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ABSTRACT

FUNCTION GENERATION SYNTHESIS OF PLANAR MECHANISMS
AS A MIXED PROBLEM OF CORRELATION OF CRANK ANGLES
AND DEAD-CENTER DESIGN

Kinematic synthesis of mechanisms is generally divided into three groups. One of
them is function synthesis. In function synthesis, the design of correlation of crank angles
and dead dead-center position stand out. These problems have been clearly defined and
solved separately. But in some cases, problems may be encountered that require both
correlation of crank angles and dead dead-center design. Such problems are called mixed
function generation problems. In this thesis, an overview of these mixed function
generation problems has been given and many problems have been solved analytically or
semi-analytically. The solutions of all problems including three positions for the four-bar
mechanism and the solution of a problem including four positions for a four-bar
mechanism have been addressed. A problem including 3 positions and a problem
including 4 positions for a slider-crank mechanism have been addressed. All solutions
have been reduced to univariate equation and a fast solution has been found. Thus, link
lengths can be found quickly by changing the problem inputs. Numerical solutions of all

problems have been demonstrated using Excel.



OZET

KRANK ACILARI KORELASYONU VE OLU-KONUM
TASARIMININ KARMA PROBLEMI ICIN DUZLEMSEL
MEKANIZMALARIN ISLEV SENTEZI

Mekanizmalarin kinematik sentezi genellikle {i¢ gruba ayrilir. Bunlardan biri islev
sentezidir. Islev sentezinde krank acilarmin korelasyonu ve 6lii konum tasarimi 6ne
cikmaktadir. Literatiirde bu problemler ayri ayri agik¢a tamimlanmis ve ¢oziilmiistiir.
Ancak bazi durumlarda hem krank agilarinin korelasyonu hem de 6lii konum tasarimini
gerektiren problemler ile karsilasilabilir. Bu tiir problemlere karma islev sentezi
problemleri denir. Bu tezde, bu karma islev sentezi problemlerine genel bir bakis
yapilmistir ve analitik ya da yar1 analitik olarak birgok problem ¢6ziilmiistiir. Dort-kol
mekanizmasi i¢in ii¢ konum igeren tiim problemlerin ¢éziimleri ve dort-kol mekanizmasi
i¢in dort konum igeren bir problemin ¢6ziimii sunulmustur. Krank-biyel mekanizmasi igin
bir tane 3 konum iceren problemin ve bir tane 4 konum igeren problemin ¢oziimii
sunulmustur. Tiim ¢6ziimler tek degiskenli bir denkleme indirgenmis ve hizli bir ¢6ziim
bulunmustur. Boylece problem girdileri degistirilerek baglanti uzunluklar1 hizli bir

sekilde bulunabilir. Tiim problemlerin sayisal ¢oziimleri Excel kullanilarak gosterilmistir.
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CHAPTER 1

INTRODUCTION

Machines are comprised of several mechanisms. A mechanism is a constrained
system of bodies designed to convert motions of, and forces on, one or several bodies into
motions of, and forces on, the remaining bodies (IFToMM, 2022).

This thesis study issues function generation synthesis of planar mechanisms as a
mixed problem of correlation of crank angles (CCA) and dead-center design. In the
following subsections, kinematic synthesis of mechanisms is briefly presented. Then
function generation synthesis is explained. After that motivation and aim of the thesis are

stated. Finally, the outline of this thesis is presented.

1.1. Kinematic Synthesis of Mechanisms

Kinematics of mechanisms can be studied under two main categories: kinematic
analysis and kinematic synthesis. In kinematic analysis, the motions of links (position,
velocity and acceleration) are determined for given inputs to the mechanism when the
structure and all link lengths of the mechanism are known. In kinematic synthesis, the
structure and all link lengths of the mechanism are determined when the motions of links
typically for given inputs to the mechanism are known. Kinematic analysis and kinematic
synthesis are reverse problems. There are some steps of kinematic synthesis such as type
synthesis, number synthesis and dimensional synthesis.

Type synthesis is the choice of elements to constitute the mechanism, such as
gears, linkages, belts, pulleys, etc. Number synthesis is used in the selection of number
of links and joints. Type synthesis and number synthesis form constitute the structural
synthesis.

After all these steps, it is necessary to determine the link dimensions of the
mechanism according to the desired motion. Determining link dimensions is called
dimensional synthesis. There are different tasks for dimensional synthesis: function

generation, path generation, and motion generation (or rigid body guidance). In simple



terms, function generator mechanisms produce a desired function. In function generation,
the desired motion usually contains one parameter (e.g., angle of rocker link). Path
generator mechanisms have a point that travels on a given path. In path generation of
planar mechanisms, the desired motion contains two parameters (e.g., X and y coordinate
of coupler point). Motion generator mechanisms follow a given rigid body motion. In
motion generation of planar mechanisms, the desired motion typically contains three

parameters (e.g., x and y coordinates of a coupler point and angle of the coupler link).

1.2. Function Generation Synthesis

In function synthesis, the goal is to design a mechanism that generates a desired
function. In other words, the mechanism is designed such that the input and output of the
mechanism approximately generate a desired input/output (1/O) relationship. The
mechanisms synthesized in this way are called function generators. Planar four-bar
mechanisms are widely used as function generators. Function generation synthesis of
mechanisms is generally divided into two methods: CCA problems and dead-center

design.

1.3. Motivation of the Thesis

In some applications, a mechanism may be required to provide both some 1/O
relationships and to provide one or both dead-center position (DCP). Nowadays, although
such a problem can be quickly solved using a CAD program, an analytical or semi-
analytical solution is very useful when the function generation problem is merely a small
part of the design of a multi-loop mechanism. As you change the problem variables using
an analytical or semi-analytical solution, the result can be displayed quickly. Thus, its
effects on the multi-loop mechanism can be displayed. As an example, the design of a
four-bar loop connected to the bucket of a loader mechanism of a construction machine
is such a problem. The problems involving only CCA and only dead-center design have
been clearly defined separately in literature. But the problems involving CCA and dead-
center design together are not sufficiently worked out and their solutions are not

presented.



1.4. Aim of the Thesis

The aim of this thesis is to examine the function generation synthesis of planar
mechanisms as a mixed problem of CCA and dead-center design, to identify possible

problems and to present a solution to some of them.

1.5. Outline of the Thesis

This thesis consists of 5 chapters: Introduction, Literature Survey, Mixed Function
Generation Synthesis Problems for Planar Mechanisms, Numerical Examples and
Conclusions. In Chapter 2, literature review about the birth of kinematic synthesis of
mechanisms, CCA, dead-center design and mixed function generation synthesis problems
are presented. In Chapter 3, mixed function generation synthesis problems for four-bar
and slider-crank mechanisms for 3 and 4 positions are studied. In Chapter 4, numerical
examples of problems in Chapter 3 are presented. The conclusions of the thesis are
presented in Chapter 5. The results of the thesis are stated and possible problems for future

studies are discussed.



CHAPTER 2

LITERATURE SURVEY

In this chapter, first a brief review on kinematic synthesis of mechanisms is
presented. Then, literature survey on CCA, dead-center design and mixed function

generation synthesis problems is presented.

2.1. Kinematic Synthesis of Mechanisms

In early ages, people achieved mechanical motion by their own muscle forces, but
then the muscle power began to be insufficient. This situation has prompted people to
invent and use tools and mechanisms by using their creativity.

The invention of the external combustion steam engine created a revolution in
mechanization. The machine built by Thomas Savery, the first commercial example, is
called the Savery Engine (Figure 2.1) (Savery, 1702). The area of use of this machine was
to throw water out of a mine. It was not used for long periods because its efficiency was

very low, but it led to future studies.

Figure 2.1. Savery engine (Source: Savery, 1702)



In the 1700s, Thomas Newcomen developed a new steam engine (Figure 2.2)
(ASME, 1981). Although it had some mechanical advantages and a relatively safer steam

engine, it did not achieve the desired efficiency and fuel consumption did not decrease.

Figure 2.2. Newcomen's engine (Source: ASME, 1981)

While repairing a Newcomen’s engine, as a result of his reviews, James Watt
decided that he could improve the engine (ASME, 1986). Watt made a two-room design,
one constantly hot and one constantly cold (Figure 2.3). Watt wanted to convert rotational

shaft motion into translating motion and he invented Watt's straight-line motion
mechanism.
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Figure 2.3. Watt's engine (Source: ASME, 1986)



After this straight-line mechanism by Watt, the subject began to attract the
attention of some mathematicians. Scientists wanted to find mechanisms that follow
straight-line. Perhaps this can be regarded as the birth of kinematic synthesis (Ceccarelli,
2008). Richard Roberts invented Robert’s mechanism, which follows an approximate

straight line (Figure 2.4).

Wl 7 F 7T |y
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Figure 2.4. Robert’s straight-line mechanism (Source: Artobolevsky, 1975)

Franz Reuleaux, Alexander B. W. Kennedy, and Ludwig E. H. Burmester worked
on the analysis and synthesis of mechanism using geometry. Reuleaux made models of

many mechanisms (Figure 2.5). Kennedy translated Reuleaux’s book into English.

Figure 2.5. Robert’s straight-line mechanism from Reaulaux's Collection in Cornell
University (Source: ASME, 2004)



Franz Grashof created a mathematical model that found under what conditions
four-bar mechanisms would be crank-rocker, double-crank or double-rocker. Pafnuty L.
Chebyshev developed analytical methods for the analysis and synthesis of mechanisms.
Chebyshev Polynomials are used to provide optimal spacing of precision points for
function and path generation. Samuel Roberts and Chebyshev developed the theorem
stating that there are three four-bar mechanisms that produce the same coupler curve.
Later on, based on Chebyshev’s work Artobolevskii (1944) and Levitskii (1946, 1950)
have developed many methods for function and path generation synthesis.

Ferdinand Freudenstein created the algebraic model known today as Freudenstein
equation for the synthesis of functions of the planar four-bar mechanism in his doctoral
dissertation. Freudenstein and his student George N. Sandor were pioneers of computer-
aided mechanism synthesis. They performed computer-aided calculations of link lengths
to perform function, path and motion generation. In light of his work and the academic
family he left behind, Freudenstein is known as the “Father of Modern Kinematics”
(Ceccarelli, 2011).

Richard Hartenberg and his student Jacques Denavit found the Denavit-
Hartenberg (DH) Representation and its parameters (Denavit & Hartenberg, 1964). In the
following years, Arthur G. Erdman and his team and J. Michael McCarthy and his team

made computer-aided programs to synthesize and analyze mechanisms.

2.2. Correlation of Crank Angles

As mentioned in Chapter 1.2, function generation synthesis of mechanisms can
be divided into two: CCA problems and dead-center design.

If the problem is modeled in such a way that the input and output links of the four-
bar mechanism must provide certain angle values relative to the fixed link, S6ylemez calls
the problem as CCA (Soylemez, 2018). Early methods of function generation pertaining
to CCA have been graphical (Burmester, 1888) (Koestsier, 1989) (Hain, 1967) (Svoboda,
1948) (Beyer, 1953). The developed geometric synthesis procedures were time-
consuming and required some skill. With the development of computers, analytical
solutions became available very quickly. At mid-20™" century, Levitskii Freudenstein and
many others opened a new era in kinematic synthesis by solving the problem of CCA
analytically (Levitskii, 1946) (Levitskii, 1950) (Freudenstein, 1954).



2.3. Dead-Center Design

In four-bar mechanisms of crank-rocker and double-rocker proportions, the output
rocker link oscillates between two angle limits. The positions of the four-bar mechanism
when the rocker is at a limit are called the DCP. The four-bar mechanism has two DCPs:
the folded DCP (FDCP) and extended DCP (EDCP). The crank and coupler become
collinear in both DCPs in extended form or folded on top of each other (S6ylemez, 2018).

The design of a mechanism according to the swing angle of the output rocker link
and usually the amount of crank rotation corresponding to this swing angle is called dead-
center design (Soylemez, 2018). The dead-center design problem is generally
accompanied by transmission angle optimization. Dead-center design with transmission-
angle optimization of planar four-bar mechanisms was first addressed by Alt, then
improved by Meyer zur Capellen and Volmer (Alt, 1925) (Meyer zur Capellen, 1956)
(Volmer, 1957). Freudenstein and Primrose obtained a closed form analytical solution
which was determined as the root of a degree 3 univariate polynomial equation
(Freudenstein & Primrose, 1972). Meyer zur Capellen and Volmer studied a similar
problem for slider-crank mechanisms graphically and the link lengths are expressed using
the initial crank angle as the parameter. SGylemez obtained a closed form analytical

solution which yields a unique solution (Soylemez, 2002).

2.4. Mixed Function Generation Synthesis

Many classical textbooks do not cover the problem of dead-center design (Sandor
& Erdman, 1984) (Hartenberg & Denavit, 1964) (McCarthy, 2010). Hall and Norton
separately consider the dead-center design and the problems of the CCA (Hall &
Goodman, 1961) (Norton, 2004). Mallik et al. present dead-center design as the fourth
type of synthesis problem in addition to function, path and motion generation problems
(Mallik et al., 1994). Pennestri and Valentini summarized the methods of analytical
function synthesis for four-bar and slider-crank mechanisms for two and three positions,
including dead-center design problems (Pennestri & Valentini, 2009). Mutlu achieved the
design of the crank-rocker mechanisms via analytical methods, based on a closed-form

solution for specific design cases (Mutlu, 2021).



In certain applications, a function generator needs to be designed to satisfy both
CCA and DCP design problems. There are a few recent publications that deal with both
CCA and DCP design together. Kiper and Erez presented an analytical solution to the
problem of synthesis of four-bar mechanisms for 2 CCA positions and FDCP as the third
position (Kiper & Erez, 2019). Kiper et al. have worked on slider-crank mechanism
design for 3 CCA positions and a DCP (folded or extended), where the problem is reduced
to a degree 8 univariate polynomial equation (Kiper et al., 2020). Kadak and Kiper have
presented the necessary formulation for the synthesis of a four-bar mechanism for 3 CCA
positions and a DCP, where the problem is reduced to the solution of a degree 6 univariate
polynomial equation (Kadak & Kiper, 2021).



CHAPTER 3

MIXED FUNCTION GENERATION SYNTHESIS
PROBLEMS FOR PLANAR MECHANISMS

In this Chapter, firstly, all possible mixed function generation synthesis problems
for four-bar mechanism are defined and derivations of common formulas to be used in
the subsections are presented. Then, solutions of almost all problems for four-bar
mechanism including 3 positions (Section 3.1), one of the problems for four-bar
mechanism including 4 positions (Section 3.2), are presented, and finally, a solution of a
problem for slider-crank mechanism including 3 positions (Section 3.3), and 4 positions
(Section 3.4), are presented in separated subsections.

Both the input and output angles of the four-bar mechanism are specified for CCA.
For DCPs, it is enough to specify only one of the input or output angles. For a DCP, either
the input or the output link may be aligned with the coupler link. As a result, the link
lengths of the mechanism are desired.

For a planar four-bar mechanism, since the link length dimensions can be scaled
as desired without affecting the 1/O relationship between the angles, without loss of
generality one of the link length values can be assumed, while the remaining three will
be unknown.

In problems including 3 positions, generally there are three equations and three
unknowns, and the problems can be solved quite simply. But in problems including 4 and
5 positions, the number of unknown link lengths is 3, while the number of equations is 4
or 5. In these problems, the angle(s) of the reference line from which the input and/or the
output angle is measured is(are) used as the extra unknowns. Such an extra unknown
angle shall be called the offset angle. In problems including 4 positions, it is sufficient to
use an offset angle, while in problems including 5 positions, two offset angles should be

used. Table 3.1 shows all the problems including 3 positions.
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Table 3.1. Possible problems including 3 positions

# | Position 1| Position 2 | Position 3
1| CCA CCA CCA
2| CCA CCA OPT
3| CCA CCA DCP
4, CCA DCP OPT
5
6
7
8

CCA EDCP FDCP
CCA EDCP EDCP
CCA FDCP FDCP
EDCP FDCP OPT

For the 1st problem, where 3 CCA positions are given, the well-known solution
of Freudenstein gives a fast solution (Freudenstein, 1954). If 2 CCA positions are given,
either any DCP is given as the third position or optimum transmission angle (OPT) is
required (2" and 3" rows in Table 3.1). In the 3rd problem, any DCP is given regardless
of FDCP and EDCP, because there is a unified solution as it will be apparent in the
following sections. If only one CCA position is given, there are two cases. In the first
case, any DCP is given as a second desired position and OPT is required (4™ row in Table
3.1). In this problem, any DCP is given regardless of FDCP and EDCP. In the second
case, two DCPs are given as the second and third position (5", 6" and 7" rows in Table
3.1). In the 5th problem, different types of DCPs are given, whereas in the 6th and 7th
problems, same types of DCPs are given. The solutions to the 6th and 7th problems turn
out to be the same, regardless of whether the DCPs are two EDCPs or two FDCPs.
Therefore, the solution of the 6™ and 7™ problems is given in a single section (Section
3.6). If no CCA is given, 2 DCPs are given and OPT is required (8th row in Table 3.1).
This last problem is the well-known Alt’s transmission angle optimization problem for
DCP design (Alt, 1925). It is not possible to talk about OPT in problems where both of
the same types of DCPs are given. Because in the case where two FDCPs are given, the
transmission angle will be 0° in one of the two DCPs, or in the case where two EDCPs

are provided, the transmission angle will be 180° in one of the two DCPs.

11



In problems including a DCP, only one of the input or output angles is specified.
The solution of the problem is different depending on whether the input angle or output
angle is given for the DCP. Therefore, the problem has been defined and solved for both
cases.

If a problem contains only one DCP (3 and 4™ problems), there are 2 solutions:

e input angle is given for DCP
e output angle is given for DCP
If a problem contains two DCP (5%, 6™, 7" and 8" problems), there are 3 solutions:
e input angles are given for both DCPs
e output angles are given for both DCPs
e input angle is given for a DCP and output angle is given for other DCP

But in problems where the same type of DCPs are given (6" and 7™), the behavior
of the two rocker links are the same. Therefore, it is important whether the two angles
given are given for the same link or a different one.

Two different methods were used to optimize the transmission angle. Therefore,
these problems have been defined and solved in two different ways (2", 3 and 8™
problems). However, in the 8" problem, the two solutions are the same. Totally 18
problems have been identified and solved for problems including 3 positions.

In path and motion generation, there is an order of given points or positions
according to the input joint variable. Since the input joint variable values are well defined
in function generation problems, there is no order problem.

There are 2 configurations (or assembly modes) of four-bar and slider-crank
mechanisms for a given input variable value. In both configurations, the 1/0 equation is
the same, so the synthesis method does not distinguish between different configurations.
After the synthesis is performed, it is necessary to make sure that the desired function is
generated for the same configuration of the mechanism in all design positions. To avoid
such a problem, after the synthesis procedure, the mechanism should be analyzed, and
better simulated, for the desired range of motion.

Problems for 4 positions are obtained by adding one more CCA position to
problems for 3 positions (first column in Table 3.2). The above mentioned explanations
for problems including 3 positions also apply to problems for 4 positions as well. In
addition, an offset angle should be used here. Adding the offset angle to the input or

output angle changes the solution to the problem.
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Table 3.2. Possible problems including 4 positions

Position 1 | Position 2 | Position 3 | Position 4
CCA CCA CCA CCA
CCA CCA CCA OPT
CCA CCA CCA DCD
CCA CCA DCP OPT
CCA FDCP EDCP CCA
CCA FDCP EDCP OPT
CCA FDCP FDCP CCA
CCA EDCP EDCP CCA

| N O O &~ W N| | H®

In Table 3.3, problems for 5 positions are listed by adding one more CCA position

to problems for 4 positions. In addition, two offset angles should be used here.

Table 3.3. Possible problems including 5 positions

Position 1 | Position 2 | Position 3 | Position 4 | Position 5
CCA CCA CCA CCA CCA
CCA CCA CCA CCA OPT
CCA CCA CCA CCA DCD
CCA CCA CCA DCP OPT
CCA CCA FDCP EDCP CCA
CCA CCA FDCP EDCP OPT
CCA CCA FDCP FDCP CCA
CCA CCA EDCP EDCP CCA

O N o g B W N | H®

3.1. Common Formulation and Figures

In the following subsections, some figures and equations that are repetitively

required in different problems are presented.



3.1.1. CCA

Figure 3.1. Notation for CCA

Note that, for all problems, the link length dimensions can all be scaled with the
same ratio without affecting the 1/O relationship between input angle ¢ and output angle
v, so without loss of generality we may assume |AoBo| = 1.

For a planar four-bar mechanism (Figure 3.1), the loop closure equations are
written as follows:

ach+bcy =1+dcy ; asdp+bsy =dsy 1)
where ¢ and s stand for cosine and sine, respectively. The interrelation of the mechanism
input and output is given by the 1/0 of the four-bar mechanism which can be obtained by

eliminating the coupler angle y from the loop closure Eqg. (1):

(bCy)2 +(b5’y)2 = (1+dey —ace)” + (dsy —asp)’ (2)
Expanding Eq. (2):

1+a*—b*+d* —2acd+ 2dcy —2adc(p—y)=0 (3)

Dividing all terms in Eq. (3) to 2ad:

1+a’-b*+d* 1 1
e Tch+=cy=c(d- 4
oad 5 0 _cv (0—-w) (4)
Let
1+a®—b%+d? 1 1
PpP=————— P,== and P,== 5
! 2ad 2 d * a ®)
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3.1.2. DCP where input angle is given

Figure 3.2. Notation for FDCP (input angle is given)

By using cosine theorem at FDCP (Figure 3.2):
d>=(b-a)’ +1-2(b-a)c(¢; —m)=(b—a)’ +1+2(b—a)co, (6)

By

Figure 3.3. Notation for EDCP (input angle is given)

By using cosine theorem at EDCP (Figure 3.3):
d?=(a+b)’ +1-2(b+a)cd, (7)
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3.1.3. DCP where output angle is given

Figure 3.4. Notation for FDCP (output angle is given)

By using cosine theorem at FDCP (Figure 3.4):
(a—b)" =1+d? +2dcy, (8)

By

Figure 3.5. Notation for EDCP (output angle is given)

By using cosine theorem at EDCP (Figure 3.5):
(a+b)" =1+d?+2dey, (9)
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3.14. OPT

When the transmission angle, p is 90° for a four-bar mechanism where dynamic,
gravitational and frictional effects are neglected, all the force transmitted from the coupler
link to the output link is used to rotate the output link. If the transmission angle is 0°, no

matter how much torque is applied to the input link, the output link cannot be rotated.

Figure 3.6. The transmission angle u and the pressure angle &

The transmission angle can be expressed in terms of the input angle and link lengths by
writing the cosine theorem for ABo using the triangles AcABo and ABBo and equating
them (Figure 3.6):

d>+b% -1-a% a
cu=—+—=C 10
K obd  ba"? (10)

In order to find the minimum and maximum value of the transmission angle, the

derivative of Eq. (10) with respect to ¢ is taken and equated to zero:

du a
su—=—=s50p=0 11
”dq) 0d ) (11)
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Extremum values of transmission angle occur when sing = 0, that is when ¢ =0 or &
(Figure 3.7). The extremum values of the transmission angle for the four-bar mechanism

are as follows:

d>+b*-1-a%? a
op. Lt -l-a a8 12
Honin 2bd bd (12)

max

Figure 3.7. Maximum and minimum transmission angle of four-bar mechanism

After finding the maximum and minimum values of the transmission angle, the one that
deviates more from 90° is the critical one. Cases where the minimum and maximum
values are equal to each other are optimal if there are no other conditions. If Eq. (12) is
examined, equality of the minimum and maximum transmission angle results in
1+a’ =d’ +b? (13)

The four-bar mechanisms satisfying Eq. (13) are called centric four-bar mechanisms. For
a centric four-bar mechanism, the amount of crank rotation between the DCPs is 180°.

In order to optimize the transmission angle, the mechanism with the least
deviation of the transmission angle (DTA) from 90° should be selected. In doing so,
several different methods have been used. To equate the minimum and maximum DTA,
a centric four-bar can be used. Centric four-bar mechanisms have a better force
transmission characteristic compared with the other crank-rocker proportions (Soylemez,
2018).
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3.2. Three Positions Synthesis for Four-Bar Mechanisms

Matlab and Mathematica have been used to for the symbolic solutions of some
problems. Parametric solutions of all problems were applied using Excel. The correctness

of the solutions has been verified using Solidworks.

3.2.1. 3-CCA

A practical solution to this problem was presented by Freudenstein (Freudenstein,

1954). 3 CCA positions are given (¢1, ¢z, ¢3, w1, W2, w3) and link lengths are desired.
From Eqgs. (4) and (5),

P, —P,cd; +Pcy, =c(o; —y;) fori=1,2,3 (14)

For given 3 precision points, Freudenstein’s coefficients (P1 P2 and P3) can be found by

inverting the coefficient matrix:

-1

P 1 —cp, cy, C (¢1 -V, )
P,|=|1 —c¢, cv, C(‘bz _\Vz)
P; 1 —Co; cy, c ((I)s BE )

After P1, P2 and Pz are found, a, b and d can be computed using Eqg. (5):

a=L d=2 and b=.l+a’+d’2adP, (15)
P3 P2

3.2.2. 2-CCA with OPT

In this problem, 2 CCA are given and OPT is required. This problem can be solved
in 2 ways:
e Equating the DTA from 90° at given positions

e Equating the maximum and minimum DTA from 90°
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3.2.2.1. Equating the DTA from 90° at given positions

2 CCA positions are given (¢1, d2, w1, y2) and link lengths are desired for OPT.

Soylemez was solved this problem by equating DTAs at given two positions (&1 and &
in Figure 3.8) (Soylemez, 2022).

Figure 3.8. 2 CCA with OPT

The 1/0 function is written for given 2 CCA positions as follows:
P, —P,cd, +Poy; =c(¢; —y,;) for i=1,2 (16)
where P1, P2, P3 are as in Eqg. (5). Eq. (16) gives 2 equations for 3 unknowns. So, the

number of unknowns can be reduced to one. Solving P2 and Pz in terms of Py:

1 1
P, = X(TZPl +Q,) and P, = X(TlPl +Q,) (17

for A =cd,Cy, —Ch,Cy,, T, =c¢, —co,, Q, :C(I)lc(wz_(I)Z)_C(I)ZC(\\Ul_(I)l)’
T, =cy,—Cy;,Q, =cy,c(v, —,)—cy,c(w, —¢,). Multiplying Eq. (10) with b/a:

b 1+a’-b*+d* d 1

a 2ad a d ¢ (18)
When ¢ = ¢1, p=p1—dand when ¢ = o2, p = p2 =n/2 + 5 (or p1 = w/2 + 5, p2 = n/2 - 9).

Then for the two positions:

b P b i
Dso—-p+ 2 4pot, and Ds5-p-Bop, (19)
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Equating the two equations in Eq. (19):
2&—%£—%0Wﬁﬁ%)=0 (20)

2
So, a degree 2 univariate polynomial equation of Py is obtained:

AP?+BP,+C=0 (21)

where A:Tz(A—%Tz(cq)ercq)z)), B=(Q,-P,)A-P,Q,(co, +cb,), C:—QlA—QTZZ(c¢2+c¢1).

The two roots of Eg. (21) can be found analytically. Then P, and P3 can be found by using
Eq. (17). Then a, b and d can be found using Eq. (15). So, we can synthesize a mechanism
with input/output angles (¢1, w1) and (¢2, y2) also its transmission angle is optimized in

between these two positions.

3.2.2.2. Equating the maximum and minimum DTA from 90°

2 CCA positions are given (¢1, 2, w1, y2) and link lengths are desired for OPT. If
the motion range of the mechanism is not limited with the two specified CCA positions,
the maximum and minimum transmission angle for the whole range of motion can be
equated. In this case, a centric-four bar mechanism is used, where the maximum and
minimum transmission angle are equal. The I/O function is written for given 2 CCA
positions as follows:

P, —P,co, +Poy; =c(¢; —y;) for i=1,2 (22)
where P1, P2, Pz are as in Eq. (5). Solving P1 from Eqg. (22) in terms of P> and Pz gives Eq.
(17). Note that the DTA at the two extreme positions (dmax and dmin in Figure 3.7) will be
equal if Eq. (13) is satisfied. Using Eq. (13) and rewriting Eq. (13) in terms of Py, P2 and
Ps:

P,—PP, =0 (23)
Substituting Eq. (17) in Eq. (23):
P12+(Q2—T1)P1—Q1=0 (24)
Eq. (24) yields 2 solutions. P2 and Pz can be found from Eq. (17). Then a, b and d can be
found using Eq. (15).
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3.2.3. 2-CCA and 1-DCP

In this problem, 2 CCA and a DCP are given. This problem can be formulated in
2 ways:
e Inputangle ¢ is given for DCP
e Qutput angle v is given for DCP

3.2.3.1. Given input angle ¢ for DCP

This problem was solved by Kiper and Erez (2019). 2 CCA positions (¢1, ¢2, w1,
y2) and input angle for FDCP or EDCP (¢r or ¢e) are given. Link lengths are desired. The
I/O function is written for given 2 CCA positions as follows:

P, —P,cd; +Poy; =c(¢; —y;) fori=1,2 (25)
where Py, P2, P3 are as in Eq. (5). Eq. (25) gives 2 equations for 3 unknowns. So, the
number of unknowns can be reduced to one. Solving P> and Ps in terms of Py:

_1
A
for A =ch,Cy, —Co,Cy,, T, =cd, —cd,, Q. =cd,c(W, —d,)—cd,c(w;, —d, ),

P, (T,P,+Q,) and P, = %(TlP1 +Q,) (26)

T,=cy,—Cy,, Q, =cy,c(y, —¢,)—cy,c(w, —¢,). By using cosine theorem at FDCP
and EDCP:
d?>=(b-a)"+1-2(b—a)c(¢; — )
, (27)
d*=(b+a) +1-2(b+a)c,

Eq. (27) is simplified, and terms with sign differences are added up on the same side:

_1+a%+b?—d® —2aco,

b
2a—2Ch. 28)
b 1+a’+b*—d*—2acd,
2a—2Ch,

The two equations in Eq. (28) are equated to each other by taking the square of both sides.
Thus, a single equation can be used for both EDCP and FDCP:

b2 [ 1+ a® +b? —d? - 2ach, | (29)
2a—2ch,

Eq. (29) is written in terms of P1, P2 and P3 by using Eq. (15):
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(LBRR], 1 1 @)
P, 1-P,co, P, P, PR
Then, Eq. (30) is written in terms of only P1 by using Eq. (17). So, a degree 4 univariate
polynomial equation of Py is obtained
AP’ +BP°+CP?+DP,+E=0 (31)
where
A =TT,
B=2T,T,5’, (QT,+Q,T, - A%)
Cosy, [(Qsz +Q,T,)’ +2Q,Q,T.T,
-2Q,T,A* -2Q,T,A®
i _{Qlcz% (QUQ.T, +Q,"T,~(Q, - Ty)A%) + J
Aty (Q, = T)=Q, (T, +QQ, T, ~(Q,—T,)A?)
E=-Q/c0,(Q," +A%)+2Q,A%H, +Q,’Q,” +Q,°A’ — A*

}AZ (T, —2T,Acd, +A? —T,2C%, )

Eqg. (31) yields 4 solutions. P, and Pz can be found from Eq. (17). Then a, b and d can be
found using Eqg. (15).

3.2.3.2. Given output angle y for DCP

2 CCA positions (¢1, ¢2, W1, y2) and output angle for FDCP or EDCP (ye or ye)
are given. The 1/O function is written for given 2 CCA positions as follows:
P, —P,cd; +Poy; =c(¢; —y;) fori=1,2 (32)

where P1, P2, Ps are as in Eq. (5). Eq. (32) gives 2 equations for 3 unknowns. So, the
number of unknowns can be reduced to one. Solving P2 and Pz in terms of Ps:

. 1
P, =~(T.R+Q,) and P,=—(TP+Q)) (33)

for A =C,Cy, —Ch,Cy,, T, =cd, —Co,, Q= C¢1C(‘V2 _¢2)_C¢2C(\V1 _¢1) '
T, =cy,—Cy,, Q, =cy,c(y, —¢,)—cy,c(w, —¢,). By using cosine theorem at FDCP
and EDCP:
b-a)’ =1+d?+2dc
( )2 Ve (34)
(b+a)” =1+d*+2dey,

Eq. (34) is simplified, and terms with sign differences are added up on the same side:
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_1-a’-b*+d’+2dcy,

-b 5
s e (35)
bzl—a —-b*+d°+2dcy,
2a

The two equations in Eq. (35) are equated to each other by taking the square of both sides.
Thus, a single equation can be used for both EDCP and FDCP.

2 k2,42 2
o :(1—a —b%+d +2dc%] (36)
2a
Eq. (36) is written in terms of Py, P2 and P3 by using Eq. (15):
2
1+i2+i2_ 2P, _(P+Pcy, 1 (37)
PS P2 P2P3 PZ PS

Then, Eq. (37) is written in terms of only P1 by using Eq. (17). So, a degree 2 univariate
polynomial equation of P is obtained:

AP?+BP,+C=0 (38)
where A=T?—(T,cy,+A4), B=2(T,Q,-T,Q,¢’ v, -QAcy, +T,AcCy,) and
C=A"+Q,”-Q/c’y,+2Q,Acy, . Eq. (38) yields 2 solutions. Pz and P3 can be found
from Eq. (17). Then a, b and d can be found using Eq. (15).

3.2.4. 1-CCA and 1-DCP with OPT

In this problem a CCA and a DCP are given and OPT is required. This problem
can be solved in 2 ways:
e Equating the DTA from 90° at given positions

e Equating the maximum and minimum DTA from 90°

3.2.4.1. Equating the DTA from 90° at given positions

In this problem a CCA and a DCP are given and OPT is required. To optimize the
transmission angle, DTA from 90° at given positions are equated. This problem can be
formulated in 2 ways:

e Input angle ¢ is given for DCP
e Output angle v is given for DCP
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3.2.4.1.1. Given input angle ¢ for DCP

A CCA position (¢1, w1) and an input angle for FDCP or EDCP (¢r or ¢e) are
given. Also, OPT is requested. To optimize transmission angle, the DTAs of given
positions are equated. The 1/O function is written for given a CCA position as follows:

P, —P,cod, +Pscy, =c(d, —v,) (39)
where Py, P2, P3 are as in Eq. (5). By using cosine theorem at FDCP and EDCP:
d®>=(b-a)’ +1-2(b-a)c(¢.—m)=(b-a)’ +1+2(b—a)co, (0)
d?=(b+a)’ +1-2(b+a)ch,
Eqg. (40) is simplified, and terms with sign differences are added up on the same side:

_1+a’+b?—d*—2ach,

b
2a —2Co, 41)
he 1+a’+b*—d* - 2acd,
2a —2Ch.

The two equations are equated to each other by taking the square of both sides. Thus, a
single equation can be used for both EDCP and FDCP.

b? = 1+a2+b? —d? —2ac, | 42)
2a—2ch,

Eq. (42) is written in terms of P1, P2 and P3 by using Eq. (15):

2
1,PRRY 1 1 2R )
P, 1-Pch, PZ PZ PP

For the two positions, DTA can be found by using Eqg. (10) as follows:
b P b P

5381 =P+ P—z +P,cd, and ESSE =P - P_z —P,co, (44)

Equating the two equations in Eq. (44).
2P,
2P~ -P, (ch, +Cdp ) =0 (45)

2

By using Egs. (39) and (45) P1 and Ps can be found in terms of Pa.

P — PZZ(CWI(Cd)D +C¢1))+2P2C¢1+2C(¢1_W1) _u

= —_1
' 2(1+P,cy,) u, 6)
P — P,’ (cdy —Cp ) +2P,C(d —v,) _uy
° 2(1+P,cy,) u,
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Substituting P1 and P2 into Eq. (43) a degree 6 univariate polynomial equation in P2 is
obtained:

U, +P; (U8 + Uy ) = (U,Cp —Us)” + 2P, (UsChy +U S0, ) (47)
There is no analytical solution for a degree 6 polynomial equation. But it can be solved
numerically. There are most 6 real solutions. The root of equation, P, can be found by

using "goal seek" in Excel. P1 and Ps can be found by using Egs. (46) and (47). Thena, b
and d can be found using Eqg. (15).

3.2.4.1.2. Given output angle y for DCP

A CCA position (¢1, w1) and an output angle for FDCP and EDCP (yr, ye) are
given. The 1/O function is written for given a CCA position as follows:
1+a*—b*+d* —2ace, + 2dcy, = 2adc (¢, — v, ) (48)
By using cosine theorem at FDCP and EDCP:
2
(b—a)2 =1+d* + 2dcy, ()
(b+a)” =1+d* + 2dcy,
Eq. (49) is simplified, and terms with sign differences are added up on the same side:

~1-a’-b*+d® +2doy,

-b
ey (50
lo=1—a —b®+d° +2dcy,
2a

The two equations are equated to each other by taking the square of both sides. Thus, a
single equation can be used for both EDCP and FDCP.

2 2 2 2
b2:£1—a ~b ;d +2dcij (51)
a

For two position DTA can be found by using Eq. (10) as follows:

1 a2 2 2 2
55, 1-a°+b"+d° +2acd, and ¢, = 2'st (52)
2bd 1+d°+2dcy,

DTA in two positions should be equal. So, by using equality s®s, +c®5, =1, we have:

2 h2 42 2 2
(—1—& +b*+d +2ac<|)1j N SRS (53)

2bd 1+d?+2doy,
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There are have 3 equations (Egs. (48), (51) and (53)) and 3 unknowns (a, b and d). If a
univariate equation is obtained using Eqgs. (48), (51) and (53), it will be seen that this
equation has degree 8. Therefore, it is recommended to make a completely numerical
solution using these equations. The values of a, b and d that satisfy these three equations

are sought. The solution can be found by using the "Solver" in Excel.

3.2.4.2. Equating the maximum and minimum DTA from 90°

In this problem a CCA and a DCP are given and OPT is required. To optimize the
transmission angle, maximum and minimum DTA from 90° are equated. This problem
can be formulated in 2 ways

e Input angle ¢ is given for DCP
e Qutput angle v is given for DCP

3.2.4.2.1. Given input angle ¢ for DCP

A CCA position (¢1, 1) and input angle for FDCP or EDCP (¢r or ¢g) are given.
Also, OPT is requested. To optimize the transmission angle, a centric four-bar mechanism

is used. The 1/O function is written for given a CCA position as follows:
P, —P,cd+ Pcy =C((I)—\V) (54)

where Py, P2, P3 are as in Eq. (5). Note that the DTA at the two extreme positions will be

equal if:
d*+b*=1+a’ (55)
Eq. (55) can be written in terms of P1 P2 and P3 as follows:
P, =PP, (56)

Substitute Pz in Eq. (56) into Eq. (54) solve for Pi:
o _ c(d—w)+P,ch

57
! 1+Pcy ®7)

By using cosine theorem at FDCP and EDCP:
d?>=(b-a)’+1-2(b-a)c(¢. —n)=(b—a)’ +1+2(b-a)co, (58)

d?=(b+a)’ +1-2(b+a)ch,
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Eq. (58) is simplified, and terms with sign differences are added up on the same side.

_1+a’+b?—d*—2ach,

- 2a— 24,

b 1+a’+b*—d* - 2acd,
2a —2Ch.

b

(59)

The two equations are equated to each other by taking the square of both sides. Thus, a
single equation can be used for both EDCP and FDCP.

b2 [ 1+ a® +b? —d? —2ach, | (60)
2a—2ch,

Eq. (60) is written in terms of P1, P2 and P3 by using Eq. (15):

2
1. P-R/RY_, 1 1 2P (61)
P3 1- PBC(I)D P32 P22 Pzps

Substituting Pz and P1 in Egs. (56) and (57) into Eq. (61) we obtain a degree 6 univariate
polynomial equation in terms of P». But this degree 6 polynomial equation can be written

as multiplication of two equations, one of which has degree 2 and the other has degree 4:

(P*-1)(AP, +BP,’ +CP,” +DP+E =0)=0 (62)

where  A=-c’¢s’p,, B=-2coc(¢—y)sd,, C=c’dp—c’y—c’(¢—y)s’d,,
D =-2s¢s(p—y) and E =—s*(p—y). From the first equation, P> =1 or -1. If P> = 1,

P3s = P2P1 = P1 can be found and also it means that a, = as and a3 = a1. If P2 = -1, P3=—P3
which means that a = —d and f = —b. These solutions give us kite mechanisms. In FDCP
of kite mechanisms, input and coupler links are collinear, and fixed and output links are
also collinear. So, the |P2| = 1 case is not feasible. The second equation is a degree 4
univariate polynomial equation, so there are at most 4 real solutions. The roots of equation
can be found analytically. P1 and Pz can be found using Egs. (56) and (57). Then a, b and

d can be found using Eqg. (15). Finally, there are maximum at most 4 real solutions.

3.2.4.2.2. Given output angle y for DCP

A CCA position (¢1, w1) and output angle for FDCP or EDCP (e or ye) are given.
Also, OPT is requested. To optimize the transmission angle, a centric four-bar mechanism

is used. The 1/O function is written for given a CCA position as follows:



P, —P,co+P,Cy :C((I)—\ll) (63)

where Py, P2, P3 are as in Eq. (5). Note that the DTA at the two extreme positions will be

equal if:
d*+b? =1+a’ (64)
Eq. (64) can be written in terms of P1 P> and Pz as follows:
P, =PP, (65)

Substitute Pz in Eq. (65) into Eq. (63) solve for Px.
b _ c(¢p—y)+P,co

66
! 1+P,cy (66)
By using cosine theorem at FDCP and EDCP:
b—a)’ =1+d?+2dc
( ) Ve (67)

(b+a)’ =1+d* +2doy,
Eq. (67) is simplified, and terms with sign differences are added up on the same side.

1-a*-b*+d*+2dcy,
2a

_1-a’-b*+d*+2dcy,

- 2a

The two equations are equated to each other by taking the square of both sides. Thus, a

single equation can be used for both EDCP and FDCP.

b=

(68)

b

a2 2.2 2
b2:£1 a’-b?+d +2dcij (69)
2a
Eq. (69) is written in terms of P1, P2 and P3 by using Eq. (15):
2
1+i2+i2_ 2P, _(P+Pcy, 1 (70)
PS P2 P2P3 PZ PS

Substituting Pz and Py in Egs. (65) and (66) into Eq. (70) we obtain a degree 4 univariate
polynomial equation of P:

AP,* +BP,°*+CP,>+DP+E=0 (71)
where  A=c?y-c2¢cy,, B:2(cw+cwD(c2\|/—c2c|>)—c¢c(¢—\|/)czx|;[,),
C=1-c*p+c’y—4chc(dp—w)cy,+4cycy, —c*(0-y)c*y,,

D= Z(C\VD s (¢—w)+cw—c¢c(¢—\p)) and E=s?(¢—v). Eq. (71) yields 4 solutions.
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P1 and Pz can be found from Eqs. (66) and (65). Then a, b and d can be found using Eq.
(15).

3.2.5. 1-CCA and 2 Different Type DCPs

In this problem a CCA and 2 different type DCPs are given. This problem can be
formulated in 3 ways:
e Inputangle ¢ is given for DCPs
e Output angle v is given for DCPs
e Input angle ¢ is given for one DCP and output angle  is given for the
other DCP

3.2.5.1. Given input angles ¢ for both DCPs

A CCA position (¢1, w1) and input angles for FDCP and EDCP (¢r, ¢e) are given.

The 1/0 function is written for the given CCA position as follows:
1+a’—b’+d*—2ac¢, +2dcy, =2adc(¢, —y,) (72)
By using cosine theorem at FDCP and EDCP:
d2:(b+a)2+1—2(b+a)cq)E (73)
d>=(b-a)’ +1+2(b—a)ce, (74)

Subtracting Eq. (74) from Eq. (73) and solving for b:

a(C¢E _C(I)F)
2a—(Chg +Coh;) (75)
Substituting d? in Eq. (73) into Eq. (72) and solving for d using Eq. (75):
4o 1+a’+ab—ach, —(b+a)co. 2a(a—co.)(a—ch.)+(1-aco, )(2a—co. —co.)

ac(¢1_\|’1)_C\|/1 (ac(d)l_‘l/l)_C\Vl)(za_Cd)E_C¢F)

Substituting Eq. (76) in Eq. (74) we obtain a degree 6 univariate polynomial equation in

2ab=c¢.(b+a)+co.(b—a)=b=

(76)

terms of a;

f+( 22 (a-ch. ) (a—ct;) } =(4a2<c¢E ) +(2a-cp, —c¢F>2}[ac<¢1—wl>T -

1-ach,)(2a—cde —cd; ) +4a(ch. —a)(2a—ch — o )cor J —Cy,
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This is a degree 6 polynomial equation, so there are most 6 real solutions. The roots of
the equation can be found numerically by using “goal seek” in Excel. b and d can be found

by using Egs. (75) and (76).

3.2.5.2. Given output angles y for both DCPs

A CCA position (¢1, w1) and output angles for FDCP and EDCP (yr, ye) are
given. The 1/O function is written for the given CCA position as follows:
1+a®—b*+d*—2ac¢,+2dcy, =2adc(p, —vy,) (78)
By using cosine theorem at FDCP and EDCP:
(b+a)2 =1+d*+2dcy, (79)

(b—a)’ =1+d’+2dcy, (80)
Subtracting Eg. (80) from Eq. (79) and solving for b:
d
b= Z_a(C\VE _C‘VF) (81)

Substituting b in Eq. (81) into Eq. (79) and substituting b? in Eq. (79) into Eq. (78) and
solving for d:

a(a—cd,)
ac(d,—y,)+Ccy.—cy, +

d:

82
CYe —CVye (82
2

Substituting b and d in Egs. (81) and (82) into Eq. (80) a degree 4 univariate polynomial
equation in terms of a is obtained:

Aa*+Ba’+Ca’+Da+E=0 (83)
where
A=45"(¢,—vy,) , B=8sy,s(¢,—v,)
C=4(cyccy.—ch (cye+cye)e(d—v,) -y, +¢* (¢ —w,)+C ¢,)
D =4((cwe—2cy, +Cye )c(dy =, ) +Ch; (Cw (Cye +Cye )= 2Cye Cy )
E=—4cy, (Cy.+Cyg)+Cy (€20, +3)Cy +5° ¢, C*yp +4C% y, +C y 5% ¢,
The roots of the equation can be found analytically. b and d can be found using Egs. (81)
and (82).
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3.2.5.3. Given input angle ¢ for one DCP and output angle y for other
DCP

A CCA position (¢1, y1) and input angle for one of DCPs and output angle are
given for other DCP (¢g, wr or ¢r, we). There are two possible cases:

i) Input angle ¢ is given for EDCP and output angle v is given for FDCP

i) Input angle ¢ is given for FDCP and output angle v is given for EDCP
The solution of both cases turns out to be identical. The I/O function is written for the
given CCA position as follows:

1+a”—b*+d* - 2ac, + 2dcy, = 2adc (¢, — v, ) (84)

For given input angle ¢ in EDCP and output angle v in FDCP, using cosine theorem:
(b—a)” =1+d? +2dcy, (85)
d?=(b+a)’ +1-2(b+a)co, (86)

Subtracting Eqg. (85) from Eq. (86) and solving for b:

e dey, +1-ach, @7
2a—Coy

Substituting b? in Eq. (84) into Eq. (85) and solving for d by using Eq. (87).
a® —acd, —ba
ac(d, — v, ) +Cye —Cy,
a(2a’ - 2ach,, — 2acd, +C9,Chp +1)
- 2a’c(, — vy, )—2acy, —ac(d, —y, ) cd, —acy +Chy (Cy, —Cyp )

d=

(88)

For given input angle ¢ in FDCP and output angle y in EDCP, using cosine theorem:
(b+a)2 =1+d*+2dcy, (89)
d?=(b-a)’ +1+2(b-a)co; (90)

Subtracting Eq. (89) from Eq. (90) and solving for b:

b dey, +1—acod,
2a —Co,

(91)

Substituting b? in Eq. (84) into Eq. (89) and solving for d by using Eq. (91).
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a’ —acd, +ba
ac(¢, —w,)+cy. —cy,
a(2a’® - 2acy, — 2ach, +Ch,Ch, +1)
~ 2a%c(¢, —,)—2acy, —ac (¢, — v, ) Chy —acy, +Chy (Cy, —Cyiy )
Substituting b and d in Egs. (87) and (88) into Eq. (86) or substituting b and d in Egs. (91)
and (92) into Eqg. (90), the solution is unique so, D can be used instead of F or E. We

d:

(92)

obtain a degree 6 univariate polynomial equation in terms of a:

ak,Cyp +k, (1-ach, )T ©3)

ak2 |:2k1 (C\Vl —ac(<|>l _Wl))+ak2]+ klz (—Zacd)l +3.2 +1) B ( Cd) —2a

where Kk, =2a%c(d, —y,)+(Cy, —Cy, ) Chy +a[ Cyp —Choc(d, — v, )—2cy, | and
k, =2a*— 2a(c<1>D +c¢l) +Cc,Cod, +1. The roots of the equation can be found numerically
by using “goal seek” in Excel. b and d can be found by using Egs. (91) and (92). a and d

are the same for the two cases and b has only sign difference. b can never be less than

zero, so for the common solution the absolute value of b can be used:

b dew, +1—ac<|>D|

94
(Za_c%) ‘ ( )

3.2.6. 1-CCA and 2 Same Type DCPs

In this problem a CCA and 2 same type DCPs are given. This problem can be formulated
in 2 ways:
e two input or two outputs angles are given for both DCPs

e input angle is given for a DCP and output angle is given for other DCP

3.2.6.1. Given two output or two input angles for both DCPs

For a CCA and 2-FDCP the followings are given: a CCA position (¢1, w1) and
output angles for each FDCPs (w1, wr2). Wr1 is the output angle when input and coupler
links are collinear in folded configuration and e is the output angle when output and

coupler links are collinear in folded configuration (Figure 3.9).
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Figure 3.9. A CCA and 2-FDCP are given when output angles are given for both DCPs

The 1/0 function is written for given a CCA position as follows:

1+a*-b*+d*—2ac¢, +2dcy, =2adc(¢, — vy, ) (95)

By using cosine theorem at each EDCP:
(b-a)’ =1+d*+2dcy,, (96)
a’=1+(b—d)" —2(b—d)cy,, (97)

For a CCA and 2-EDCP the followings are given: a CCA position (¢1, y1) and
output angles for each FDCPs (ye1, we2). Wer is the output angle when input and coupler
links are collinear in extended configuration and e is the output angle when output and

coupler links are collinear in extended configuration (Figure 3.10).
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Figure 3.10. A CCA and 2-EDCP are given when output angles are given for both DCPs

The 1/0 function is written for given a CCA position as follows:

1+a*—b*+d*—2acos¢, +2dcy, = 2adc(¢, — vy, ) (98)

By using cosine theorem at each EDCP:
(b+a)2 =1+d*+2dcyy, (99)
a?=1+(b+d)’ +2(b+d)cyy, (100)

By using Egs. (95), (96) and (97) or Egs. (98), (99) and (100), d can be found as the root
of a degree 4 univariate polynomial equation:

Ad* +Bd* +Cd*+Dd+E =0 (101)
where
A=[c(¢—v,)-1] [c((b1 —1y) (1= 20y 5,0y, +CPyy )+ 20y, (Cyy —cwD2)+sz\yDl]
Sy | €01~ 1) (~20W0xCW, + CWpy +1)+ (0w —Cwioy ) (CW oy — Wy ) |
B=2|  toy,[ cyp,(d —w:)(CWoy —CWp, ) =W, |+, (CWp, —CWpy)
+0y o [ €(0y — W) —1][ S Wp,C (0, — W, ) — CWpiCWp, +1]

2¢0{[cw, —CVo |CWo, [CWor —CWo, ]+ 20Wpy S W, C(6 - vy )}
C= +02\VDQ[CZWD1+1]+20W1[C\V01(CZ\VD2—2)+CWD2}

74, [ 1-20yp W, +C Wy | =50,5" W, 8(0,~ 2y, ) -2
D =250V, [ S(¢1— W) +50,Cp |
E=-s"0sS"yy,



After finding d, a can be found as follows:

o d(C\Ifl_C\VDl)(i p +dc(¢1_‘lf1)+c¢l)
d*c® (¢, —w,)-p+2dco, c(d,—w, )+ ¢,

where p=d?+2dcwy,, +1. As a common solution for a CCA and 2-FDCP or 2-EDCP.

(102)

B d(C\VDl_CWDZ)($\/E+d+CWD2)
Zd(CWDl_CWDz)_C2 Yp, +1 ‘

(103)

Eq. (101) is a degree 4 polynomial equation in terms of d and it can be solved analytically.
In Eq. (102), there is a term that has + sign and in Eq. (103), there is a term that has F
sign. This means that, in this solution, for each d value, there are two solutions for a and
b. Actually, for each d value, there is only one solution of a and b but the solution is too
long to write here. For finding the proper a and b values a verification is needed. Two
solutions of a and b should be found and substituted into Eq. (95). Then one of the
solutions satisfies Eq. (95).

The same formulation can be used in the case where two input angles are given
for both DCPs. The symmetry of the mechanism with respect to the y-axis can be
considered. Thus, d is used instead of a, and a is used instead of d in the formulation. = —
¢1 is used instead of 1, m — w1 is used instead of ¢1, © — dp2 is used instead of yp1, T —

¢p1 Is used instead of ypo.

3.2.6.2. Given input angle for a DCP and output angle for other DCP

In this problem there are two possible cases:

 Input angle is given for DCP where input and coupler links are collinear and
output angle is given for the other DCP where output and coupler links are collinear.

* Input angle is given for DCP where output and coupler links are collinear and
output angle is given for the other DCP where input and coupler links are collinear.

Solutions and formulation of these two cases are different.
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3.2.6.2.1. Given input angle for DCP where input and coupler links are
collinear and output angle for the other DCP where output
and coupler links are collinear

For a CCA and 2-FDCP the following are given: a CCA position (¢1, y1), the
input angle for the FDCP where input and coupler links are collinear (¢r1) and output

angle for the other FDCP where output and coupler links are collinear (yr2) (Figure 3.11).

A

® >

Figure 3.11. Given input angle for FDCP where input and coupler links are collinear
and output angle for the other FDCP where output and coupler links are

collinear
The 1/0O function is written for given CCA as follows:
1+a®—b®+d*—2acos¢, +2dcosy, = 2ad cos (¢, —y,) (104)
By using cosine theorem at each folded DCPs:

d?=(b-a)” +1-2(b—a)cos (¢ —180) (105)
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a®=1+(b-d)" -2(b—d)cosy,, (106)

For a CCA and 2-EDCP, the following are given: a CCA position (¢1, y1), the
input angle for the EDCP where input and coupler links are collinear (¢e1) and output

angle for the other EDCP where output and coupler links are collinear (ywe2) (Figure 3.12).

/ /
A, /77 B,

Figure 3.12. Given input angle for EDCP where input and coupler links are collinear
and output angle for the other EDCP where output and coupler links are

collinear
The 1/O function is written for given crank angle correlations as follows:

1+a*—b*+d* —2acos¢, +2d cosy, = 2ad cos(¢, —,) (107)

By using cosine theorem at each extended DCPs:
d? =(b+a)2 +1-2(b+a)cosdg, (108)
a?=1+(b+d) —2(b+d)cos(y,, ~180) (109)

By using Egs. (104), (105) and (106) or Egs. (107), (108) and (109), d can be found as
the root of a degree 4 univariate polynomial equation:
Ad*+Bd®+Cd*+Dd+E=0 (110)

where
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A=[c(d~ 1) =] (b~ 1) (1-2C0pq + € oy )~ 2C oy (CW; ~CWp, ) 2090V, +5° by |
¢ o[ (¢ —w1) ~1][ cwpo (C(0r =) 1)+ Coy —Cy, |+

{c(d»l—wl)(cwm(2c¢1—3cwl+cwm)—2)—c¢1cwm }

> +e? (4, —,)(CPwp, +1)+Cy, (+20yp, —Cy +Cy, ) +1

+[ & wiewo, —c (b~ i) ][ cws — v, (¢ (6 w1 )-1)—c |

20(1)1[c<|>m(2—(0(2\|/DZ)+3)C(<I)l —y,)+3cw,Cy,, +C2\VD2)—ZC\|/D2C(¢1 —\yl)J

+C\V1C2\VD2 +c0s(y) +Cyp, + c? dpy (C\Vl —2Cyp, (C (d)l - \Vl) _1))

Cw, € W, (C(d — 1) 1) —Cwp, (P v, +2) - 2¢y,

o1
+C(¢1 _\Vl)(C\VDz (4_C(¢1_W1))+C\V1)

—c’ ¢D1(2C(¢1 _\Vl)(C\VDz (CW1 +C\VDz)+1)_C2 (¢1 _\Vl)_CWDz (4C\V1 +C‘VD2)_1)

+c? 5y ((C(d)l _\Vl)_l)z +c° Wl)_zc(¢1_W1)+C2 Y, +1+¢? ¢1(2C¢D1CWD2 +c° dpy +1)

J—chlc\vm (c(d~w)-1)

D Z{Cd)l(cd)m [C\V1 +C\VD2]+C\V1CWD2 +]-)_C\VDz
+S¢1SW1[C¢01+C\VDZ]_C¢D1[C\|’1C\VDZ +l]_C\|fl

E =(1_C¢1[C¢D1+CWD2]+C¢D1CWD2)2

][C(I)l(C(I)Dl+C\V02)_C¢DlC\VDz _1]

After finding d, a can be found as follows:

[d+ C‘VDz][l"' ¢® P, + (d + \/5)(0%1 +oy,, )} +Chpy (1+Cwp, [2d + 0y, ])
2(Chpy (Cyp, +d)+dey,, ) +1+Cyy,
(111)
where p =d”® +c?$,, —1. As a common solution for a CCA and 2-FDCP or 2-EDCP:

a=

d (1+ Chpy (d +CVp, ) - C2¢D1) +CVp, (1_ C*py +0° + dCWDz)
FP ((Cdpy +CWp, ) (d+1)+1)
2(C¢D1 (CWDZ + d) + dCWD2)+1+ Yo,

b:

| (112)

Eq. (110) is a degree 4 polynomial equation in terms of d and it can be solved analytically.
In Eq. (111), there is a term that has + sign and in Eq. (112), there is a term that has F
sign. This means that, in this solution, for each d value, there are two solutions for a and
b. Actually, for each d value, there is only one solution of a and b but the solution is too
long to write here. For finding the proper a and b values a verification is needed. Two
solutions of a and b should be found and substituted into Eq. (104). Then one of the
solutions satisfy Eq. (104).




3.2.6.2.2. Given input angle for DCP where output and coupler links
are collinear and output angle for the other DCP where
input and coupler links are collinear

For a CCA and 2-FDCP, the following are given: a CCA position (¢1, y1), the
input angle for the FDCP where output and coupler links are collinear (¢r1) and output

angle for the other FDCP where input and coupler links are collinear (yr2) (Figure 3.13).

Ay

G- S

A4 F2

Figure 3.13. Given input angle for FDCP where output and coupler links are collinear
and output angle for the other FDCP where input and coupler links are

collinear
The 1/O function is written for given crank angle correlations as follows:

1+a*-b*+d* —2acos¢, +2d cosy, = 2ad cos(¢, —,) (113)
By using cosine theorem at each folded DCPs:

(b—d)* =a® +1-2acos ¢, (114)

(b—a)’ =1+d*—2dcos (., —180) (115)
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For a CCA and 2-EDCP, the following are given: a CCA position (¢1, y1), the
input angle for the EDCP where output and coupler links are collinear (¢e1) and output

angle for the other EDCP where input and coupler links are collinear (yez) (Figure 3.14).

OAo 777 O

Figure 3.14. Given input angle for EDCP where output and coupler links are collinear
and output angle for the other EDCP where input and coupler links are

collinear
The 1/O function is written for given crank angle correlations as follows:

1+a*—b*+d* —2acos¢, +2d cosy, = 2ad cos (¢, —,) (116)
By using cosine theorem at each extended DCPs:

(d+b)2 =a’+1-2acosd,, (117)

(a+b)’ =1+d*—2dcos(y,, ~180) (118)

By using Egs. (113), (114) and (115) or Egs. (116), (117) and (118), d can be found as
the root of a degree 2 univariate polynomial equation:
Ad’+Bd+C=0 (119)

where
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A=[c(d = 1) ~1][ 2(CWor[Cho, —CWy ]~ CW; Cip, )+ C* iy +5 b, (CHCW, +50,5, ) +1]
¢ O (C 0y (CW1 (CWoy +C ;) —505W, +1)+ Cyipy (Cwpssidssy, —1) )+
B =2| ¢ §,Cy, —Cdp, + 50, Chp Wy + O, (Cyr, Cyipy +Cry Chp, =50y S, (1+C iy, )
+00u[ ~C7w (14 €Wy €2 )+ C o (C oz = O ) + 505V, |
(2o —cdi)(cws —Choy )+ Cwo; o [ €y (Cho, —Cw ) +Cupcy, JH+
{005 00 + 0y (87 Wiy = €7 g ) -1

After finding d, a can be found as follows:

d (C(I)DZ (d2 +dcyp,; +dChp, +1) + (\/5+1)(CWD1 +Chp, ))
a=

120
2dcy, —Cyp, +2dch,, +1 (120)

where p =d” +2c%¢p,, +1. As a common solution for a CCA and 2-FDCP or 2-EDCP:

o _ AL+ dodo, (L oy |3 VP [1-C'yon (1 d”) +d(ewon +0d0) | g9
2d [C\UDl +C(|)Dz]_cz\|lol +1

Eq. (119) is a degree 2 polynomial equation in terms of d and it can be solved analytically.
In Eq. (120), there is a term that has + sign and in Eq. (121), there is a term that has F
sign. This means that, in this solution, for each d value, there are two solutions for a and
b. Actually, for each d value, there is only one solution of a and b but the solution is too
long to write here. For finding the proper a and b values a verification is needed. Two
solutions of a and b should be found and substituted into Eq. (113). Then one of the
solutions satisfy Eq. (113).

3.2.7. 2 Different Type DCPs with OPT

In this problem 2 different type DCPs are given and OPT required. This problem
can be formulated in 3 ways:
e Input angle ¢ is given for DCP
e Output angle v is given for DCP
e Input angle ¢ is given for one DCP and output angle v is given for the
other DCP
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3.2.7.1. Given input angles ¢ for both DCPs

Two input angles of both FDCP and EDCP (¢g, ¢r) are given and OPT is required
(Figure 3.15). The same problem can also be described given the amount of input rotation
and input angle in DCP. But here the formulation is formed over the input angles of the
two DCPs.

Figure 3.15. Two different type DCPs are given with OPT and input angle ¢ is given for
both DCPs

Let the transmission angle at EDCP be pe and at FDCP be pr. Writing sine theorem in
triangle AoBeBo at EDCP and triangle AoBrBo at FDCP:

1 d 1 d
Dividing the two equations to each other:
She __ S%e (123)
SHe She

¢e and ¢r are given parameters so, singe/ Singr is constant then we can say there is a linear

proportion between sue and spur. To optimize DTA, p should be equal to ©/2 at EDCP or

FDCP, in which case the other pu will have a minimum value. In other problems which
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have OPT requirement, a centric four-bar is used or DTAS in given positions are equated
to each other. But in this problem, it’s impossible, because amount of input rotation is a
constant parameter. There are 3 possible cases about amount of input rotation:

i) If or — ¢ > 180°, then pe should be 90°
Writing sine theorem in triangle AoBeBoat EDCP:

S _ S _ S(m—He —0c) = b+a=c¢. and d=s¢, (124)
d 1 b+a

Writing sine theorem in triangle AoBrBo at FDCP:

s _S(6e=m) _S(rope—(de-m) b-a=—co,—/s20, —S° 0. (125)

1 d b-a

So,

2 2 2 2
i) If dr— ¢e < 180°, then pr should be 90°

a:C¢E+C¢F+\/S¢ET¢F b:(3(|)E_Cd)F+\/S(I)Efsd)F and d=s¢. (126)

Writing sine theorem in triangle AoBrBo at FDCP:

sue _ S(¢e—m) S(n—uF—((I)F—n)) q

= = =-s¢. and b—a=-c 127
= — = d=-sf, b (127)
Writing sine theorem in triangle AoBeBoat EDCP:

e _ste b be) Ly etO) gy L s a29)
+ SHe

So,

a

_ Co¢ + Che ++/S" D —S°0¢  b=-— Che + Che +y/S"de —S°¢e and d=-s¢, (129)

2 2 2 2
iii) If ¢r — ¢e =180°, it means that the mechanism is a centric four-bar. In this
situation, minimum feasible input link length gives the minimum DTA.
As seen above, the solutions in cases 1 and 2 are very similar to each other. Only band d

have a sign difference.
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3.2.7.2. Given output angles y for both DCPs

Two output angles of DCP (e, wr) are given and OPT is required (Figure 3.16).
The same problem can also be defined for given amount of output rotation and output
angle in a DCP. But here the formulation is formed over the output angles of the two

DCPs.

Figure 3.16. Two different type DCPs are given with OPT and output angle y is given
for both DCPs

To optimize the transmission angle, two different methods were applied above. One is to
equate the DTA in the given positions to each other, the other is to use a centric four-bar.
In this problem, two methods give the same solution. Because the DTAs in the DCPs of

the centric four-bar are equal to each other.
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Figure 3.17. Two different type DCPs are given with OPT and output angle v is given
for both DCPs when ¢r — ¢e = 180°

The sine theorem can be written for triangle AoBeBo (Figure 3.17):

s(m—we) _spe :S(“‘(”“"E+“E)) (130)
b+a 1 d

The sine theorem can be written for triangle AoBrBo:

(i) sk _ (7= (n-ve i) (131
b-a 1 d

There is an isosceles triangle (BrBeBo) so, ue =t — prand |[BeBe|=b +a— (b —a) = 2a.

By using this triangle pe can be found as follows:

n, =" VeTVe (132)
2
By using Egs. (130), (131) and (132), link lengths can be found as follows:
C(WE +WF]
a=_VeTSVe bzs[w) and de—— 2/ (133)
ZC(\VE_\VFJ 2 C(\VE_\VFJ
2 2
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3.2.7.3. Given input angle ¢ for one DCP and output angle y for other
DCP

Input angle for one of DCP and output angle for other DCP are given (¢g, yr or
or, we). To optimize the transmission angle, two different methods were applied above.
One is to equate the DTA in the given positions to each other, the other is to use a centric
four-bar. In this problem, two methods give the same solution. Because the DTASs in the
DCPs of the centric four-bar are equal to each other. There are two possible ways to
formulate this problem:

1) Inputangle ¢ is given for FDCP and output angle v is given for EDCP
i) Input angle ¢ is given for EDCP and output angle v is given for FDCP

The solution of the two problems turns out to be identical. Let’s consider case (i) first.

atb

Figure 3.18. Input angle ¢ is given for FDCP and output angle w is given for EDCP

There is an isosceles triangle as seen in Figure 3.18 (BFBeBo) so, pe = © — pur and |BeBe|

=b +a— (b—a)=2a. By using this triangle ue can be found as follows:
T
Me :E_(I)F_WE (134)
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Using sine theorem for triangle AoBeBo:

s(n-we) _spe _S(¢—7) (135)
a+b 1 d

Using sine theorem for triangle AoBrBo:

s(m—(ue + 9 —m)) s _S(9e—m)

= 136
b—a 1 d (136)
By using Egs. (134), (135) and (136) link lengths can be found as follows:
SO S9¢
a=———, b=—C¢ and d=———F—— (137)
tan(d)F_\VE) " S(d)F_\VE)
atb
b-a
Ag
8F
(3
a |
Ao Yy 30
; 1 .
Af

Figure 3.19. Input angle ¢ is given for EDCP and output angle v is given for FDCP

For case (ii) there is an isosceles triangle as seen in Figure 3.19 (BFBeBo) so, ue =7 — pur

and |BeBr| = b + a — (b — a) = 2a. By using this triangle pe can be found as follows:

T
He = E_d)E B (138)
Using sine theorem at triangle AoBeBo:

S(m—(9e+1e)) _spe s, (139)
a+b 1 d

48



Using sine theorem at triangle AoBrBo:

S(TE_WE):SMF =5¢F (140)
b-a 1 d

By using Egs. (138), (139) and (140) link lengths can be found as follows:

S9e SOe
- , b=c¢. and d=— 141
: tan((l)E _‘VF) C¢ " S(¢E _\VF) ( )

As seen in two cases, all link lengths are similar, but have sign differences.
3.3. Four Positions Synthesis for Four-Bar Mechanisms

Problems including 4 positions for four-bar mechanism are tabulated by adding
one more CCA position to problems including 3 positions for the four-bar mechanism.
So, the number of possible problems is the same. Only a problem including 4 positions is

solved and presented in this section.

3.3.1.3CCAand 1 DCP

There are 4 ways to formulate this:

e Offset is at input angle and input angle is given at the DCP

e Offset is at input angle and output angle is given at the DCP

e Offset is at output angle and input angle is given at the DCP

e Offset is at output angle and output angle is given at the DCP
But only the problem in which the offset is at output and input angle is given the DCP
has been solved.
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3.3.1.1. Given input angle ¢ for DCP and offset at output angle

| 1
A 777 5
Figure 3.20. Illustration of offset angle at output angle (Source: Kadak & Kiper, 2021)

This problem is solved by Kadak and Kiper (2021). 3 CCA positions (¢1, ¢2, ¢3,

V1, Y2, y3) and input angle for FDCP or EDCP (¢r or ¢) are given (Figure 3.20). Link
lengths are desired. The 1/0 function is written for given 3 CCA positions as follows:

P,—P,c +Pc(y,+a)=c(y;—¢;+a) fori=12,3 (142)

where Py, P2, Pz are as in Eq. (5). Equations for three positions are written in matrix format
and can be solved as:

-1

Pl |1 —co c(y,+a)| | cly,—¢,+a)
P,[=[1 —c¢, c(y,+a)| [c(y,—d,+a) (143)
P,| |1 —co, c(ys+a)| |[c(y;—¢;+a)
The P1, P2, and P3 solved here are in terms of the o angle. For FDCP and EDCP, the
cosine theorem for triangles AoBBg is written.
d*=(b-a)’ +1-2(b-a)c(¢p.—n
(b-a)"+1-2(b-a)e(p.-7) o
d*=(b+a) +1-2(b+a)co,
Eq. (144) is simplified, and terms with sign differences are added up on the same side:

_1+a’+b*-d*-2ac¢;

b
2a—-2Co; (145)
_b_1+a2 +b*—d®—2ac¢,
2a—2Co
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The two equations are equated to each other by taking the square of both sides. Thus, a
single equation can be used for both EDCP and FDCP.

2 m2_ 42 2
b? = 1+a®+b°—-d" -2ac¢, (146)
2a—2Cd,
Eq. (146) is written in terms of P1, P2 and P3 by using Eq. (15):
2
1,B-R/P =1+i2+i2— 2R (147)
P3 1- Ps C¢D Ps Pz P2P3

Eq. (147) can be written in terms of P, P2 and P3 after some simplifications as follows:
[(1+P,?)P2 —2PP,P, |s% +2(P, ~PP,)cop + P2 +P,2 ~P,2~1=0
P1, P> and Pz are expressed in terms of a.. So, Eq. (147) is a univariate equation in terms

of a.. In order to be able to determine the maximum number of solutions for this equation,

the tangent of the half-angle can be used.

C(\y.+a)—1_t20\|f 2t sy
' 1+t2 71 142

t? 2t
C(\VI—9|+OL): N 2C( i |) 1+tzs(\Vi_el)

for t:tan% and i=1, 2, 3. If P, P> and P3 are written in terms of t, then a degree 12

univariate polynomial equation in terms of t is obtained. So, there are at most 12 real
solutions. It is possible that some solutions give the same mechanism solution.

In all numerical examples, it has been seen that if the value of o is a solution, the
value of a + 180 is also a solution. These 180° different solutions of the equation coincide
with the same solution of the mechanism, since in one solution the rocker length d is
positive, in the other it is negative. That is, 12 roots correspond to a maximum of 6

mechanism solutions.
3.4. Three Position Synthesis for Slider-Crank Mechanisms

All problems formulated for four-bar mechanisms can also be used for slider-
crank mechanisms, with the exception of 1-CCA and two same type DCPs. Because it is
not possible to obtain two same types of DCP for the same slider-crank mechanism. A

solution of some of the problems are given in this section.
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3.4.1. 2-CCA and 1-DCP

Positions #1,2

Extended DCP Folded DCP

A Qe

Figure 3.21. Two CCA and a DCP (EDCP or FDCP) are given for a slider-crank linkage
(Source: Kiper et al., 2020)

Figure 3.21 shows an arbitrary position, EDCP and FDCP of a slider-crank
mechanism. Crank length is a, coupler length is b, eccentricity is d. These three unknowns
(a, b, d) are to be determined for two given general positions expressed in terms of pairs
(61, 1), (62, g2), and an EDCP or FDCP, where only the output slider displacement, ge or
gr is specified. For a planar slider-crank mechanism, the loop closure equations are

written as follows:

‘FB‘ =‘@—m‘ = b’ =(q, —aCOi)2 +(d —as6, )2

(148)
= b? —a’ —d’ +2aq,co, +2adsd, =q,°
Let P, =b®-a*—d?, P2 =2aand Ps = 2ad. Then:
P,+P,g,c6, +P,s0,=q,> for i=1 2 (149)
P1 and P3 can be written in terms of P2:
P — qgsel_qfsez"'Pz (qlsezcel_qZSelcez)
. $6,-$9,
. (150)
P — q1 _qz +P2 (qz Cez _qlcel)
’ $6,—s0,

Solving for a, d, b?:
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a=P d:&, b>=P,+a’+d” or b=,/P,+a” +d’ (151)

12
2 P,
For the EDCP and FDCP:

(a+b)’ =q.2+d* =a’*+b?~d’—q,* =-2ab

, (152)
(b-a) =qy°+d* =a’*+b*—d*—q.” = 2ab
In order not to have a square root expression, taking square of Eq. (152):
(a2 +b* —d? ~q,?)" =4a’b? (153)

By taking square of Eq. (152), the solution formulation for the EDCP and FDCP problems
becomes identical. Writing Eq. (153) in terms of P, P2, P3 and rearranging:
2
(Pl_qu) —P32_qD2P22 =0 (154)
Substituting Py and Ps in Eq. (150) into Eqg. (154) and:
AP? +BP,+C=0 (155)
where
A= (qlsezcel - qzselcez )2 - qZD (Sel —892 )2 - (qlcel - q2c62 )2
- 0,C0, | 056, (6, 56, ) +a3c’6, | +0,q; (56,50, —1)ch, +
B 0,00, [ —q5s0, (36, —$0, ) + 03 (50,50, —1) |+ 0;c0,c°6,
c_ qe (s8, — 58, )° —q;'c’0, —2q2q2s8, (s6, —s6, ) +
29? [qésez (6, —s6,)—0; (56,56, —1)] —q;c’0,
Eq. (155) is a degree 2 polynomial equation in P2. The two roots of the equation can be

found analytically. a, b and d can be found by using Eq. (151).
3.5. Four Positions Synthesis for Slider-Crank Mechanisms

Problems including 4 positions for slider-crank mechanism are tabulated by
adding one more CCA position to problems including 3 positions for slider-crank

mechanism. Only a problem including 4 positions is solved and presented in this section.
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3.5.1. 3-CCA and 1-DCP

Positions #1.2.3

Figure 3.22. 3 CCA and a DCP (EDCP or FDCP) are given for a slider-crank linkage
(Source: Kiper et al., 2020)

This problem was solved by Kiper et al (2020). Figure 3.22 shows an arbitrary
position, EDCP and FDCP of a slider-crank mechanism. Crank length is a, coupler length
is b, eccentricity is d and offset angle is a.. These four unknowns (a, b, d and o) are to be
determined for 3 given general positions expressed in terms of pairs (01, 1), (62, g2) and
(03, g3), and an EDCP or FDCP, where only the output slider displacement, qe or ge is
specified. For a planar slider-crank mechanism, the loop closure equations are written as

follows:
‘fB‘ :‘ATB'—HA‘ = b’ =[q,~ac(a+6,)] +[d-as(a+e,)] (156)
Let c; =cos(a+6;) and s, =sin(a +6, ). Expanding and rearranging Eq. (156):
b? —a® —d* + 2aq,c;, + 2ads, =q;° (157)

Let P1 = b?—a%—d? P, = 2aand Pz = 2ad. For given (01, q1), (02, g2) and (03, q3), P1, P2

and Pz can be linearly solved from Eq. (157) as a function of a.:

2

Pl + q1C1P2 +S1Pe, = q12 I:)1 1 g,¢, S N 4,
Pl + CIzczl:)z +52P3 = Q22 = Pz =1 g,C, S, q22 (158)
Pl + q3C3P2 +Ssl::'s = q32 Ps 1 0,C; S q32
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Using Cramer’s rule:
2 2 2
_ g, (qZCZSS - q30352 ) -0, (q1C133 - q3C331) + qs (q1C152 - qZCZSl)
q2C233 - q30382 - Q1C133 + qscssl +0,C;S; —Q,C.8,

(95" —,°)s; +(a° —as° ), +(a,” =0’ )3,

Pl

P, = (159)
0,C28; —U3C35, — ;€53 +03C58;, +0,6;S, —(,C,5,
o (a,° —05°)a,e, + (95" =9, )a,¢, +(a,* - 0,7 ) ascs
? 0,C55;3 —0Q5C;3S, — 0,685 +(3C55;, +;C,S; —(,C,S,
Solving for a, d, b? (expressed as a function of o.):
a:%, d:%, b’ =P, +a’+d” or b=,/P, +a*+d? (160)
2
For the EDCP or FDCP:
a+b) =q.2+d> =>a*+b>-d*-q, % =-2ab
- - (161)
(b-a)’ =qy2+d* =a’+b? —d’ —q,* = 2ab
In order not to have a square root expression, taking square of Eq. (161):
(a®+b? -’ _qu)Z = 4a%h? (162)

By taking square of Eq. (161), the solution formulation for the EDCP and FDCP problems

becomes identical. Writing Eq. (162) terms of P1, P2, Pz and rearranging:
(P —0p?) —P —qy°P2 =0 (163)

Eq. (163) is an equation in terms of o and can be numerically solved using a root finding

algorithm. Then the corresponding a, b and d values can be determined using Eq. (160).

In order to find an upper bound for the number of roots let t = tan% so that:

42 42
C; 1 tz co, - 2tzsin9i and s, L tzsei + 2t2
1+t 1+t 1+t 1+t
Substituting Eq. (164) into Eq. (159) and substituting Eq. (159) into Eq. (164) results in

a degree 8 polynomial in t. So, there are at most 8 real solutions.

cos 6, (164)
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CHAPTER 4

NUMERICAL EXAMPLES

All problems in Chapter 3 were implemented in Excel. Some macros used for
mechanism analysis and a macro which solves degree 4 polynomial equations have been
used. For given parameters, spin buttons are assigned. In problems requiring numerical
solutions, the "goal seek™ macro that use the Newton-Rapshon method was used. This
macro is assigned to all spin buttons. Thus, even in problems that require a numerical
solution, a simultaneous solution can be obtained as the spin buttons are used. Finally, a
simulation has been prepared to visualize the mechanism.

Being able to obtain the solution instantaneously provides many advantages.
While obtaining the solution, the ratio of the link lengths of the mechanism or the
transmission angle can be monitored. As mentioned in the introduction, the solutions to
these problems can also be a loop of a multi-loop mechanism. In such cases, it is necessary
to solve these problems instantly for changing problem definitions.

The numerical solutions of two problems that can be solved analytically and
solved numerically have been examined in the next sections.

Table 4.1 lists all numerical examples of problems in this thesis. The column DoE
indicates the degree of polynomial equation. So, this column is also the number of
maximum solutions. However only one of the solutions is shown in the table as a sample.
If the equation has 4 or less roots, there are examples in which all the roots are real in all
these problems. But some of the mechanisms synthesized with these real roots may not
be feasible. In some cases, link lengths may be too large or too small. In some cases, the
mechanism does not provide the given positions in the same configuration. In some
equations with more than 4 roots, no example has been found where all roots are real.
However, since the examples are worked out with trial and error, there may be an example
where all roots are real.

The given parameters of the problems are indicated by yellow cells and desired

parameters (link lengths and offset angle in radians) are indicated by green cells.
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Table 4.1. All numerical examples

Section | DoE Given parameters are yellow, link lengths are green
3.2.1 1 G1 | 92 | ¢3 Y1 2 W3 a b q
o [0 b2 w1 | w2 a b d
40 |170| 80 | 150
3022 | 2 [O1[02] w1 | w2 | a | b | d
40 |170| 100 150
3031 | 4 [01[02] do | wi | w2 | a b .
140[100| 200 | 90 | 40
3232 | 2 G | d2 | w1 W2 Yo a b d
40 120 10 | 70 | 100
32411 6 G [ o | W1 a b d
60 |210| 100
32412| g |91 V1| Yo | a b d
60 [110| 80
32421| 2+4 | 01|00 | W1 a b d
60 | 230| 120
32422 4 d1 | Wi | wo a b d
45 | 60 | 50
3251 | 6 b1 | b | Or Y1 a b d
80 | 35 | 195 | 120
950 | 4 |O|wi| we | we [ a | b | d
80 [120| 110 | 170
3253 | 6 G1 [Po1| W1 | yo2 a b d
- 80 | 35 | 120 | 170
3261 | 4 O1 | y1| Vi | VR a b d
. 110| 60 | 140 | 280
30621| 4 [brlwil 6 |y | @ | b d
110| 60 | 245 | 280
32622 2 |[LlWi| wm | 2 | 4 b d
110| 60 | 143 | 54
ap71 | 1 | @Ol a | b | d
60 | 210
3072 | 1 [VE|VFL @ b d
140|170
3.2.7.3 1 do2 | Wo1 a b d
- 60 | 170
3311 | 12 |91 92| ¢ | do | w1
70 [135| 260 | 200 | 115
341 | o [01102] @ g2 qo
_ 3545 1 [ 09 | 11
351 | g [91102] O3 | G1 | Qo
" 110/ 60 [ 40 [ 05 | 1
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4.1. Numerical Example of 1-CCA and 2 Different Type DCPs when
Input Angles ¢ Are Given for Both DCPs for Four-Bar Mechanism

A | B | ¢ | b | E | F | G | H | v | 3 | x | L | M
deg rad deg rad config 1 X Y
b, 80 | v 120 4| [ v A 0 0
e 35 A4 e 110.1035 1.921669 2.635447 2.725599 Bo 1 0
O 195 < 4 7 169.1575 2.952356 151 156.1653 A -0.23611 0.130875
< } B 0.45715 0.239818
A 0.046877 0.265851
Eq. -1.6E-05 This button make equal B7 to 0 B 0.703268 0.513954
by changing B10 A, 0.221132 0.154838
f a b d B, 0.796017 0.557306

As -0.26075 -0.06987
Bs 0.417131 0.111636

0.8

12

-0.2

-0.4

Figure 4.1. The numerical solution of 1-CCA and 2 different type DCPs when input

angles ¢ are given for both DCPs for a four-bar mechanism

Given parameters (¢1, ¢2, dr, de) are shown by yellow cells and spin buttons
change them in Figure 4.1. The computed link lengths are shown by green cells. The cell
B7 contains Eq. (77). A macro has been written that equates the equation in cell B7 to
zero by changing the value of a in cell B10 using "goal seek". This macro is assigned to
all spin buttons. If the macro is run again by changing the initial value of a, different
values of a can be found. By using selected a value, b and d can be calculated using Egs.
(75) and (76). Then, the mechanism is simulated. The black lines in the graph indicate the
given positions of the mechanism. The green lines are animated using the spin button in
cell 15.
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4.2. Numerical Example of 1-CCA and 2 Different Type DCPs when
Output Angles y Are Given for Both DCPs For Four-Bar

Mechanism

It M
1 deg rad deg rad config 1 X Y
P b1 80 4 I > I vy 120 4 » ] v Ay 0 0
3 (3 35.0113 0.611062 3 110 4 » 2.268928 2.532848 By 1 0
4 (3 193.9563 3.385176 W 170 4 » 130 145.1215 A -0.17523 0.208835
5 B 0.512709 0.339667
6 A B C D E < } Ay 0.047339 0.268474
VA 1.652704 -4.45336 3.521198 -1.00857 0.094358 By 0.703004 0.514411

Ay 0.223282 0.15641
B, 0.796843 0.558169

{0l  sol'n 10 20 3@ a0 As -0.26457 -0.06575
11 a 1.570867 0.644137 0.272615 0.206974 B; 0.415033 0.103145
08
f selected a b d

1.2 14

Figure 4.2. The numerical solution of 1-CCA and 2 different type DCPs when output

angles  are given for both DCPs for a four-bar mechanism

Given parameters (¢1, d2, wr, we) are shown by yellow cells and spin buttons
change them in Figure 4.2. The computed link lengths are shown by green cells. A, B,
C, D and E are the coefficients of Eq. (83) which is a degree 4 polynomial equation in a.
Therefore, there are at most 4 possible real values of a. All solutions can be found by
using a macro. By using buttons on cells B10, C10, D10 and E10, a value of a is selected.
By using selected value of a, b and d can be calculated with Egs. (81) and (82). Then the
mechanism is simulated. The black lines in the graph indicate the given positions of the

mechanism. The green lines are animated using the spin button in cell I5.
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CHAPTER 5

CONCLUSIONS

In this thesis, an overview of mixed function generation synthesis problems for
planar mechanisms is presented, the problems that can be formulated are listed, and
analytical or semi-analytical solutions of some of the problems are presented.

All function generation problems including 3 positions for planar four-bar
mechanisms as mixed problems of CCA and dead-center design is presented in Section
3.2. One of the problems for four-bar mechanisms including 4 positions is presented in
Section 3.3. Mixed function generation problems including 3 positions for planar slider-
crank mechanisms are identified and one of them is solved in Section 3.4. One of the
problems including 4 positions for slider-crank mechanisms is solved in Section 3.5.

Solutions are solved and simulated by either analytical or semi-analytical
methods. In CHAPTER 4, numerical examples are examined. The numerical solutions
are obtained for all problems. The numerical examples of Sections 3.2.5.1 and 3.2.5.2 are
examined in detail in Sections 4.1 and 4.2. Thus, function generation synthesis of planar
mechanisms as a mixed problem of CCA and dead-center design is studied.

Any problems including 5 positions are not addressed in this thesis. It may be the
subject of future studies. By taking derivative of the 1/O equation with respect to time,
velocity and acceleration can also be used in the problem definitions. Also, mixed
function generation problems for other planar crank mechanisms can be formulated.
Problem definitions and solutions of other crank mechanisms may be the subject of future

studies.
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