, n, q − 1, s, m)

− 1

2
I0(p, j, n, q + 1, s, m) (A.58)

I6(p, j, n, q, s, m)

= �(p, q, τ ) × I0(p − 2τ − 1, j, n, q − 1, s, m) (A.59)

where �(p, q, τ )h(p, q, τ ) = ∑	((p−q)/2)

τ=0 (2(p − 2τ ) −

1)h(p, q, τ ) for an arbitrary function h(p, q, τ ). The integral
I0 seen in (A.54)–(A.59) and given by (A.43) can be evaluated
as [81]

I0(p, j, n, q, s, m)

=
∫ π

0
Pq

p Ps
j Pm

n sin θdθ

=
√

(p + q)!( j + s)!(n + m)!
(p − q)!( j − s)!(n − m)!

(
p+ j∑

ρ1=ρ1min

C p j ρ1
q s M2

C p j ρ1
0 0 0

)

×
(

ρ1+n∑
ρ2=ρ2min

√
(ρ2 − M3)!
(ρ2 + M3)!Cρ1 n ρ2

M2mM3
Cρ1 n ρ2

0 0 0

)

×
(

[(−1)M3 + (−1)ρ2]M32M3−2�(ρ2

2 )�(ρ2+M3+1
2 )

( ρ2−M3

2 )!�(ρ2+3
2 )

)

(A.60)

where Cl1l2l3
m1m2m3

are Clebsch–Gordan coefficients, � denotes
the Gamma function, M2 = q + s, M3 = q + s + m, ρ1min =
max(M2, |p − j |), and ρ2min = max(M3, |ρ1 − n|). For the
cases where the associated Legendre functions have negative
degree and negative order encountered in the evaluation of
I0–I6 given in (A.43)–(A.49), the integrals are modified by
using [30], [66]

Pm
−n−1(x) = Pm

n (x) (A.61)

and

P−m
n (x) = (−1)m (n − m)!

(n + m)! Pm
n (x) (A.62)

resulting in additional multiplicative terms in the equations
accordingly. The coefficients f s

j , ks
j , and hs

j used in (9), (13),

and (14) for ellipsoid are

f 0
0 = (1 + ξ)/3, f −2

2 = −2 (A.63)

f 0
2 = (−1 + 2ξ)/3, f 2

2 = −1/12 (A.64)

k0
0 = (3 + 2ξ + 3ξ2)/15, k−2

2 = −4(3 + ξ)/7 (A.65)

k0
2 = 2(−3 + ξ + 6ξ2)/21, k2

2 = −(3 + ξ)/42 (A.66)

k−4
4 = 24, k−2

4 = 12

7
(1 − 2ξ) (A.67)

k0
4 = (3 − 8ξ + 8ξ2)/35, k2

4 = (1 − 2ξ)/210 (A.68)

k4
4 = 1/1680, h0

0 = (−1 + ξ − ξ2)/5 (A.69)

h−2
2 = 1

7
(3 − 6ξ), h0

2 = 1

14
(1 + 2ξ − 2ξ2) (A.70)

h2
2 = 1

56
(1 − 2ξ) (A.71)

hs
4 = 3/2ks

4 for s = −4,−2, 0, 2, 4. (A.72)
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