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Self-Adjusting Fuzzy Logic Based Control of
Robot Manipulators in Task Space

B. Melih Yilmaz , Enver Tatlicioglu , Aydogan Savran, and Musa Alci

Abstract—End effector tracking control of robot manipu-
lators subject to dynamical uncertainties is the main objec-
tive of this article. Direct task space control that aims min-
imizing the end effector tracking error directly is preferred.
In the open loop error system, the vector that depends on
uncertain dynamical terms is modeled via a fuzzy logic net-
work and a self-adjusting adaptive fuzzy logic component
is designed as part of the nonlinear proportional derivative
based control input torque. The stability of the closed-loop
system is investigated via Lyapunov based arguments and
practical tracking is proven. The viability of the proposed
control strategy is shown with experimental results. Exten-
sions to uncertain Jacobian case and kinematically redun-
dant robots are also presented.

Index Terms—Adaptive fuzzy logic (AFL), fuzzy approxi-
mation, Lyapunov methods, robot manipulators, task space
control, universal fuzzy controller.

I. INTRODUCTION

IN THE robot manipulator control literature, significant
amount of the past research is devoted to designing tracking

controllers in the joint space. However, in most applications,
desired task is defined in the end effector space. To address this
problem, one line of research prefers to transform the desired
task into the joint space and then make use of the vast amount
of literature on joint tracking control. The main shortcoming of
this method is possible problems due to the inverse kinematics at
position level that must be used when transforming the desired
task from operational space to the joint space. Other line of
research has focused on designing controllers that aim directly
minimizing the tracking errors in the end effector space [1],
where one of the early results was presented in [2]. In [3],
dynamic control of robot manipulators in end effector space was
aimed where accurate knowledge of both dynamic and kinematic
models were required for implementation. While in [4], an
experimental evaluation of control in end effector space for dif-
ferent end effector orientation parameterizations was provided.
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In [5], quaternion based resolved rate and resolved acceleration
end effector space controllers were proposed. Configuration
control of kinematically redundant robot manipulators was dis-
cussed in [6]. In [7], compliant motion controllers were designed
for kinematically redundant robot manipulators where, similar
to [3], redundancy was made use of to optimize a user-defined
objective function. While not requiring inverse kinematics at
position level this method needs the inverse of the Jacobian
matrix, which may be problematic when the Jacobian matrix
is uncertain and/or not square. Review of control methods at
task space can be found in [8] and [9].

Another important research issue independent of the choice
of the control method described above is the presence of un-
certainties in the model of the robot manipulators. Specifically,
the dynamic model of the robot manipulator can include para-
metric and/or unstructured uncertainties while there may be
uncertain kinematic model parameters, and these uncertainties
avoid them to be used as part of the control input design.
When the uncertainties are linearly parameterizable adaptive
methods are in order. Recently, in [10], a neural network based
approach was followed to compensate for both dynamic and
kinematic uncertainties. In [11] and [12], regulation of robot
manipulators in task space was aimed, where the uncertainty
of the Jacobian matrix was compensated with an approximate
matrix. In [13], tracking control of robot manipulators in end
effector space was aimed, where quaternion feedback was used.
In [14], the results in [3] are extended to deal with parametric
uncertainties in robot’s dynamic model. The results in [14] are
extended in [15] and [16] with the addition of a novel stability
analysis for the subtask objectives. These results are further
improved in [17], where asymptotic stability of the subtask
objectives were proven. An end effector space tracking con-
troller was designed in [18], where both kinematic and dynamic
uncertainties were dealt with gradient based adaptive update
laws. In [19], regulation of robot manipulators in end effector
space was addressed with an amplitude limited controller, where
parametric uncertainties in dynamic and kinematic models were
also compensated for. In [20], a sliding mode type control
strategy was proposed where dynamic parametric uncertainties
was compensated adaptively. One of the shortcomings of the
gradient based adaptive techniques is the lack of compensation
for unstructured uncertainties which can be addressed via invok-
ing adaptive methods with robust tools. Another shortcoming is
the need to find the regressor matrix which is usually specific
to the robot manipulator at hand. When there are unstructured
uncertainties in the robot dynamic model robust control methods
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can be made use of. In [21], a self-tuning adaptive end effector
space controller was designed, where bounded uncertainties
were also compensated for robustly. In [22], the results in [14] are
extended by adding a robustifying component to the controller,
where uniform ultimate boundedness (UUB) of the closed-loop
system was proven. Tracking control of kinematically redundant
robot manipulators subject to parametric uncertainties in both
kinematics and dynamics along with unstructured uncertainties
in dynamics was addressed in [23], where a UUB result was
ensured. In [24], a saturation function based repetitive learning
controller was designed that does not require dynamic model
knowledge. Recently in [25], a robust signum of the integral of
the end effector tracking error based controller was designed
where kinematic uncertainties were dealt with adaptively. Ro-
bust techniques usually require discontinuous terms and/or rely
on the upper bound of the uncertainties, which may be consid-
ered as weaknesses.

In this article, tracking control of robot manipulators in task
space is aimed. Direct task space control is invoked to avoid the
complications and possible problems associated with the inverse
kinematics at position level. The task space tracking error is
quantified as the difference of the end-effector configuration
vector and the desired task space trajectory. The error system
development is further pursued via the definition of an auxiliary
error like vector that requires the Jacobian matrix. The control
problem is complicated by the presence of uncertainties in the
dynamic model. In a novel departure from the existing works on
task space control, a self-adjusting adaptive fuzzy logic (AFL)
based approach [26]–[28] is proposed. Specifically, to avoid
finding the regressor matrix and thus to obtain a universally
applicable control structure, a fuzzy logic network based mod-
eling is used to compensate for the dynamical uncertainties
adaptively. The self-adjusting property of the AFL strategy is
obtained by tuning the centers and widths of the membership
functions (MFs) via dynamic adaptive update laws. For the MFs,
a polynomial structure is preferred to avoid the weaknesses of
exponential type MFs not changing much with their spread and
piecewise continuous MFs not being continuous. The stability
of the closed-loop system is investigated via novel Lyapunov
based arguments and practical tracking is proven. Experimental
verification of the proposed AFL based robust control is demon-
strated on an in-house developed robot manipulator.

In addition to the dynamical uncertainties, kinematic un-
certainties are also encountered. These uncertainties usually
possess the linear parameterization property, where the regressor
matrix is relatively easier to obtain. To address this research
issue, an uncertain Jacobian matrix extension is also aimed. The
uncertainties in the Jacobian matrix avoided it to be used as
part of the error system definition and thus a different auxiliary
error like vector definition is introduced. Via the design of an
adaptive update rule for the uncertain kinematic parameters
the kinematic uncertainties are dealt with while the previously
designed self-adjusting AFL-based controller is modified ac-
cordingly. To investigate the stability of the closed-loop system,
a new Lyapunov function is introduced, where practical tracking
is ensured. Experiments are also performed to demonstrate the
viability of the proposed controller.

When the dimension of the end effector space is less than
the number of degree of freedom (DOF), the robot manipulator
is called kinematically redundant [29] and the Jacobian matrix
is not square. This constitutes a problem as the definition of
the auxiliary error like vector that ties the end effector tracking
objective to the dynamic model relies on the inverse of the
Jacobian matrix. To circumvent this problem, an extension to
the kinematically redundant robot manipulators is also studied.
The difference between the number of DOF and the dimension of
the end effector space shows the level of redundancy and may be
used to achieve secondary control objectives [30], [31]. Exam-
ples of secondary objectives are singularity avoidance, joint limit
avoidance, bounding the impact forces, and bounding the poten-
tial energy. These secondary control objectives are required to be
designed appropriately as they are achieved via the self-motion
of the robot without affecting the end effector tracking objective.
In this part of the study, a new definition is proposed for the error
like vector to include a pseudoinverse of the Jacobian matrix and
the control design is modified accordingly. The stability of the
closed-loop system is investigated in two steps. In the first part,
the stability of the task space tracking error is investigated in a
similar manner to that of the nonredundant case and practical
tracking is achieved. In the second part, the stability of the
secondary objective is investigated and UUB of the secondary
objective is proven.

The rest of this article is organized as follows. In Section II,
kinematic and dynamic models along with model properties are
presented. In Section III, error system development along with
the control design are presented for the known Jacobian case,
while the associated stability analysis is given in Section IV.
The derivations for the uncertain Jacobian case as a whole are
shown in Section V. Section VI includes the experimental results
for both known Jacobian and uncertain Jacobian cases. Finally,
Section VII concludes this article.

II. KINEMATIC AND DYNAMIC MODELS

The kinematic model of an nDOF revolute joint robot manip-
ulator operating on n dimensional space is acquired from [32]

x = f(q) (1)

where x(t) ∈ Rn is the task space position, q(t) ∈ Rn repre-
sents the joint position vector and f : Rn → Rn denotes the
forward kinematics. By differentiating (1), velocity kinematics
is obtained as

ẋ = Jq̇ (2)

where ẋ(t) ∈ Rn denotes the task space velocity, q̇(t) ∈ Rn

is the joint velocity vector and J(q) ∈ Rn×n represents the
Jacobian matrix defined as

J =
∂f

∂q
. (3)

Remark 1: In accordance with the literature on task space
control, all kinematic singularities are considered to be always
avoided thus the inverse of the Jacobian matrix J−1(q) exists
for all possible q(t) [32].
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Remark 2: J(q) and J−1(q) depend on q(t) via trigonometric
functions only and thus they are bounded ∀q.

The dynamical model of the robot manipulator has the fol-
lowing structure [32]

M(q)q̈ + C(q, q̇)q̇ +G(q) + F q̇ = τ (4)

where q̈(t) ∈ Rn represents joint acceleration vector, M(q) ∈
Rn×n is the positive definite and symmetric inertia matrix,
C(q, q̇) ∈ Rn×n models the centripetal and Coriolis terms,
G(q) ∈ Rn represents the gravitational effects, F ∈ Rn×n de-
notes viscous frictional effects, and τ(t) ∈ Rn is the control
input torque. The above dynamical terms satisfy the below
properties.

Property 1: As a direct consequence of utilizing Lagrange
formulation in obtaining the above dynamics, the inertia matrix
M(q) is positive definite and symmetric and satisfies following
inequalities [32]

m1‖η‖2 ≤ ηTM(q)η ≤ m2‖η‖2 ∀η ∈ Rn (5)

where m1, m2 ∈ R are positive bounding constants.
Property 2: In the Lagrange’s formulation, the velocity de-

pendent terms can be arranged by utilizing Christoffel symbols
to make the centripetal Coriolis matrix and the time derivative of
the inertia matrix satisfy following skew symmetry property [33]

ηT (Ṁ − 2C)η = 0 ∀η ∈ Rn. (6)

III. ERROR SYSTEM DEVELOPMENT AND CONTROL DESIGN

The main objective of the controller design is to ensure track-
ing of a desired task space position vector xd(t) ∈ Rn which
along with its first two time derivatives are considered to be
bounded functions of time. The dynamic model in (4) is uncer-
tain and thus can not be benefited as part of the control design
so the error system development must be tailored accordingly.

The task space tracking error, denoted by e(t) ∈ Rn, is de-
fined as

e � xd − x. (7)

Differentiating (7) by utilizing (2) yields

ė = ẋd − Jq̇. (8)

To ease the presentation of the rest of the design and analysis,
an auxiliary error-like term, shown with r(t) ∈ Rn, is defined
as

r � J−1(ẋd + αe)− q̇ (9)

in whichα ∈ Rn×n is a constant, positive definite, diagonal gain
matrix. Substituting (9) into (8) yields

ė = −αe+ Jr. (10)

The definition of r(t) in (9) can also be considered as a transfor-
mation between task space in which tracking is aimed and joint
space where control input torque is to be designed [14]. In an
attempt to reach open loop dynamics for the auxiliary error-like
term r(t), its first time derivative is taken and then multiplied
with the inertia matrix to deduce

Mṙ = −Cr − τ + f (11)

where (4) and (8) along with time derivative of (7) were utilized
with f(x, ẋ, xd, ẋd, ẍd) ∈ Rn being defined as

f �M
d

dt
[J−1(ẋd + αe)] + CJ−1(ẋd + αe) +G+ F q̇.

(12)
Since the dynamic modeling matricesM(q),C(q, q̇),G(q), and
F include uncertainties, f defined above is also uncertain. By
utilizing the universal approximation property of fuzzy logic
network [34]–[36], the auxiliary uncertain term in (12) can be
modeled as

f = wTφ+ ε (13)

where w ∈ Ra×n is the constant control representative value
matrix, φ(p,Δ, χ) ∈ Ra×1 is the membership value vector with
a � 5

∏n
i=1 Λi where Λi denote the number of fuzzy rules, p,

Δ ∈ Rb×1 are centers and widths with b � 5
∑n

i=1 Λi, χ(t) �
[x, ẋ, xd, ẋd, ẍd] ∈ R5n and ε(χ) ∈ Rn is the functional approx-
imation error satisfying ‖ε‖ ≤ ε̄ for known bound ε̄.

Utilizing (13) and (11) can be rewritten as

Mṙ = −Cr − τ + wTφ+ ε. (14)

Based on the subsequent analysis, the control input torque is
designed as

τ = JT e+Krr + ŵT φ̂ (15)

whereKr ∈ Rn×n is a constant, positive definite, diagonal con-
trol gain matrix, ŵ(t) ∈ Ra×n is the estimate of control repre-
sentative value matrix, φ̂(p̂, Δ̂, χ) � φ|p=p̂,Δ=Δ̂ ∈ Ra×1 is the

estimate of membership value vector with p̂(t), Δ̂(t) ∈ Rb×1

denoting estimated centers and widths, respectively. Control
representative values, width and center values are updated adap-
tively according to

˙̂w = Γwφ̂r
T − Γw

∂φ̂

∂Δ̂
Δ̂rT − Γw

∂φ̂

∂p̂
p̂rT − kw‖r‖Γwŵ

(16)

˙̂
Δ = ΓΔ

(
∂φ̂

∂Δ̂

)T

ŵr − kΔ‖r‖ΓΔΔ̂ (17)

˙̂p = Γp

(
∂φ̂

∂p̂

)T

ŵr − kp‖r‖Γpp̂ (18)

where Γw ∈ Ra×a, ΓΔ, Γp ∈ Rb×b are constant, positive def-
inite, diagonal adaptation gain matrices, and kw, kΔ, kp ∈ R
are constant, positive adaptation gains. To ensure boundedness
of the estimations, a projection algorithm (such as the one
in [37]) is considered to be used on the right-hand sides of
(16)–(18). The control input torque design in (15) includes a
nonlinear proportional derivative controller JT e+Krr fused
with an AFL component with self-adjusting MFs for uncertainty
compensation. By substituting the control input torque design in
(15) to the open loop error system in (14), the closed-loop error
system is concluded as

Mṙ = −Cr −Krr − JT e+ ε+ wTφ− ŵT φ̂. (19)
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IV. STABILITY ANALYSIS

In this section, in view of the previously obtained error dynam-
ics, the stability of the closed-loop system will be investigated
by utilizing Lyapunov type analysis methods.

Theorem 1: The control input torque in (15) and the update
rules in (16)–(18) ensures boundedness of the closed-loop sys-
tem and guarantees practical tracking of a desired task space
position vector.

Proof: To prove the theorem, a Lyapunov function, shown
with V1(t) ∈ R, is defined as

V1 � 1

2
eT e+

1

2
rTMr +

1

2
tr{w̃TΓ−1

w w̃}

+
1

2
Δ̃TΓ−1

Δ Δ̃ +
1

2
p̃TΓ−1

p p̃ (20)

in which tr{·} is the trace operator and w̃(t) ∈ Ra×n, Δ̃(t),
p̃(t) ∈ Rb×1 are estimation errors defined as

w̃ � w − ŵ, Δ̃ � Δ− Δ̂, p̃ � p− p̂. (21)

Via using projection algorithm on right-hand sides of (16)–(18),
‖w̃(t)‖i∞ ≤ ¯̃w, ‖Δ̃(t)‖ ≤ ¯̃Δ, ‖p̃(t)‖ ≤ ¯̃p are guaranteed for

known positive bounding constants ¯̃w, ¯̃Δ, ¯̃p, and in view of these
bounds, the expression in (20) can be lower and upper bounded
as

1

2
min{1,m1}‖z‖2 ≤ V1 ≤ 1

2
max{1,m2}‖z‖2 + c1

(22)

c1 �
¯̃w2λmax{Γ−1

w }
2

+
¯̃Δ2λmax{Γ−1

Δ }
2

+
¯̃p2λmax{Γ−1

p }
2

(23)

where the notation λmax{·} denotes the maximum eigenvalue of
a matrix, z(t) � [ eT rT ]T ∈ R2n is the combined error vector
and ‖ · ‖i∞ denotes the induced infinity norm.

The time derivative of (20) is obtained as

V̇1 = eT ė+ rTMṙ +
1

2
rT Ṁr + tr{w̃TΓ−1

w
˙̃w}

+ Δ̃TΓ−1
Δ

˙̃Δ + p̃TΓ−1
p

˙̃p. (24)

Substituting (10) and (19), and time derivatives of estimation
errors in (21) into (24) yields

V̇1 = eT (Jr − αe) + rT
(−Cr −Krr − JT e+ ε

+wTφ− ŵT φ̂
)
+

1

2
rT Ṁr − tr{w̃TΓ−1

w
˙̂w}

− Δ̃TΓ−1
Δ

˙̂
Δ− p̃TΓ−1

p
˙̂p (25)

and after canceling common terms, using Property 2, adding and
subtracting rTwT φ̂ yields

V̇1 = −eTαe− rTKrr + rTwT φ̃+ rT w̃T φ̂+ rT ε

− tr{w̃TΓ−1
w

˙̂w} − Δ̃TΓ−1
Δ

˙̂
Δ− p̃TΓ−1

p
˙̂p (26)

where φ̃(t) = φ− φ̂ ∈ Ra×1 can be rewritten via using the
Taylor series expansion as [38], [39]

φ̃ =
∂φ̂

∂p̂
p̃+

∂φ̂

∂Δ̂
Δ̃ + ξ (27)

in which ξ(p̃, Δ̃) represents higher order terms. Substituting (27)
and the adaptive update rules in (16)–(18) into (26) and then
canceling common terms gives

V̇1 = −eTαe− rTKrr + rT ε+ rTwT ξ

+ kw‖r‖tr{w̃T ŵ} −ΔT

(
∂φ̂

∂Δ̂

)T

w̃r

+ kΔ‖r‖Δ̃T Δ̂− pT

(
∂φ̂

∂p̂

)T

w̃r + kp‖r‖p̃T p̂ (28)

where tr{η + ν} = tr{η}+ tr{ν} and tr{ην} = tr{νη} [38]
were used as well. Following bounds can be obtained [26]:

|rTwT ξ(p̃, Δ̃)| ≤ (a0 + a1‖Δ̃‖+ a2‖p̃‖)‖r‖ (29)∣∣∣∣∣∣ΔT

(
∂φ̂

∂Δ̂

)T

w̃r

∣∣∣∣∣∣ ≤ a3‖w̃‖i∞‖r‖ (30)

∣∣∣∣∣∣pT
(
∂φ̂

∂p̂

)T

w̃r

∣∣∣∣∣∣ ≤ a4‖w̃‖i∞‖r‖ (31)

where a0, a1, a2, a3, a4 ∈ R are known positive constants. In
obtaining the above bounds, the boundedness of ξ in [26] and
[40] was used along with the boundedness of ŵ, Δ̂, p̂ ensured
via utilizing a projection algorithm on the right-hand sides of
(16)–(18) andw,Δ, p being constant vectors. By using the upper
bounds in (29)–(31), the right-hand side of (28) can further be
upper bounded as

V̇1 ≤ −eTαe− rTKrr + a0‖r‖+ ε̄‖r‖
+ ‖r‖ [(a3 + a4) ‖w̃‖i∞ + kwtr{w̃Tw} − kwtr{w̃T w̃}]
+ ‖r‖

[
a1‖Δ̃‖+ kΔΔ̃

TΔ− kΔΔ̃
T Δ̃
]

+ ‖r‖ [a2‖p̃‖+ kpp̃
T p− kpp̃

T p̃
]

(32)

and utilizing ‖w‖i∞ ≤ w̄, ‖Δ‖ ≤ Δ̄, ‖p‖ ≤ p̄ for known posi-
tive constants w̄, Δ̄, p̄, and then completing the squares deduces
to

V̇1 ≤ −eTαe− rTKrr

+ ‖r‖
[
a0 + ε+

(a3 + a4 + kww̄)
2

4kw

+

(
a1 + kΔΔ̄

)2
4kΔ

+
(a2 + kpp̄)

2

4kp

]
. (33)
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Following compact upper bound is obtained for the right-hand
side of (33)

V̇1 ≤ −β‖z‖2 + γ2

4δ
(34)

in which γ is a positive constant bigger than the square bracketed
term of (33) and β ∈ R is a positive constant defined as

β � min{λmin(α), λmin(Kr)− δ} (35)

where the notation λmin{·} denotes the minimum eigenvalue of
a matrix and γ‖r‖ ≤ γ2

4δ + δ‖r‖2 was made use of for a positive
damping constant δ.

From the structures of (22) and (34),V (t) ∈ L∞ can be shown
and thus e(t), r(t) can be proven to be bounded. Standard signal
chasing arguments can be used to ensure boundedness of all
the signals under the closed-loop operation. Also, from (22)
and (34), UUB of e(t) and r(t) are guaranteed with the size of
the ultimate bounds depending on constants on the right-hand
sides of (22) and (34), which can be adjusted via control and
adaptation gains, thus practical tracking of a desired task space
position vector is ensured. �

V. UNCERTAIN JACOBIAN MATRIX EXTENSION

When the kinematic parameters of the robot manipulator are
not known accurately, the Jacobian matrix includes parametric
uncertainties and thus can not be utilized in the definition of the
auxiliary error-like vector and in the control design. Thus, the
definition of r and the control design are required to be revised
based on this restriction. In this section, an adaptive update rule
for the uncertain kinematic parameters will be proposed to be
fused with the control strategy in the previous part. The task
space variables x(t) and ẋ(t) are considered to be available via
alternative sensing methods.

Property 3: The velocity kinematics in (2) is linearly param-
eterizable in the sense that

Jq̇ =WJΦJ (36)

where WJ(q, q̇) ∈ Rn×s is the known regression matrix and
ΦJ ∈ Rs denotes unknown constant kinematic parameter
vector.

In this case, due to the unavailability of J , the interconnection
between task space and joint space is provided by r(t) that is
defined as [25]

r � Ĵ−1(ẋd + αe)− q̇ (37)

where Ĵ(q) ∈ Rn×n is the estimated Jacobian matrix obtained
by substituting the uncertain kinematic parametersΦJ with their
estimations Φ̂J (t) ∈ Rs. In view of (36), following expression
is obtained

Ĵ q̇ =WJ Φ̂J (38)

and subtracting (38) from (36) yields

J̃ q̇ =WJ Φ̃J (39)

where J̃(q) � J − Ĵ ∈ Rn×n and Φ̃J (t) � ΦJ − Φ̂J ∈ Rs. In
view of the new definition of r(t) in (37), the time derivative of

the task space tracking error is obtained as

ė = −Ĵr − αe− J̃ q̇ (40)

which includes the extra term J̃ q̇ when compared with (8).
The open loop error dynamics has the same structure as in
(11) but due to the new definition of r(t) the auxiliary vector
f(x, ẋ, xd, ẋd, ẍd) ∈ Rn is now defined as

f �M
d

dt
[Ĵ−1(ẋd + αe)] + CĴ−1(ẋd + αe) +G+ F q̇.

(41)
Similarly, f is expressed via the fuzzy logic structure given
in (13). Based on error system development and subsequent
stability analysis, the control input torque is now designed as

τ = ĴT e+Krr + ŵT φ̂ (42)

and Φ̂J (t) is updated according to

˙̂
Φ = −ΓJW

T
J e (43)

where ΓJ ∈ Rn×n is a constant, positive definite, diagonal
adaptation gain matrix, and the projection algorithm in [18] is
considered to be utilized on the right-hand side to ensure bound-
edness of both the parameter updates and its time derivative and
also existence of the inverse of Ĵ . The closed-loop error system
is obtained as

Mṙ = −Cr −Krr − ĴT e+ ε+ wTφ− ŵT φ̂. (44)

To investigate the stability of the closed-loop system, the Lya-
punov function, shown with V2(t) ∈ R is defined as

V2 � V1 +
1

2
Φ̃T

J Γ
−1
J Φ̃J . (45)

The expression in (45) can be lower and upper bounded as

1

2
min {1,m1}‖z‖2 ≤ V2 ≤ 1

2
max{1,m2}‖z‖2 + c2 (46)

c2 �
¯̃w2λmax{Γ−1

w }
2

+
¯̃Δ2λmax{Γ−1

Δ }
2

+
¯̃p2λmax{Γ−1

p }
2

+
¯̃Φ2
Jλmax{Γ−1

J }
2

(47)

where ‖Φ̃J (t)‖ ≤ ¯̃ΦJ is ensured via the use of a projection
algorithm on the right-hand side of (43) for known positive
bounding constant ¯̃ΦJ ∈ R. The time derivative of (45) can be
obtained as

V̇2 = eT ė+ rTMṙ +
1

2
rT Ṁr + tr{w̃TΓ−1

w
˙̃w}

+ Δ̃TΓ−1
Δ

˙̃Δ + p̃TΓ−1
p

˙̃p+ Φ̃T
J Γ

−1
J

˙̃ΦJ . (48)

Utilizing similar steps to the ones in (25)–(35), the same compact
upper bound in (33) is obtained for the right hand side of (48)
as well. Thus, practical tracking of a desired task space position
vector is ensured.
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Fig. 1. Three-DOF planar robot manipulator.

TABLE I
CHARACTERISTIC OF MOTORS AND DRIVERS

VI. EXPERIMENT RESULTS

To demonstrate the performance of the proposed controllers,
experiments were fulfilled with the 3 DOF planar robot manip-
ulator presented in Fig. 1, where properties of its motors and
motor drivers are presented in Table I.

To measure the joint positions AS5045 magnetic rotary en-
coders based on contactless magnetic sensor technology were
used. Quark Q8 data acquisition card is used to realize the
data transmission between computer and drivers. The control
signals received from the data acqusition card as pulsewidth
modulation are transmitted to motor drivers and encoder signals
are received as quadrature counter inputs. The control algorithm
was run on MATLAB Simulink with real time windows target
with a sampling rate of 0.001 s. In the experiments, to achieve
a nonredundant robot manipulator, the first joint was locked
mechanically and the last two links were used. The Jacobian
matrix has the following form:

J =

[−l1 sin(q1)− l2 sin(q1 + q2) −l2 sin(q1 + q2)
l1 cos(q1) + l2 cos(q1 + q2) l2 cos(q1 + q2)

]
(49)

where q1 and q2 are the joint positions and l1 and l2 are link
lengths. The manipulator was initially at rest at the joint position
q(0) = [0, π/2]T [rad]. The desired task space position vector
was designed as

ẋd(t) =

[−0.015 sin(0.1t)
0.01 cos(0.2t)

]
, xd(0) =

[
0.65
0.25

]
[m]. (50)

The gains were tuned via trial and error method1 and the
controller gains were selected as Kr = diag{50, 20}, α =

1The gain tuning process was initiated with conservative (i.e., big) gains and
when the experiments worked smaller control gains were tried until satisfactory
tracking performance was obtained.

Fig. 2. Known Jacobian case: Task space position tracking error e(t).

Fig. 3. Known Jacobian case: Control input torque τ(t).

diag{8, 7.6} while the adaptation gains were set to Γw = Ia,
ΓΔ = 0.02Ib, Γp = 0.07Ib, kw = 0.002, kΔ = 0.8, kp = 0.5.
The number of fuzzy rules were set toΛ1 = Λ2 = 3 (i.e., 3-rule),
and the initial values of estimations of control representative
values and centers of MFs were selected randomly in the range of
[−1, 1],while the initial values of estimated widths were selected
randomly in the range of [0,1]. For the uncertain Jacobian
extension, in view of (49), the regression matrix Wj is obtained
as

WJ =

[− sin(q1)q̇1 − sin(q1 + q2)(q̇1 + q̇2)
cos(q1)q̇1 cos(q1 + q2)(q̇1 + q̇2)

]
(51)

and the adaptive gain matrix was chosen as ΓJ = I2 and the
initial values of the adaptive updates of both link lengths were
set as l̂1(0) = l̂2(0) = 0.5.

The experiment results are presented in Figs. 2–6. The track-
ing error and control input torque for known Jacobian case are
presented in Figs. 2 and 3, respectively. The position tracking
error, control input torque and estimates of link lengths are
presented in Figs. 4–6, respectively, for the uncertain Jacobian
extension. From Figs. 2 and 4, it is clear that satisfactory
tracking were achieved for both known Jacobian and uncertain
Jacobian cases, respectively, for reasonable control input torques
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Fig. 4. Uncertain Jacobian case: Task space position tracking error
e(t).

Fig. 5. Uncertain Jacobian case: Control input torque τ(t).

Fig. 6. Uncertain Jacobian case: Estimates of link lengths.

presented in Figs. 3 and 5. Specifically, after the transients ended,
the steady-state behavior of the tracking error remained within
a small neighborhood of zero. The integral of the square of the
norm of tracking error and control input are presented in Table II.
From the first and fourth lines of the table, it can be seen that in

TABLE II
PERFORMANCE MEASURES

the known Jacobian case despite requiring higher control effort
a significantly better tracking performance was achieved.

The performance of the controllers in (15) and (42) were
compared by substituting their AFL component ŵT φ̂(p̂, Δ̂, χ)
with two other adaptive structure. For the first comparison,
another AFL structure of the form ŵTφ(pc,Δc, χ) was used
in which pc and Δc are constant centers and widths which
are chosen as vectors with all entries being equal to 1 and ŵ
was updated adaptively via (16). For the second comparison,
an adaptive neural network structure of the form ŵT

nnψ(χ)
was used with ψ(χ) being the activation function chosen as
hyperbolic tangent function and the weight matrix is updated
according to ˙̂wnn = Γnnψ(χ)r

T with Γnn = 20 as given in
[41, eq. (4.2.9)]. It is highlighted that both of these structures
are model independent adaptive control strategies. In an attempt
to quantify the performances, experiments were conducted for
each case separately. When comparing the proposed controllers
in (15) and (42) with the adaptive neural network controller,
the control gains are adjusted as Ka = diag{55, 22} and Kb =
diag{65, 26}, respectively, so that similar amount of control
efforts were obtained which is quantified by the integral of norm
of the squared control input torque values. The performance
values of integral of the square of the norm of tracking error
and control input torque are presented in Table II. Based on
the performance measures, it can be said that the proposed
approach outperforms the controller when centers and widths
are not updated adaptively, as expected. When compared with
the one layer neural network based approach, it is wise to say
that at least comparable performances are obtained.

VII. CONCLUSION

In this article, task space trajectory tracking of robot manipu-
lators having uncertainties in their dynamic models was studied.
The dynamical uncertainties were considered to be modeled
with a fuzzy logic network. A nonlinear proportional derivative
controller was fused with an AFL component whose control
representative value matrix, centers, and widths of MFs were
obtained via dynamic update rules and thus avoiding the need for
offline learning phases. The stability of the designed controller
was proven via Lyapunov type arguments where UUB of the task
space tracking error was ensured. Experiment results obtained
from an in-house developed robot manipulator demonstrated
satisfactory task space tracking performance.

Another subject examined in this work was the case when
the Jacobian matrix includes parametric uncertainties. An
extension was presented where the parametric uncertainties in
the kinematic model avoided the Jacobian matrix to be used as
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part of the definition of the error like vector. The definition of
r(t) was modified and an adaptive update rule was designed
to compensate for the lack of accurate knowledge of kinematic
parameters. The control design was also modified accordingly.
Boundedness of the closed-loop system and practical track-
ing were proven via Lyapunov based tools. Experiments were
also performed where despite the lack of exact knowledge of
kinematic parameters satisfactory tracking performance was
achieved.

Finally, the first controller was extended to be applicable to
kinematically redundant robot manipulators. Specifically, the
Jacobian matrix being nonsquare avoided the auxiliary error like
vector to be used thus an extension with a pseudoinverse was
essential. While the control design and the stability analysis were
parallel to the first controller, an extended stability analysis was
performed for the secondary controller.

The main contributions along with the novelties of this study
are briefly summarized as follows. A novel self-adjusting AFL-
based controller was designed that does not require accurate
knowledge of robot dynamic model. The AFL terms were de-
signed as self-adjusting to improve their learning capabilities by
adaptively adjusting centers and widths of the MFs in a seem-
ingly novel departure from the existing results in the literature
where usually MFs with constant centers and widths are pre-
ferred. Additionally, as presented in Appendix X, a polynomial
MF structure is preferred as opposed to MFs that rely on ex-
ponential functions (such as Gaussian) or piecewise linear MFs
(such as triangular or trapezoidal). The piecewise linear MFs fail
to satisfy continuity which is usually required for many robot
control applications, and Gaussian type MFs may not change
significantly due to the spread of the exponential functions [40].
The first controller required accurate knowledge of the Jacobian
matrix, where as an extension a gradient based adaptive update
law was designed when Jacobian matrix includes parametric
uncertainties. The first controller was extended to be applicable
to kinematically redundant robot manipulators as well. Some
recent works on control of robot manipulators utilized fuzzy
logic based methods in designing the control input torques.
In [42] and [43], control of robots in joint space were aimed
while imposing constraints on the system states. Fuzzy logic
based tools were used in conjunction with the controllers but
centers and widths of the MFs were chosen as constants. In [44],
synchronization of robot manipulators in task space were stud-
ied. However, adaptive control strategy was adopted where
regressor matrices are required to be found for all robots in
the network. Similarly, in [17], the dynamical uncertainties are
required to satisfy the linear parametrization property. When
compared with [25], our proposed approach does not require
variable structure type components (i.e., signum of the error)
in the design of the control input torque. When compared with
relevant neural network based methods, the main advantage of
the proposed AFL compensation is the self-adjusting nature of
the membership value vector obtained by estimating its widths
and centers via the design of dynamic adaptive update laws in
(17) and (18). A possible future work may aim designing output
feedback versions of the controllers designed in this article that
is restricting the controller design via the unavailability of the
joint velocity feedback. It is important to note that since joint

velocity measurements are required for r(t), which is used as
part of both the control input and the adaptive update laws, it
is not a straightforward task to make use of a velocity observer
in conjunction with the proposed controllers. Another possible
future research may be taking the constraints of the states into
account when designing the controller [42], [43].

APPENDIX A

EXTENSION TO KINEMATICALLY REDUNDANT ROBOT

MANIPULATORS

For a kinematically redundant robot manipulator, the end
effector position x(t) ∈ Rm is obtained as

x = f(q) (52)

where q(t) ∈ Rn is the joint position vector for n > m and f :
Rn → Rm is the forward kinematics. The time derivative of (52)
yields

ẋ = Jq̇ (53)

where q̇(t) ∈ Rn represents the joint velocity vector, ẋ(t) ∈ Rm

is the task space velocity vector and J(q) ∈ Rm×n denotes the
Jacobian matrix. Since n > m, J(q) is not square and thus a
pseudoinverse, shown with J+(q) ∈ Rn×m, is introduced as

J+ � JT (JJT )−1 (54)

which satisfies

JJ+ = Im. (55)

The pseudoinverse of the Jacobian matrix defined in (54) ensures
the Moore–Penrose conditions given in [1].

Remark 3: Similar to Remark 1, the pseudoinverse of the
Jacobian is considered to be available for all possible q(t) thus
all kinematic singularities are avoided a priori.

For kinematically redundant robot manipulators, the auxiliary
error-like term in (9) is defined as follows:

r � J+(ẋd + αe) + (In − J+J)g − q̇ (56)

where α ∈ Rm×m is a constant, positive definite, diagonal gain
matrix, and g(q) ∈ Rn is a subtask controller that will be de-
signed subsequently. Taking the time derivative of (56) and mul-
tiplying by inertia matrix M , the open loop error system is ob-
tained as in (11), where the auxiliary vectorf(x, ẋ, xd, ẋd, ẍd) ∈
Rn is now have the following form:

f �M
d

dt
[J+(ẋd + αe) + (In − J+J)g]

+ C[J+(ẋd + αe) + (In − J+J)g] +G+ F q̇ (57)

which can be expressed using the fuzzy logic network in (13).
Based on error system development and subsequent stability
analysis, control input torque is designed as

τ = JT e+Krr + ŵT φ̂. (58)

Substituting the control input torque in (58) into the open loop
error system given in (11), the closed-loop error system is
obtained as

Mṙ = −Cr −Krr − JT e+ ε+ wTφ− ŵT φ̂. (59)
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The stability of the closed-loop system and UUB of the task
space tracking error are both ensured after making use of the
stability analysis detailed in Section IV.

To make use of the extra DOFs for possible secondary control
objectives (such as singularity avoidance, joint limit avoidance,
upper bounding the impact forces, upper bounding the potential
energy [15]) subtask controller g(t) will be designed and its sta-
bility will be also investigated via Lyapunov-based arguments.
It is essential to highlight that the secondary objective must
be designed while still ensuring the tracking control objective,
which is the main control objective.

The subtask controller is designed as

g = −ks[Js(In − J+J)]T ys (60)

where ks ∈ R is a positive gain and ys(q) ∈ R is a positive
definite sub-task function designed as

ys � exp(−cψ(q)) (61)

in whichψ(q) ∈ R is picked specific to the sub-task and Js(q) ∈
R1×n is defined as

Js �
∂ys
∂q

. (62)

Differentiating (61) and then substituting (56) and (60) yields

ẏs = −ks
∥∥Js(In − J+J)

∥∥2 ys + JsJ
+(ẋd + αe)− Jsr.

(63)
To investigate the stability of the subtask controller, a Lyapunov
function, shown with Vs(ys) ∈ R, is introduced as

Vs �
1

2
y2s (64)

provided the boundedness of the closed-loop system and
‖Js(In − J+J)‖ > 0 is ensured, the time derivative of the
Lyapunov function is obtained as

V̇s ≤ −cy2s + κ (65)

for some positive constants κ and c. Substituting (64) into
the right-hand side of (65) and then solving the differential
inequality yields

|ys(t)| ≤
√
y2s(0) exp(−2ct) +

κ

c
(66)

where UUB of ys is ensured thus meeting the secondary control
objective, in addition to the task space tracking control objective.

APPENDIX B

PROPERTIES OF AFL STRUCTURE

The MFs used in (13) is detailed in this part. First, one
dimensional MF is presented on the interval of [uj , uj+2] such
that Lj : [uj , uj+1] → R and Rj : [uj+1, uj+2] → R are, re-
spectively, left and right functions given as

φj(x) =

⎧⎨
⎩
Lj(x) if x ∈ [uj , uj+1]
Rj(x) if x ∈ [uj+1, uj+2]

0 otherwise
. (67)

The given left and right functions provide the following
features Lj(uj)=0, Lj(uj+1)=1, dLj

dx |x=uj
=

dLj

dx |x=uj+1
=

Fig. 7. 1-D MF for Δ = 2, p = 0.

0, Rj(uj+1)=1, Rj(uj+2) = 0, dRj

dx |x=uj+1
=

dRj

dx |x=uj+2
=

0. To satisfy the above conditions, a third-order polynomial of
the form a, b, c, d scalar coefficients of ax3 + bx2 + cx+ d can
be used both left and right for functions. An example function
φj for uj = −1, uj+1 = 0, uj+2 = 1 is shown in Fig. 7. The
multidimensional MFs are defined based on the 1-D MF given
in (67). In particular, μl,m(xl) = φl,m(pl,m −Δl,mxl) where
pl,m and Δl,m is the center and width of the MF via the lth
input for the mth MF as

φl,m(pl,m −Δl,mxl)

=

⎧⎨
⎩
Lm(pl,m −Δl,mxl) if pl,m −Δl,mxl ∈ [−1, 0]
Rm(pl,m −Δl,mxl) if pl,m −Δl,mxl ∈ [0, 1]

0 otherwise
(68)

for any input given as x = [x1, . . . , xn]
T ∈ Rn. The

output of multidimensional fuzzy network g(x) =
[g1(x), . . . , gm(x)]T ∈ Rm is obtained as

gk(x) =

Nn∑
jn=1

· · ·
N1∑

j1=1

wk,(j1,...,jn)μj1,...,jn(x) k = 1, . . . ,m

(69)
where Ni i = 1, . . . , n denote the number of fuzzy rules and
μj1,...,jn(x) = μ1,j1(x1) · · ·μn,jn(xn) in which the multiplica-
tion operation is used to make inferences from fuzzy if–then
rules in connection rules between each input of MFs. An esti-
mation of the entries of g(x) presented in (69) is obtained as

ĝk(x) =

Nn∑
jn=1

· · ·
N1∑

j1=1

ŵk,(j1,...,jn)μ̂j1,...,jn(x) (70)

which can be introduced in matrix vector form as ĝ(x) =

ŵT φ̂(p̂, Δ̂, x).
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