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Abstract.  For any number field, we define Dedekind harmonic numbers with respect
to this number field. First, we show that they are not integers except finitely many of them.
Then, we present a uniform and an explicit version of this result for quadratic number
fields. Moreover, by assuming the Riemann hypothesis for Dedekind zeta functions, we
prove that the difference of two Dedekind harmonic numbers are not integers after a
while if we have enough terms, and we prove the non-integrality of Dedekind harmonic
numbers for quadratic number fields in another uniform way together with an asymptotic
result.
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1. Introduction

Let K be a number field, the set of primes be IP and p always denote a prime number. An
element of K which is a root of a monic polynomial with integer coefficients is called an
algebraic integer. The set of algebraic integers of K is called the ring of integers of K and
is denoted by Ok. It is well-known that Ok is a Dedekind domain, in other words, it is
Noetherian, integrally closed and its prime ideals are maximal. Thus, its non-zero proper
ideals factor into prime ideals uniquely. Moreover, for any non-zero ideal I of Ok, the
norm of [ is defined as Nx,q({/) = |Ok /1| which is always finite. We will use N (/) in
short.

Given a prime ideal p € Ok, one sees that p N Z is a prime ideal of Z. Therefore,
p NZ = pZ for some p € P and we say that p lies above p. To add, Ok /p is a field
extension of IF,, and since it is finite, N(p) = |Ok/p| is a power of p. In particular,
N(p) = p/» where fp is the inertial degree of p and defined as the dimension of the I,
vector space Ok /.

Now, take any prime p and let p be a prime ideal of Ok that lies above p. The exact
power of p dividing pOy is called the ramification index of p and is denoted by e}, If we
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write
p) €p
POk =p; " ...pp"

for some prime ideals py, ..., p,, and a positive integer m, we say that p is ramified if
ep, > 1 for some i and unramified otherwise. Also, since the norm is multiplicative, we
have the following identity

=S e 0
i=1

where d is the degree of the number field K. Moreover, if ey, = f,, = 1 for every i, then
we say that p splits completely. Finally, if m = 1 and e, = 1, then we say that p is inert
in K. Itis known that for any n > 1, the n-th harmonic number %,, which is defined as

"1
2.7
i=1

is not an integer, see [8]. Moreover, if n > m > 1, the difference h, — h,, is never an
integer by [4].

Extending the definition of harmonic numbers, we define the n-th Dedekind harmonic
number as follows.

DEFINITION 1.1

The n-th Dedekind harmonic number A g (n) is defined as

1

0#£1cOk
N(I)<n

where the sum ranges over all non-zero ideals of Ok with norm less than or equal to 7.

Note that the sum in Equation (2) is finite as for any n > 1, the set
{0#1 SOk :N() <nj}

is finite by (1). The idea of this analogue of harmonic numbers comes from the Dedekind
zeta function of a number field. The Dedekind zeta function of K is defined as

1
k()= Y N

0£1COk

for any complex number s with Re(s) > 1. Notice that when K = Q, we have

to(s) =¢(s) and  ho(n) = hy.

Ass — 1T, £x (s) diverges to infinity so that the integrality of /i g () rises a reasonable
question. Also, note that for any positive integer n, the rational number . g (n) can be
written as

n
a
hg(n) =) 7’
i=1

where q; is the number of ideals 0 # I € Ok of norm exactly i.
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1.1 Order of growth of Dedekind harmonic numbers

We know that the order of growth of the n-th harmonic number is logn. The aim of this
section is to show that the order of growth of the n-th Dedekind harmonic number is
ck logn for some constant cx depending on the number field K. After showing this fact,
we will express cg explicitly. Then, we state our results. We start by setting A(x) to be

E ay.
n<x

It is known that (see [6])
1—-1
Ax) =cgx + OK(x d)

where ck is a constant depending on K and d is the degree of the number field K . To write
ck explicitly, first, let us say that A(x) = cxx + R(x) where R(x) = Og (xl_%). Now,
the partial summation gives us the following equality

an A(x) +sf" A(r)  Ax) +S/x cxt+ R(t)
1

ns x5

de.

ts+1 dr = xS s+l

n<x
As s — 11, we have that

A | * R(t
n _ (x)—i-cK/ —dt+/ RO
n X 1t 1 t

n<x

R © R(t * R(t
=cglogx +cx + ) +/ ()dt—/ th
X 1 12 X 12

_1 © R(1) * R(@)
ZCKIOgX+CK+0K(x d)+ 1 t_zdt_ [_2dt
X

. _1 .
Here, since R(t) = Ok (x1 ) the integral
* R(t
[ R,
1 t
is convergent so that it is a constant ¢}, depending on K. Therefore,

* R(1)
o

dn

dr + Og (x~17)

ck logx + cg —i—c/K—/

n<x X

o
=cg logx 4+ ck +C/K+0K (/ ldt)+01(()c_$)
X

t
=cglogx +bg + OK(x_i)

where bx = ck + ¢ To sum up,
hx (n) ~ ck logn. 3)
Now, we are ready to find cx. For s > 1, as x — o0,
A(x)

xS

-0
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and we have the following equality:
i an ® cgt+ R(t)
Jim D =% = k() =S/] s dt
n<x
1 ® R(t)
:cstl t—sdt—i—s/ ,s+1dt
s (t)
s — 1 +S‘/1\ tS+1 t

Note that the last integral is finite for s > 1 since R(t) = Og (tl_dl). Therefore,
multiplying both sides by s — 1, we have that

:cK

R@)
(s — D¢k (s) = ckxs +s(s — 1)/1 ts+1

Taking limit as s — 17, by the analytic class number formula (see [5, Chapter 8
Theorem 5]),

2r1+r2n-r2RK
K?
T I(K)IVAK

where r is the number of real embeddings of K, > is the number of non-conjugate complex
embeddings, Rk is the regulator of K, hg is the class number of K, Ak is the absolute
value of the discriminant of K and w(K) is the group of roots of unity in K.

In conclusion, as n — 00, hg (n) diverges by Equation (3) so that the integrality of the
n-th Dedekind harmonic number seems to be an intriguing question. Here, we first prove
the following theorem.

lim (s — )¢k (s) = ck
s—>1t

Theorem A. Let K be a number field. Then, there exists a positive integer ng depending
only on K such that for any n > ng, the n-th Dedekind harmonic number hg (n) is not
an integer.

The first part of our next result is a uniform and an explicit version of Theorem A for
quadratic number fields.

Theorem B.

(i) For any quadratic number field K = Q(\/E) where d # 1, 17 (mod 24) is a square-
free integer, the n-th Dedekind harmonic number is not an integer for any n > 4.
(it) For any quadratic number field K = Q(v/d) whered = 1 (mod 24) is a square-free
integer, the n-th Dedekind harmonic number hy (n) is not an integer for n > 4 if
o n € [2¢,2¢F)) for some positive even integer e or,
o n € [2¢,2¢th for some positive integer e = 3 (mod 4) or,
o n € [37,3YFY) for some positive integer y # 2 (mod 3).

(iii) For any quadratic number field K = Q(\/E) where d = 17 (mod 24) is a square-
free integer, the n-th Dedekind harmonic number hg (n) is not an integer for n > 9
if
o n € [2¢,2¢)) for some positive even integer e or,

o n € [2¢,2¢FY) for some positive integer e = 3 (mod 4) or,
o n € [37,3YFY) for some positive even integer y.
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In particular, when K = Q(i) or Q(+/2), then the corresponding Dedekind harmonic
number is not an integer for any n > 2 so that the bound for ng in Theorem B can be
lowered. However, this can be seen in the first case analysis of the theorem, namely, when
d=2,3 (mod 4).

It is well-known that the Dedekind zeta function ¢g (s) can be extended to the entire
complex plane, see [5, Chapter 8]. The Riemann hypothesis for {x (s), DRH for short,
states that if {x (s) = 0 and 0 < Re(s) < 1, then Re(s) = % Assuming DRH, we obtain
the following result. The first part of the following result is in the same spirit that of [4].
The second part yields the non-integrality of Dedekind harmonic numbers for quadratic
number fields in a uniform way, and this puts some light on the cases d = 1 (mod 24)
and d = 17 (mod 24) in Theorem B. The second part of the following theorem implies
its third part which states that for almost all pairs (d, n), where d is a square-free integer
andn > 1land K = Q(\/E), the corresponding Dedekind harmonic number % g (1) is not
an integer.

Theorem C. For any number field K, let dx and Ak denote the degree and the absolute
value of the discriminant of K, respectively.

(1) Assume DRH for the number field K. There exist constants B, x1 > 0 such that the
difference

hg(n) — hg(m)
is never an integer for any positive integers n > m > x| whenever
n—m > B(dg logm + log Ag)~/m.

(2) Assume DRH for all quadratic number fields Kq = Q(v/d) where d is a square-free

integer. Let 0 < ¢ < 1 be given. Then, there exists a constant n. > 0 such that
whenever n > n. and |d| < eV "2 the n-th Dedekind harmonic number hg,n) is
not an integer.

(3) Assume DRH for all quadratic number fields K4y = Q(~/d) where d is a square-free
integer and let Q be the set of square-free integers in Z.. Set
S(x)=Hd,n) € ([—x,xIN Q) x [1,x] | hk,(n) ¢ Z}|.

That is, S(x) counts the number of pairs (d,n) € Q X Z-q inside the rectangle
[—x, x] x [1, x], where the corresponding Dedekind harmonic number h,(n) is not
an integer. Then,

S(x) = 2xQ(x) + O(x log? x),

where Q(x) = |Q N[0, x]|. In other words, for almost all such pairs (d, n), the
corresponding Dedekind harmonic number hg ,(n) is not an integer as

S(x) ~2xQ(x).
Note that in the third part of Theorem C, the error term O (x) is inevitable as forn = 1
we have that hg (n) = 1 for any number field K. Thus under DRH, we are very close to
that error term. Furthermore, the third part of Theorem C yields that

12 ,
S(x) ~ —X
T

as Q(x) ~ %x.
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2. Proof of Theorem A

Let K be a number field of degree d. For any positive integer n, recall that h g (n) can be
written as

n
aj
i=1

where ay, is the number of ideals 0 # I € Ok of norm k. We set
m={peP:a, #0}

and
m={peP:a,=0}.

Note that P = 71 U 5. Also, define
mi(x) = |7 N [1, x]].

By the prime ideal theorem (see [2,6]), we know that

g (x)=|{p S Ok : N(p) < x}| ~

logx’

Observe that the prime ideal theorem is an extension of the prime number theorem (see
[1]), which states that

m(x) ~ ;
log x

where 7 (x) = |{p € P: p < x}| is the prime counting function. Notice that

)= Y 1+ Y I+ Y1

pcOk p:N(p)=p? PN (p)=p?
N(p)=p=x pP<Jx p<9x
Yt Yaptet T
p=x p=Vx p=Ux

Moreover, by Equation (1), we know that
d

a, = —,
L

for any i > 1. Therefore, for any i > 1, one has that

Y ay = S/, )
P<Vx
Thus
dap ot Y a = 04(Vx).
p<Vx p</x
This in turn yields that

{p € Ok : N(p) € P, N(p) <x}] ~
ogx
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so that

X
= Tt

p=x

To add, we have

2
qx) . Togax
= lim ——=2.
X—>00 q(x) X—00 Togx

This gives that limy_, o, g(2x) — g(x) = oco. Therefore,

E ap —> 00 asx — 0.

x<p<2x
PET]
On the other hand,
1 1
m@n)—m = Y, 12— 37 ap=—q@) —q)
x<p<2x x<p<2x
PEM| PET]

since a, < d for any prime p € IP. Hence, we also have that
lim 7 (2x) — w1 (x) = oo.
X—> 00

Therefore, if x is sufficiently large, then there is always a prime number p in 7 N (x, 2x].
Thus, there exists a positive integer nx greater than 2d such that if we take any n > ng
and choose a prime p € w1 N (%, n], then p does not divide ap since 1 <a, <d < p. As
a a a
hg) =1+ 2+ + L. 42
2 p n
and 2p > n, this yields that the only multiple of p lying in [1, n] is just p itself. Hence,
we obtain that the p-adic order of i g (n) is —1. This completes the proof. ]

3. Proof of Theorem B

Suppose that K is a quadratic number field, namely,
K = Q).

where d is a square-free integer. Now, our goal is to compute ng’s explicitly and then
show that it is at most 4 uniformly in K except for the cases thatd = 1, 17 (mod 24). For
these cases, a uniform bound for ng in d may not be possible as one may observe from
the concluding remark at the end. Let us denote the discriminant of K by D. It is known
thatifd = 1 (mod 4),then D =d and if d = 2,3 (mod 4), then D = 4d. The Dirichlet
L-function associated to a given Dirichlet character x modulo ¢ is given by

o0

k
L(S’X)ZZX( )‘

kS
k=1

Now, for any prime number p, let us define

1 if psplits,
xp(p) = {—1 if pisinert,
0  if pramifies.
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Then, xp yields a Dirichlet character modulo |D]| (see [1,6]). It can be extended to all
integers. Moreover, we have the following identity

Ck(s) =¢()L(s, xp)-

Note that these Dirichlet series converge absolutely in the half plane Re(s) > 1. In this
half plane, if we write the Dirichlet series ¢g (s) as

00
dn

ns
n=1

then, since it is a multiplication of two Dirichlet series ¢ (s) and L(s, xp), we have that
an = (1% xp)(n),

where 1 * yp is the Dirichlet convolution of the unit function 1 and xp. As a result,

a, =) xp(b).

bln
Here, xp(n) is actually the Kronecker symbol (%) x Where it is defined as follows:

M (%)K — 0 when p | d,
(ID

(D) _J1 whenD =1 (mod38),
2)x |-1 whenD=35 (mod 8),

(III) For any odd prime, (%)K is the usual Legendre symbol modulo p,

(Iv)
(D) _J1 when D >0,
1)k N | when D < O,
(V) (£) is totally multiplicative.

At this point, we refer the reader to check [6]. To add, since a,, is the Dirichlet convolution
of multiplicative functions, it is also multiplicative. Now, we are ready to prove the first
part of the theorem. We present ng’s explicitly so that kg (n) is not an integer for any
n > 4 and for K = Q(+/d) where d is a square-free integer with

d# 1,17 (mod 24).
From now on, y will represent xp.

Case 1: d = 2,3 (mod 4). For any positive integer k, we have the following coefficients:

ok :ZX(b) =x(D+xQ)+-+x2H=1
b|2k

since when d = 2,3 (mod 4), we have D = 4d so that 2 | D. Therefore,
x@H=x@=o0.
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For n > 2, we have 2" < n < 2"™%! for some positive integer m. Then

a a a
MW=%+§+m+f
a a3 as a ag  ag
=1 c 2 A I S T
+<2+3)+<4+5+6+7)
arm
+ +(i+ +l>
m n
1y 1+a3 n 1+a5+a6+a7
N 23 45 6 17
of 2-adic val:—1 of 2-adic val:—2

SR
om n/)’

of 2-adic val:—m

Thus, whenever n > 1, we have va(hg (n)) < 0 so that ik (n) is not an integer. In other
words, ng can be chosen to be 2.

Case2:d =1 (mod 4). Recall that whend =1 (mod 4), we have D = d. Also,

<D> 1 whenD=1 (mod38),
2 )k —1 whenD =5 (mod 8),
—1 when D=2 (mod 3),
0 whenD =0 (mod 3),
1 when D =1 (mod 3).

(5),

Subcase 1. First, suppose that d = 5 (mod 8). Then, x(2) = —1.

Subcase 1.1. Assume that x (3) = —1. We have
arm = 1, ar2m+1 = O, a3z = 0 and asz.p2m = 0.

Now, take any positive integer n > 4 so that 22¢ < 5 < 22¢+2 for some integer e > 1.
Then, we can write

hg@m)=(14+0+0)

plus blocks of the form
1 022m+1 ClzZerl a3_22m a22m+2_1 5
22m 22m 4] T oam+r TN g om T T sam2 o)
and plus the last block

1 a,
ﬁ+"'+7 .

However, since a,om+1 and asz .52 vanish, the block in (5) has 2-adic valuation —2m. Thus,

0 0 1 0 0 ars
h =(14+-+ - e — e — e
& (n) <+2+3)+<4+ tgtot ‘%w)
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T (L Y (L
16 63 22 n

is not an integer for any n > 4. In other words, ng can be chosen to be 4 in this case.
Subcase 1.2. When x(2) = —1 and x (3) = 0, we have that
aym =1, aym+1 =0,a3m =1 and azsn =0.

Therefore, given n > 3 where 3" <n < 3"+l and m > 1, we can write

e = (14 2) 4 (e Ly L
K =0"2) 73 2.3 321

I L
3m n)

Note that i g (n) consists of blocks of the form (or some part of it possibly for the last

block)
1 0 Azym+1_1
E R I AR ves Y

which has 3-adic valuation —m. Thus, ng can be chosen 3 in this case.

Subcase 1.3. When x(2) = —1 and x(3) = 1, we have
aym =1, apnt1 =0 and a3 =2.

For any n > 3, we can write

2
hg(n) = (1 +0+ 5)
plus blocks of the form (or some part of it possibly for the last block)

1 0 2 a22m+2_1

which has 2-adic valuation —2m for each block. Therefore, by the same argument as in
the previous case, ng can be chosen 3.

Subcase 2. Suppose that d = 1 (mod 8) so that x(2) = 1. If d # 1, 17 (mod 24), then
x(3)=0.
When x(2) = 1 and x (3) = 0, we have

ay =m+ 1l,a3m =1 and ap3n = 2.

ey = (14 2) (2o 2y f
K= 2 3 2.3 32|

bt (g
3m n)
Hence hg (n) consists of blocks of the form (or some part of it possibly for the last
block)

Thus

1 2 Azm+1_
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which has 3-adic valuation —m. Thus, ng can be chosen 3 in this case.

Hence, we proved the first part of Theorem B.

Now, we prove the second part of the theorem by analysing the case d = 1 (mod 24).
In this case, x(2) = 1 and x(3) = 1 so that

aym =m~+1,azm =m+1 and aymi.3m = (mp + 1)(moy + 1).

We investigate the 2-adic and the 3-adic valuation of h g (n). Let us start with the 2-adic
valuation of it. Given n > 4, we can write 2¢ < n < 2¢t! for some positive integer e.
Therefore,

hgn)=|1+ 2 + 2
K=U"2"3
plus blocks of the form (or some part of it possibly for the last block)

m+1 dym+1_1
om ++m :

Consequently, the last block will be

e+1+ +an
2¢ n

such that if e is even, then e + 1 is odd and the 2-adic valuation of i g (n) will be —e < 0.
Thus, h g (n) is not an integer in this case.

Now, suppose that e is odd. We have 2¢ < n < 3-2¢"1or3-2°7! < n < 2¢*! provided
that e > 3 as n > 4 is assumed.

Subcase 1.2¢ <n < 3-2¢7L If we write h k (n) as above, for the last block we obtain that

e+1+ +an
2e n

such that e + 1 is divisible by 2. Thus, let us write

e e+ 1 —3‘)2“
T L A C
for some rational number ¢ with v2(g) > —e + 1. Now, if 3e 4 1 is divisible by 2 only

once, then /g (n) is not an integer as vy (hg (n)) = —e+1 < 0. Thatis, ife = 3 (mod 4),
then h g (n) is not an integer.

Subcase 2.3 -2¢71 < n < 2¢t! In this case, the last block of h g (n) can be written as
e+1 n n 2-¢e n n a,
2¢ 3.2e-1 n)’

Similar to the previous case, the 2-adic valuation of Ak (n) is determined by the terms
having multiples of 2°~! in their denominators. Moreover, we can omit the term 33% and
write hg (n) as follows:

e e+1 %
hk(n) = F+m+q =\ 5 +4q
for some rational number g with v2(q) > —e + 1. Thus, again if 3e 4 1 is divisible by 2
only once, then /g (n) is not an integer, namely when e = 3 (mod 4).
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Now, we continue our observation with the 3-adic valuation of hg (n). For any n > 3,
we can write 3° < n < 3¥*! for some positive integer y. Then

2
hK(n)=<1+1+§>

plus blocks of the form (or some part of it possibly for the last block)
(m—i—l +2(m+1) ) Azm+1_1 )

3m 2. 3m T amEl
We have 2 cases as follows and since we look for any increase in the 3-adic valuation of
hk (n), we only consider the last block.

Subcase 1.3Y <n < 2-3Y. We have
2 +1 a
hey = (1+142 )+ + (=4 4 22,
3 3y n

Hence, if y #% 2 (mod 3), then v3(hg(n)) = —y < 0 so that hg (n) is not an integer.
However, if y =2 (mod 3), then the 3-adic valuation of 4 x (n) might increase.

Subcase 2.2 -3¥ < n < 3¥T! In this case, the last block of A (n) will be
y+1 2(y+ D an
< o + o+ >3 + o+ )

Considering the highest exponents of 3 in the denominators, the last block can be rewritten
as

2(y+ 1)
3y
where v3(g) > —y. Similarly, if y # 2 (mod 3), then hg (n) is not an integer butif y = 2
(mod 3), then the 3-adic valuation of & g (n) may be non-negative. Hence, we proved the
second part of the theorem.

To prove the last part of the theorem, suppose that d = 17 (mod 24). In this case, we
have x(2) = 1 and x (3) = —1. Therefore,

+Q1

aym =m+1, apm =1, a1 =0 and  apzm =2 - azm.

First of all, we investigate the 2-adic valuation of /g (n). For any n > 4, we have 2¢ <
n < 2¢*! for some positive integer e. Then, we can write

2

hn) = (1 v +0>

plus blocks of the form (or some part of it possibly for the last block)
anym Aym+1_1

(27 Tt m) :
If e is even, then aze = e + 1 such that the last block has 2-adic valuation —e < 0. Thus,
h (n) is not an integer for any n > 4 satisfying 2¢ < n < 2¢*! for some positive even
integer e.

Now, assume that n > 4 and 2¢ < n < 2¢T! for some positive odd integer e. We have
2€<p<3-200or3.2070 < < 2¢F! Then, writing h g (n) as above, the last block

will be
aye a_,,>
(2e + + ;

dr Loy 4t “_")
(26 M
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e+1+ +an
2e n

as az.pe-1 = a3 - dre—1 = 0. Since e + 1 is divisible by 2, the 2-adic valuation of 4 g (n) will
be determined by the terms having 2¢~! in their denominators. Therefore, we can write

e e+ 1 %
e = ety 1) = | et 1
for some rational number g with vy(q) > —e + 1. Thus, if 3e + 1 is divisible by 2 only
once, then /g (n) is not an integer. That is, if e = 3 (mod 4), then h g (n) is not an integer.

Now, let us continue our investigation with the 3-adic valuation of ik (n). For a given
n>3,if3Y <n < 3! for some positive integer y, note that

2
hg(n) = (1 + 5)

plus blocks of the form (or some part of it possibly for the last block)

asm an.zm a3m+1 —1
<3—m+"'+m+"'+w—_1)-
The block has 3-adic valuation —m if m is even. Therefore, if 3¥ < n < 3¥*! holds for
some even integer y then Zg (n) is not an integer and ng can be chosen 9 in this case as

first block with negative 3-adic valuation starts when n = 9. This completes the last part
of the proof. ([l

which is

Remark 3.1.

(1) In the second part of the previous proof, note that if y = 2 (mod 3), then the highest
exponent of 3 that occurs in the denominators of /g (n) will be 3Y~!. However,

3 <n <3t

implies that

3.3 <y <9.3071,

Consequently, the fractions

a5 2y—1 a7.3y-1
5.3y and 7.3y
5.3y-1 7.3y-1

may appear inside s g (n). Unfortunately, x (5) and x (7) must be known to find the values
of

a5_3y—l and a7,3y71 .

Considering the possible values of x (5) and x (7) brings another set of subcases, which
we will not elaborate further in this note.
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(ii) In the last part of the previous proof, note that for a given n, if 2¢ < n < 2! is
satisfied for some positive integer e = 1 (mod 4), then the 2-adic valuation of i g (n) will
be determined by the terms "7" for k a multiple of 2¢~!. Even though a3 k-1 = 0 holds,
if 3e 4 1 is divisible by 2k for some k > 2 then the terms % with k = ¢ - 2¢72 correlate
with each other where c is a positive integer. As a result, the 2-adic valuation of /g (n)
may increase and one has to consider the possible values x (5), x(7), ... and so on.

Moreover, if 3¥ < n < 3Y*! holds for some positive odd integer y, then for the last
block in the proof, we may have

Do B
(3>’+ +2~3y+ +n'

Since y is odd, azy = 0 and az.3y = a» - a3y = 0. Consequently, to investigate the 3-adic
valuation of hg (n), one has to consider the terms %‘ for k a multiple of 3” —1 However,
this will lead to some other subcases such that the possible values for x (5) need to be
considered to begin with. Therefore, by considering only the values of x(2), x(3) the
bound n ¢ may not be given explicitly.

Next, we continue with the following remark which may shed some more light on the
casesd =1 (mod 24) and d = 17 (mod 24) in Theorem B.

Remark 3.2. For the case d = 1 (mod 24), we see that by [7]:

For K = Q(+/73), the 5-adic valuation vs(hg (514 + j)) =2 for j € {0, 1,2, 3, 4}.

For K = Q(+/73), the 7-adic valuation v7(hgx (311 + j)) = 2 for j € {0, 1, 2, 3, 4}.

For K = Q(+/97), the 3-adic valuation v3(hg (681)) = 4.

For K = Q(+/145), the 2-adic valuation v;(h g (960)) = 1.

For K = Q(+/217), the 2-adic valuations v,(hx (807 4+ j)) = 6 for j €

{0,1,2,3,4,5}.

e For K = Q(+/265), the 2-adic valuation vy (h g (9264+j)) = 1for j € {0, 1,2, 3, 4,5}
and vy (hx (9270)) = 3.

e For K = Q(+/313), the 2-adic valuation vy (h g (8624 + j)) > 1for j € {0, 1, ..., 24}

with vy (hx (8627 + j)) =4 for j € {0, 1,2, 3, 4}.

For K = Q(+/385), the 2-adic valuation v (kg (817)) = 4.

For K = Q(+/505), the 2-adic valuation v (kg (852 + j)) = 5 for j € {0, 1, 2}.

For K = Q(+/—623), the 2-adic valuation vy (hg (968 + j)) = 4 for j € {0, 1, 2, 3}.

For K = Q(+/—695), the 2-adic valuation vy (hg (864 4 j)) = 4 for j € {0, 1, 2} and

the 3-adic valuation v3(hg (375 4+ j)) = 1 for j € {0, 1, 2, 3,4, 5, 6}.

e For K = Q(+/1153), the 71-adic valuation vy;(hg (928 + j)) = 2 for j €

{0,1,2,3,4,5,6,7).

For the case d = 17 (mod 24), we see via [7] that:

e For K = Q(+/—223), the 2-adic valuation v (hg (36 +i)) > 1 fori € {0, 1, ..., 10}
and v2(hg (47 +1i)) = 6fori € {0, 1}.

e For K = Q(+~/—199), the 3-adic valuation v3(hg (424 +i)) = 1 fori € {0, 1,2},
v3(hg (430)) = 3 and v3(hg (433)) = 5.

e For K = Q(+/209), the 3-adic valuation v3(hg (423 4+ i)) = 2 fori € {0, 1,2, 3,4}
and v3(hg (428 +1i)) = 1fori € {0, 1, 2}.
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e For K = Q(+/689), the 2-adic valuation va(hg (51 +i)) = 7 fori € {0, 1} and the
3-adic valuation v3(hg (51 4+1i)) > 1fori € {0, 1}.

The remark above shows some results obtained with the computer algebra system Sage-
Math [7]. We check the p-adic valuation of Dedekind harmonic numbers for their non-
integrality naturally, and it seems that there may not be a uniform bound in d for ng via
a specific p-adic valuation (for instance, p = 2) when K = Q(«/E) andd =1 (mod 24)
ord =17 (mod 24) is a square-free integer.

Moreover, again by [7], we constructed a suitable list of square-free integers d = 1
(mod 24), where the x values for the primes 5, 7, 11, 13, 17 for these d values are either
0 or 1. For each choice of x (5), x(7), ..., x(17), we chose positive and negative d’s. In
total, we obtained 57585 such d. Then, we checked the first 1000 Dedekind harmonic
numbers for each number field Q(+/d) whether they have non-negative 2-adic and 3-adic
valuations or not. However, the program could not find any example which has both non-
negative 2-adic and 3-adic valuations among all these numbers. On the other hand, when
d =17 (mod 17) (for instance, d = 689) the remark above indicates such an example.

Before proving our next result, we finish this part of our note by exhibiting the first ten
values of h g (n) for various quadratic number fields as below:

ng Qi) QW2 QW3 QW5 QW17 Q=23 QW73 QK97

1 1 1 1 1 1 1
2 3 3 3 1 2 2 2 2
3 3 11 8 8 8
3 2 b s 1 2 3 3 3
4 7 7 25 5 il 41 41 41
4 4 12 4 4 12 12 12
s 47 25 29 1 a1 41 41
20 4 12 20 4 12 12 12
¢ 8 7 9 29 1 49 49 49
20 4 4 20 4 12 12 12
7 43 57 9 29 11 49 49 49
20 28 4 20 4 12 12 12
8 91 121 19 29 13 55 55 55
40 56 8 20 4 12 12 12
9 859 1145 179 281 121 59 39 59
360 504 72 180 36 12 12 12
o Bl s 281 121 5 59 59
360 50 72 18 36 12 12 12

4. Proof of Theorem C
We first recall the following fact from [3, Theorem 2].

Fact [3, Theorem 2]. Assume DRH for the number field K. There exist absolute constants
X0, ¢1, ¢ > 0 such that for x > x¢ and ¢ (dg logx + log Ag)+/x < h < x, we have

g (x +h) =g (x) =2 ,
log x

where di is the degree of the number field K and A is the absolute value of the discrim-
inant of K.
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Assume that we have the absolute constants xg, c¢1, ¢ > 0 given by the previous fact.
Let & be a function satisfying

tei(dy logx +log Ag)v/x <h < x,

where t = % + 1. Thus there exists x; > max{xg, dg} such that for all x > xi, the

inequality z¢1 (dg logx + log Ag)/x < x is preserved. By Equation (4), one can obtain
that

nx(x) =) ap+ R(),

pP=x
where ., )
RO)| < x4 ?leﬁ I V2
We can also choose the above x; such that for all x > x; the inequality

|R(x)| < dgv/x
holds. Therefore, by the previous fact again, we see that

Y apz —2h—2dgJx+h
log x

x<p<x+h
> l @ te1(dy logx +1log Ag)/x — 2dx~/x +h
og x

t log A
> 2V2dg /x — 2dx N 2x + CICZ(IOg VY,
og x

As aresult, for any integer m > x1, there is a prime p € P with a, # 0 between
m and n=m+h

whenever m > h > B(dg logm + log Ag)+/m for some absolute constant 8. Thus, we
have

vplhg(n) —hg(m)) <O0.

For the case when & > m, we can use the same argument as in Theorem A and the first
part follows.

Now, we prove the second part of the theorem. Assume DRH for all quadratic number
fields K; = Q(+/d), where d is a square-free integer. Let 0 < ¢ < 1 be given. From the
fact, we have xg, c1, ¢ > 0 such that for x > xg and c;(2logx +log Ag)/x < h < x,
the inequality

g (x +h) —mg(x) >
log x
holds. By Theorem B, we may assume that d is congruent to 1 or 17 modulo 24, as we
have a uniform bound 4 for other cases, and in this case we have that Ag = |d|. Note that
if |[d| < ec*/;, then log |d| < c+/x. There exists x. > xo such that whenever x > x., the
inequalities
c1(2logx + c/x)/x < x

and

2 42k >0
log x
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hold. Let us choose & = x. Hence, similar to the first part of the theorem, we get that

S a0 (©)

x<p<2x

for any quadratic field Ky = Q(+/d) with |d| < ¢V Now choose a positive integer n.
which is greater than both 2x, and 4. Letn > n. and |d| < e“V n/Z, By (6), choose a prime
pa € (5,n] withap, # 0. As

hi )y =1+2 4. gy O
2 Dd n

we obtain that the py-adic order of hg,(n) is —1. Hence, whenever n > n. and |d| <
e“V"/2 the n-th Dedekind harmonic number / g ,(n) is not an integer. This completes the
proof of the second part.

Finally, we prove the third part of Theorem C. We start by taking ¢ = % in part (2)
of the theorem. Hence, there exists a constant mo > 0 such that for any n > mg and
|d| < e%m the n-th Dedekind harmonic number /g, (1) is not an integer. Now, take a

sufficiently large positive real number x > mg. Then, d = e2V"2 and d = x intersect
when n = 8log? x (see Figure 1).

W

L 7y
Figure 1. The graphof |d| = e2 /2 The lattice points (d, n) where the correspond-
ing hg,(n) is not an integer in the shaded area.



46 Page 18 of 18 Proc. Indian Acad. Sci. (Math. Sci.) (2021) 131:46

Now, set Q(x) = |{0 < n < x | n is square-free}|. Therefore, we have

S(x) —20(x)x < 8log®x -20(x),

so that S(x) =2xQ(x) + O(x log2 x). Hence

S(x) ~2xQ(x)

as Q(x) ~ %x and we obtain the result. ([l
Acknowledgements

We are grateful to the referee for the comments which improved the presentation and
quality of the paper.

References

(1]
(2]
(3]
(4]

(3]
(6]

(7]
(8]

Apostol T, Introduction to Analytic Number Theory, Undergraduate Texts in Mathematics
(1976) (New York: Springer-Verlag)

Cojocaru A and Murty M, An Introduction to Sieve Methods and Their Applications, London
Mathematical Society Student Texts (2005) (Cambridge: Cambridge University Press)

Grenié L, Molteni G and Perelli A, Primes and Prime Ideals in Short Intervals, Mathematika
63 (2017) 364-371

Kiirschak J, On the harmonic series, Matematikai és Fizikai Lapok 27 (1918) 299-300 (in
Hungarian)

Lang S, Algebraic Number Theory (1994) (New York: Springer-Verlag)

Montgomery H and Vaughan R, Multiplicative Number Theory I: Classical Theory, Cambridge
Studies in Advanced Mathematics (2006) (Cambridge: Cambridge University Press)
SageMath, the Sage Mathematics Software System (Version 8.3), The Sage Developers (2018)
http://www.sagemath.org

Theisinger L, Bemerkung tiber die harmonische reihe, Monatsh. Math. Phys. 26 (1915) 132-134

COMMUNICATING EDITOR: U K Anandavardhanan


http://www.sagemath.org

	Dedekind harmonic numbers
	1.  Introduction
	1.1.  Order of growth of Dedekind harmonic numbers

	2.  Proof of Theorem A
	3.  Proof of Theorem B
	4.  Proof of Theorem C
	Acknowledgements
	References




