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Abstract

By introducing the hierarchy of Fibonacci divisors and correspond-
ing quantum derivatives, we develop the golden calculus, hierarchy of
golden binomials and related exponential functions, translation opera-
tor and infinite hierarchy of Golden analytic functions. The hierarchy
of Golden periodic functions, appearing in this calculus we relate with
the method of images in planar hydrodynamics for incompressible and
irrotational flow in bounded domain. We show that the even hierarchy
of these functions determine the flow in the annular domain, bounded
by concentric circles with the ratio of radiuses in powers of the Golden
ratio. As an example, complex potential and velocity field for the set
of point vortices with Golden proportion of images are calculated ex-
plicitly.
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1 Golden Ratio and Inversion in Circle

The usual definition of Golden proportion or the Golden ratio is related with
division of interval z 4+ y in proportion
rT+y

= = P=p+l,
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were x/y = o = % ~ 1.6 - Golden Ratio. Here we propose new definition

of Golden Ratio, connected with reflection in circle with radius R. Let a
and b are symmetric points with respect to the circle at distance R between
them, satisfying equations

ab=R?, b—a=R.

Then, distances to these points from origin are in Golden proportion of R,

1
a=—R, b=¢pR.
¥

As well known, symmetric points with respect to circle at origin in complex
plain are z and R?/z. These points correspond to position of a vortex and its
image in the circle, according to method of images in hydrodynamics. Then,
due to above definition, if the distance between vortex and its image is R,
then positions of vortex and the image are in Golden proportion. For unit
circle with R = 1, these positions are z = e’ and z* = Le.

If method of images is applied to problem with two circles, then an in-
finite set of images arises [I]. These images can be counted by g¢-periodic
functions [2] and two circle theorem [3] in g-calculus with ¢ = r2/r?. For
annular domain with two concentric circles of radiuses r; and 79, it can be
reformulated in terms of PQ-calculus, with P = r? and Q = r2. Then, the
PQ number in this calculus

g
[n]pq = f@

for P = ¢* and Q = ¢’ * becomes Binet formula for Fibonacci divisors (.
This implies that calculus of Fibonacci divisors [4] can be applied to problem
of hydrodynamic images in annular domain with two circles and the Golden
ratio of images.

2 Calculus of Fibonacci divisors

The ratio of two Fibonacci numbers F,,/F,, is not in general integer number.
However, surprising fact is that Fy,, where k,n € Z is dividable by F}.. The
infinite sequence of integer numbers

F,
“rn— pk)
F "

DO



we call Fibonacci divisors conjugate to Fjy. The Binet formula for these

numbers .
(") = ()"

: (1)
(,Ok _ <,O/k

F® =

leads to recursion relation

Ff = LEP + (1) EY,
where L are Lucas numbers. The first few sequences of Fibonacci divisors

F,gk) for k=1,2,3,4,5and n=1,2,3,4,5, ... are

k 1, FV =F, =1,1,2,3,5, ...
k= 2, F9 =F,, =1,3,8,21,55, ...
1
k = 3 F,§3>:§F3n=1,4,17,72,305,...

1
ko= 4 F,§4>:§F4n:1,7,48,329,2255,...

1
k = 5 F(5):5F5n:1,11,122,1353,15005,...

n

2.0.1 Golden Derivatives

The Golden derivative operator ()D% corresponding to Fibonacci divisors,
conjugate to Fy, k € Z acts on arbitrary function f(x) as

flgka) = S (")

wDplf(x)] = (2)

(oF — ™)z
For even k in the limit k& — 0 it gives usual derivative
: xT _ /
lim ) Dff () = /(@) 3)
and
(mDp 2" = FFa (4)

The Leibnitz and the quotient rules for this derivative are
Dy (f(2)g(x)) =@ D (f(x)) 9" 2) + f (¢*2) 1 Di(g(2)),

. <m> _ wDi(f(2)) g(¢*x) — f(*7) @ Di(g(2))
P @) 9(F2) g (7"0) |
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2.0.2 Fibonacci Divisors and Fibonomials

The product of Fibonacci divisors,
FOED F® =T F® = F®! (5)
i=1

- the Fibonacci divisors factorial, can be considered as k — th Fibonorial or

generalized Fibonorial. The Fibonomial coefficients for Fibonacci divisors
are

(’“m T2 Y T o
m|,  FOER B pEPER

2.0.3 Hierarchy of Golden Binomials

The k — th Golden binomial is defined by polynomial,

(k)(z . CL)?; _ H (ZL’ _ (pk(n—s)gplk(s—l)a)
s=1
with following factorization rule

=)™ = (v - <Pkma);i ) (- Splk"a)z

= w (&= ¢""a), @ (vt

It can be expanded in powers of z:

n & n mm=1) p—m, m
wE+y)p=> (k)[ 1 ()2
m=0 m F

The k£ — th Golden derivative acts on this binomial as

n—1

WDy @ (@+y)p = FP gy@+y)y

n n—1
wDE w @+9)p = FF o (e+ (D)

n n—1
wDE @ =y = —FP g (v = (=Dy)



2.0.4 Hierarchy of Golden functions

Let, entire complex valued function of complex variable z is
o ZTL
f2) =2 an—. (6)
— " nl

Then, for any integer k exists entire complex function

o peg
k) fF(Z) = Z anW' (7)

2.0.5 Hierarchy of Golden exponential functions

We introduce entire exponential functions

oo :L,n

Kep = e
(k)R ;Fék)!

O

Il
—
|
—_
~—
=
S
3
E
8
S

L

n=0
The k£ — th Golden derivative acts on these functions as

wDE (wer) = X wers

T x —1)F Az
wDF (WEF) = A wBEp
Two exponential functions are related by formula
0 EF =(-k) €F- (8)

The product of the exponentials is represented by series in powers of k—th
Golden binomial

" N ) (z+y)
W EEm e = B PO CE (9)
n=0 n -

2.0.6 Translation operator

(k)E%(k)DZé generates these binomials and k—th Golden functions

D% n
WERY T =g (x4 y)p, (10)
D% D% > n = n
(k)E?;(k) F (SL’) =(k) Ezﬂ(k) r Z anx = Z Qn * (k)(x + y)F (11>
n=0 n=0
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2.0.7 Hierarchy of Golden Analytic Functions

By translation operator we introduce complex valued k—th Golden analytic
binomials

W ERE T = (v + iy)p (12)
and the hierarchy of k—th Golden analytic functions
iy D2 > Cn .
WER T f(@) =Y an - w(r+iy)p = f ((k) (x + zy)F), (13)
n=0

for every integer k satisfying the 0-equation

1

5 (09 DF + i D¥) f (o (x +1iy) ) = 0. (14)

For the real and imaginary parts of these functions

u(z,y) =r) cosr (ywDy) f(2), v(@,y) =k sing (y Di) f(z), (15)
we have the Cauchy-Riemann equations
and functions are solutions of the hierarchy of Golden Laplace equations

(w0D5)" o) + (o DE) o) =0. (17)

2.0.8 Golden periodic functions

The set of Golden derivatives, determines hierarchy of Golden periodic func-
tions for every natural k. If function f(z) is Golden periodic (k = 1),

Di(f(x)) = 0 <= f(px) = f(¢'z), (18)
then, it is also periodic for arbitrary k — th order Golden derivative,
Dp(f(x)) =0 = wDp(f(x)) =0,
flpa) = f(¢'z) = f(*z) = f(¢™a),

for k = 2,3, ... But the opposite is not in general true. Indeed, function

) T
f(x) = sin <lng02 In |x\>
is Golden periodic function with £ = 2, but it is not Golden periodic, since
cos (ﬁ In |x\)
(p— ¢z

Dy (f(x)) =2 (19)
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3 Hydrodynamic Images and Golden Periodic
Functions

3.1 Two dimensional stationary flow

We consider incompressible and irrotational planar flow,

L 0 0
divid = Oéulza—j, U2=—a—;b, (20)
N 0 0
rotu = Oéulza—i, uz:@_g; (21)

where real functions ¢(z,y) and ¥(x,y) are velocity potential and stream
function, correspondingly. These functions are harmonically conjugate and
satisfy Cauchy-Riemann equations,

dp O dp O

or dy’ dy Oz’

Combined together, they determine complex potential f(z) = ¢ + i), as
analytic function % f(2) =0, of z =z +1iy. Corresponding complex velocity
V(z) = £ f(z) is anti-analytic function of z.

For hydrodynamic flow in bounded domain, the problem is for given C-
the boundary curve, find analytic function (complex potential) F'(z), with
boundary condition

SFle =le =0.

This equation determines the stream lines of the flow, such that normal
velocity to the curve v,|c = 0.

3.1.1 Two Circle Theorem

Applying two circles theorem [3] for flow f(z), restricted to annular domain:
1 < |2| < /@ between two concentric circles C : |z| = 1, Cy : |2| = \/, we
get complex potential

- /1
Fo(z) = fo(2) + fo (‘) J
where ¢ = :—é = ¢, flow in even annulus -
1
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L= S @),

n=—oo

and flow in odd annulus -
_ /1 < (.l
L(5)= X 7(e)

3.1.2 Golden ¢-periodicity of flow

The Golden periodicity
folpz) = fo(2) = Folpz) = Fy(2)

implies that complex potential of the flow is invariant under Golden Ratio
rescaling and as follows it is Golden ¢-periodic function,

_ flpz) — f(2)
Dtol2) = (p— 1)z
Corresponding complex velocity

V(z) = i w”@(w"Z)—é i @™ (30"1>

n=—oo n=—oo z

= 0.

is Golden -scale invariant function

V(pz) = ¢V (2).

3.1.3 Golden ¢ scale-invariant analytic fractal

For scale invariant function f(pz) = p?f(2) —

_ ) - fE) _ =1,
sz(Z)— (QO-l)Z _(QO—l)Zf( )7
and the ¢-difference equation is

2D f(2) = [dlo f ().

Solution of this equation can be represented as

f(2) = 2"A,(2),

where
Ay(pz) = Ay(2)
is arbitrary ¢-periodic function, playing the role of p-periodic modulation.
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3.1.4 Golden Weierstrass-Mandelbrot fractal

As an example we consider

oo

W) = >

n=—o0 ¥

1 — cos "t

— , O0<d<1,p>1,

- continuous but nowhere differentiable function, representing fractal with
dimension 2 — d. It is Golden self-similar function

W(pt) = o' W(1),
satisfying (-difference equation
tDW (t) = [d], W (2).
By decomposing it as
W (t) = t*A,(t)
we extract the Golden ¢-scale periodic part A,(¢t) = A,(t), where
] et

Aso(t): Z Wa

or in terms of Fibonacci numbers

21— cos(pF, + F,_1)t —isin(eF, + F,_1)t
As@(t) = Z .

nEoo ()t

3.1.5 Elliptic Function Form

Let complex potential is Golden periodic analytic function F(pz) = F(z).
The Golden ratio can be represented

!
271 <
w

p=e

by arbitrary real w and pure imaginary w’ = —iz> In. Function

Fz)=a (i lnz) = O (u)

(s

is double periodic function
O(u+2w") = P(u), P(u+2w)=d(u).

It is elliptic function on Golden torus, determined by its singular points.

9



3.1.6 Golden ¢ periodic flow

Simplest example of Golden ¢ periodic function (as principal branch) is

2mi 27 Inz

F(z) = zme =ele "7 = F(pz).

Rewritten in polar coordinates z = re®,

F(z) = Sl (cos(?w log,,7) + isin(2m log, r))
it gives stream function
w(r,0) = Pl sin(27 log,, T)
and complex velocity

dF 2mi 1 1l
— _ 2, — -

i
T ﬁlogvz:
dz Inpz 2mi 2

V(2) Ay (2).

In the last form it represents Golden modulated point vortex at origin with
strength ' = —fni and stream lines ¢|c = 0 at sin(27log,r) = 0 or
2rlog,r = mn, n = 0,£1,%2,.... These lines represent an infinite set of

concentric circles with radiuses
n
Tn = (2.

The ratio of two successive radiuses is the Golden Ratio

For the flow in Golden annulus ry = 1 and 7, = /¢ we have D,F(z) = 0,
and in k-th Golden annulus ro = 1 and r, = ©? it gives D +F(z) = 0.

Superposition
T 27 N
Fk(Z): Z anzkine
N=—oc

describes flow in circular annulus with radius r =1 and R = gpg, so that
Fi(¢*z) = Fy(2),

and the flow is ¢*- periodic.
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3.2 Vortex in Golden annular domain

For point vortex at position zy in Golden annular domain, 1 < |z| < gog, by
Two Circle Theorem

r 00 5 — Zo(pkn
I = — In —————
k(Z) 2 n:Z—oo nz_%gokn
and .
_ 0 1 1
V(z) = — —
(2) 2mi n:z—oo z— zgpfn 2z — Lhn

The flow is Golden " periodic
Fi(¢"2) = Fi(2),

with self-similar complex velocity

1
oF

Vi(o"2) = 5 V(z2).

It represents modulation of point vortex by Golden periodic function

V() = 2752Ak(z).

3.2.1 Golden Ratio of pole singularities

Pole singularities are located at positions

kn
Zn = 20
and at symmetric points
* 1 kn
Zn = — s
<0

where n = 0,+1,4+2, ... £ co. The ratio of two image positions is power of

Golden ratio

|Zn41] _
e

The distance between symmetric points is growing in geometric progression
* * E\™
|2 — 23] = |20 — 75| ()
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3.2.2 Hierarchy of Golden Logarithmic Functions

The set of vortex images is determined completely by singularities of the
p-Logarithmic function,

oo ’I’L

Ln,(1—2) = Z

n:l

It converges for |z| < ¢, where ¢ - number

-1
R, =1+o+ @+ .. +p" ' = L4
p—1
expressed by Fibonacci numbers is [n], = (F,4+1 — 1) + F,,. More general
k

function, *-logarithm (0 < |z| < ¢*):
)n 1 N
Lngk (14 2) Z = k Z

= <p = (pkn + 2
is expressible by Fibonacci divisors ¢*" = F F*) 4 (—1)k+1F7(Lli)1 and

QOkF(k) + (_1)19-%—1}7;511)1 -1

n

[n] ok =

o —1
It has an infinite number of simple pole singularities at z = —*".
The logarithm function is related to entire exponential functions
eSO(Z) = Z 9 E Z (pn(n / )
n=0 [n]wl n=0 [n] !

which by Euler identities for ¢-binomial can be written as infinite product

Zeroes of p - exp function
d
wLn,(l — az) = z—Ine,(—paz)
dz
contribute to complex potential

stlnz—zs +stln @(( Z)%(_(p?)

12



so that all images in the second sum are determined by zeros of these func-
tions. Then, complex velocity is expressible as

Vi)=Y ihs

s—1 Z — Zg

2 Zs

I 1=
zZs) n¢< z))

3.3 Hydrodynamic Images and k-th Golden Deriva-
tives

N
R (Ln@ (1 — i) — Ln, (1 — 2Z,) + Ln, (1 —
Zs

< k=s

For even k = 2[, the Fibonacci divisor derivative is determined by finite
difference
. fl@"2) = f(Zr2)
wDplf(2) = o
(¢~ )

oF

vanishing for Golden periodic function
)y D7F(2) = 0. (22)

In annular domain, bounded by circles 1 < |z| < @g the flow is k-th Golden
periodic Fy(p*z) = Fj.(2), so that

(k)DJZ;Fk(Z) = O. (23)

3.4 Single Vortex Motion

For single vortex motion, subject to equation

) IR %)
30 = gpz—o anw (1 — |zo|2) — Ln, <1 - Wﬂ ,

the solution is described by uniform rotation zo(t) = 2¢(0)e™*, with angular

velocity
w= P <Ln¢ (1 |20 ) Ln, <1 \20\2>> :

The vortex is stationary w = 0 at geometric mean distance |zg| = wi and
ratio of frequencies at boundary circles is the Golden ratio

fer] _
|wa|

13



3.4.1 Semiclassical quantization of vortex motion

The Bohr-Zommerfeld quantization of single vortex motion gives discrete

spectrum )
o (o (1)) ee (55 )|

This expression never vanishes, since zeros of exponential functions in r.h.s.
should satisfy following equations, n—i—% = o or n+ % = =%, But in both
equations the l.h.s is rational number, while the r.h.s. is irrational.

2
E, = F—11(1
47

3.5 N vortex dynamics

For N - point vortices with circulations I'y,...,I'y, at positions zq, ..., 2y, equa-
tions of motion are

. 1 N F N +oo 00
Zn = 7
271 j:l%ﬁn) Zn — % 27Tz ;nzil Zn — zjgo o len—z—oo Zn, Znap

This is Hamiltonian system with Hamiltonian function

lr)aled
e, (ot

2
©
—pz%;) ey (— %)

1 N
H:—E > Iiljln|z — zﬂ——ZFFl
i,j=1(i#7) s3=1

Y

where the second sum describes an infinite set of images with Golden pro-
portion of positions. The Green function of the problem

1 1 v ) o (97 1
G[:——IH‘Z—ZZ|—2—1 QO( l) QO( _‘w_Q) +4—1IIQO
satisfies following conditions:1. symmetry G;(z, z;) = G(z, 2); 2. boundary
values, G((z, z1)|c, = 0 - at the outer circle, G((z, z)|c, = 1 —1In | =] - at the

inner circle.
Exact solution for N identical vortices I', =I',1 =1, ..., N, located at the
same distance 1 <r < ,/p is

2 (t) — Teiwt-l—i%”l’

14



where rotation frequency

Y o (TWZ Lng (1= 5e%) —img (1% )D

=1

1/4

At geometrical mean distance r = ¢'/* the frequency is

T(N —1)
dr /o
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