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A B S T R A C T

Short time behavior of a three dimensional, gravity-driven free surface flow is studied analytically and
numerically. Initially the fluid is at rest, held by a vertical wall. A rectangular section of the wall suddenly
disappears and the gravity driven three-dimensional flow starts. In order to describe the flow in the early
stage, the potential theory is employed. Viscous effects are ignored for small times. The leading order problem
is solved by using the Fourier series method and an integral equation method. Local analysis of the flow field
close to the side edges of the rectangular section reveals a square root singularity. The flow velocity is also
log-singular at the bottom edge of the rectangular section. In the limiting case, as the width of the rectangular
section approaches infinity, the results of the classical two-dimensional dam break flow are recovered. Three
dimensional effects become important closer to the side edges of the rectangular section.
1. Introduction

One of the first investigations into the small time behavior of two
dimensional dam break flows is due to Pohle (1950). In the PhD thesis
of Pohle, the solution of the gravity-driven flow caused by the collapse
of a half-cylinder of fluid was obtained using Lagrangian representa-
tion, where the displacement of each particle is determined following
each particle while it moves through space and time. The displacements
and pressure are expressed in the time power series. Following the
same method, Stoker (1957) attempted to solve the problem of two
dimensional dam-break flow and discovered a singularity of the vertical
free surface shape at the meeting point of the vertical free surface with
the bottom. Penney et al. (1952) worked on the collapse of a column of
fluid of semicylindrical and hemispherical shapes surrounded by a less
dense liquid. The problem was solved using Eulerian representation.
They showed that the initial asymptotics of the solution is not valid at
the intersection with the bottom. The inner solution near the contact
points was not treated in the studies by Penney et al. (1952), Stoker
(1957), and Pohle (1950).

There are some experimental investigations on dam-break flows.
Among these, the most relevant one to the present paper is the study
of Stansby et al. (1998), who undertook some experiments on dam-
break flows where a thin vertical plate separating water is withdrawn
suddenly in vertical direction. It was observed that at small times a
horizontal jet formed at the line where the vertical free surface meets
the rigid bed for the dry bed case.

The presence of a jet was also observed by King and Needham
(1994) when a uniformly accelerating vertical plate moves into a fluid
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with a free surface. At the initial intersection of the plate and free
surface, the outer solution becomes singular. Near this intersection
point matched asymptotic expansions were used to find the inner
solution where a jet forms.

Jet formations are also present in the water impact problems at the
initial stage. A body’s impact on a liquid’s free surface was studied
by Korobkin and Pukhnachov (1988), where the body has a plane front
section. In that paper, it was claimed that the singularity of the velocity
field is 𝑟−1∕2 at the vicinity of the contact point, where 𝑟 is the distance
from the contact point. Iafrati and Korobkin (2004) studied the initial
stage of the impact of a flat plate with a liquid’s free surface. At the
plate edges, they discovered a singularity in the liquid’s velocity for the
leading order outer problem. The inner solution calculations revealed
a jet formation at the edges and a square root singularity of the flow
velocity.

The experimental and theoretical investigations mentioned above,
see Stansby et al. (1998), King and Needham (1994), Korobkin and
Pukhnachov (1988) and Iafrati and Korobkin (2004), suggest that math-
ematical singularity of velocity field near a contact point corresponds
to a physical reality in the form of jet formations. The singularities in
the linear outer problems mentioned in these studies are caused by the
neglect of the fluid inertia. Hence, for the three dimensional problem
studied in this paper, jet formations are expected in the regions where
a flow singularity is observed.

Many researchers developed numerical methods of dam-break flow
by solving the nonlinear shallow water equations (SWE) (Brufau et al.,
vailable online 5 September 2022
141-1187/© 2022 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.apor.2022.103325
Received 31 May 2022; Received in revised form 9 August 2022; Accepted 18 Aug
ust 2022

http://www.elsevier.com/locate/apor
http://www.elsevier.com/locate/apor
mailto:elona.fetahu@uniel.edu.al
mailto:ivanyshynyaman@iyte.edu.tr
mailto:oguzyilmaz@iyte.edu.tr
https://doi.org/10.1016/j.apor.2022.103325
https://doi.org/10.1016/j.apor.2022.103325
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apor.2022.103325&domain=pdf


Applied Ocean Research 127 (2022) 103325E. Fetahu et al.

w

i
t

𝐹

𝐹

b
f

𝑝

w
k
a

𝜙

𝜙

T

𝜙

F
e

𝜙

A

𝜙

𝑝

B
t

i
t

v

𝑥

w
d

∇

𝑝

Fig. 1. Flow region at initial time 𝑡′ = 0.

2002; Jha et al., 1995; Zhou et al., 2004; Issakhov and Mussakulova,
2017). These models are useful in predicting the flooding depth but
they are not adequate for predicting some hydraulic aspects, especially
at the initial stages of dam break flow. During a short time period after
the dam break, the flow is mainly due to gravity and the hydrostatic
pressure distribution is not valid (Biscarini et al., 2010).

In recent years, some researchers attempted to solve the full Navier
Stokes equations for the dam break flow, thanks to recent advances
in high performance computers (Larocque et al., 2013; Issakhov et al.,
2018; Caboussat et al., 2011). Caboussat’s model is based on the
incompressible Navier Stokes equations coupled with a volume-of-fluid
approach. Several numerical experiments including two benchmark
problems and two real-life situations were carried out and it was
concluded that the three dimensional effects are important where the
fluid velocities are discontinuous. It was also mentioned that three
dimensional (3D) numerical simulations are very expensive and that
simplified models remain useful.

In this paper, three dimensional effects of a dam break flow are
investigated. Viscous effects are assumed to be negligible for small
times and ignored, see Fetahu and Yilmaz (2021) for details. It is
found that the velocity of the outer solution at the bottom line of the
rectangular section is singular and a jet formation is expected, which
is similar to that in the classical dam break problem (Korobkin and
Yilmaz, 2009). In the limiting case in which the horizontal length
of the rectangular section approaches infinity, the problem reduces
to the classical two dimensional dam break problem (dry bed case).
It is concluded that three dimensional effects are important close to
the vertical edges of the rectangular section, where a singularity in
the velocity field of the outer solution stronger than the logarithmic
singularity at the bottom line is suspected.

In Section 2 the problem is formulated assuming that the fluid is
inviscid and incompressible. The leading order solution is simplified
in Section 3 by separating the dependence on the vertical coordinate
and a singularity analysis is carried out in this section. The numerical
boundary element method used is described in Section 4. The results
are discussed in Section 5.

2. Formulation of the problem

A rectangular section of a wall that holds a certain liquid with a
free surface suddenly disappears and the flow starts under the effect
of gravity. The problem is unsteady and three dimensional. Eulerian
variables are used to determine the nature of the flow for short times.
At 𝑡′ = 0 the fluid is at rest and its domain is the region 𝛺′(𝑥′, 𝑦′, 𝑧′, 0):
′ ′ ′
2

𝑥 > 0,−∞ < 𝑦 < ∞,−𝐻 ≤ 𝑧 ≤ 0, which is held in its place by a wall in
the shape of an infinite strip 𝑥′ = 0,−∞ < 𝑦′ <∞,−𝐻 ≤ 𝑧′ ≤ 0 and by a
rigid bottom, 𝑧′ = −𝐻 , where 𝐻 is the liquid depth and a prime stands
for dimensional variables. At 𝑡′ = 0 the rectangular section of the wall
(‘‘the gate’’), 𝑥′ = 0,−𝑏 ≤ 𝑦′ ≤ 𝑏,−𝐻 ≤ 𝑧′ ≤ 0, suddenly disappears The
rectangular coordinate system (𝑥′, 𝑦′, 𝑧′) is placed at the free surface
with the upward orientation for 𝑧′ axis (see Fig. 1). The liquid is
assumed inviscid and incompressible. The resulting flow is potential
and symmetric with respect to the 𝑥′𝑧′ plane. The governing equation
for the velocity potential 𝜙′(𝑥′, 𝑦′, 𝑧′, 𝑡′) is the Laplace’s equation

∇2𝜙′ = 0 𝚒𝚗 𝛺′(𝑡′), (1)

here 𝛺′(𝑥′, 𝑦′, 𝑧′, 𝑡′) is the flow region.
The free surface of the domain, 𝐹𝑆′(𝑡′), consists of two parts: the

nitially horizontal free surface which is infinite in extent, 𝐹𝑆′
ℎ(𝑡

′), and
he initially vertical free surface 𝐹𝑆′

𝑣(𝑡
′) which is finite in extent,

𝑆′
ℎ(𝑡

′) = {(𝑥′, 𝑦′, 𝑧′, 𝑡′) ∣ 𝑧′

= 𝜂′(𝑥′, 𝑦′, 𝑡′), 𝑥′ > ℎ′(𝑦′, 𝜂′, 𝑡′),−∞ < 𝑦′ < ∞},

𝑆′
𝑣(𝑡

′) = {(𝑥′, 𝑦′, 𝑧′, 𝑡′) ∣ 𝑥′

= ℎ′(𝑦′, 𝑧′, 𝑡′),−𝐻 < 𝑧′ < 𝜂′(ℎ′, 𝑦′, 𝑡′),−𝑏 < 𝑦′ < 𝑏}.

Boundary conditions are imposed on the free surfaces, at the rigid
ed and at infinity. The dynamic free surface condition implies that the
luid pressure 𝑝′ is atmospheric at the free surface,
′ = 0 𝚒𝚗 𝐹𝑆′(𝑡′), (2)

here atmospheric pressure is taken as the reference pressure. The
inematic free surface conditions, state that the fluid particles that are
t the free surface at 𝑡′ = 0 remain there,
′
𝑧′ − 𝜙

′
𝑥′𝜂

′
𝑥′ − 𝜙

′
𝑦′𝜂

′
𝑦′ − 𝜂

′
𝑡′ = 0 𝚊𝚝𝐹𝑆′

ℎ(𝑡
′), (3)

′
𝑥′ − 𝜙

′
𝑦′ℎ

′
𝑦′ − 𝜙

′
𝑧′ℎ

′
𝑧′ − ℎ

′
𝑡′ = 0 𝚊𝚝𝐹𝑆′

𝑣(𝑡
′). (4)

here is the slip boundary condition at the rigid bottom,
′
𝑧′ = 0 𝚊𝚝 𝑧′ = −𝐻. (5)

inally the condition at infinity is imposed, which implies that the
ffects of dam break are not felt at ∞,
′ → 0 𝚊𝚜 (𝑥′)2 + (𝑦′)2 → ∞. (6)

lso, it is imposed that the fluid is at rest initially,
′(𝑥′, 𝑦′, 𝑧′, 0) = 0, 𝜂′(𝑥′, 𝑦′, 0) = 0, ℎ′(𝑦′, 𝑧′, 0) = 0, (7)

′(𝑥′, 𝑦′, 𝑧′, 0) = −𝜌0 𝑔𝑧′.

ernoulli’s equation for unsteady irrotational flow is employed to relate
he fluid pressure 𝑝′(𝑥′, 𝑦′, 𝑧′, 𝑡′) to the velocity potential
𝑝′

𝜌0
+
𝜕𝜙′

𝜕𝑡′
+ 1

2
∣ ∇𝜙′ ∣2 +𝑔𝑧′ = 0,

n the fluid domain, where 𝑔 is the gravitational acceleration and 𝜌0 is
he fluid density.

In order to nondimensionalize the problem, dimensionless unprimed
ariables are introduced,
′ = 𝐻𝑥, 𝑦′ = 𝐻𝑦, 𝑧′ = 𝐻𝑧, 𝑡′ = 𝑇 𝑡, 𝜙′ = 𝑔𝐻𝑇𝜙, 𝑝′ = 𝜌0𝑔𝐻𝑝,

𝑇 = 𝜖1∕2
√

𝐻∕𝑔,

here 𝜖 is a small dimensionless parameter which indicates that we are
ealing with the initial stage of the flow in which 𝜖 → 0.

The problem (1)–(7) is expressed in dimensionless form,
2𝜙 = 0 𝚒𝚗 𝛺(𝑡), (8)

= 0 𝚘𝚗 𝐹𝑆(𝑡), (9)
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𝜙𝑧 − 𝜖𝜙𝑥𝜂𝑥 − 𝜖𝜙𝑦𝜂𝑦 − 𝜂𝑡 = 0 𝚘𝚗𝐹𝑆ℎ(𝑡), (10)

𝜙𝑥 − 𝜖𝜙𝑦ℎ𝑦 − 𝜖𝜙𝑧ℎ𝑧 − ℎ𝑡 = 0 𝚘𝚗𝐹𝑆𝑣(𝑡), (11)

𝜙𝑧 = 0 𝚊𝚝 𝑧 = −1, (12)

𝜙 → 0 𝚊𝚜 𝑟 → ∞, (13)

𝜙(𝑥, 𝑦, 𝑧, 0) = 0, 𝜂(𝑥, 𝑦, 0) = 0, ℎ(𝑦, 𝑧, 0) = 0, 𝑝(𝑥, 𝑦, 𝑧, 0) = −𝑧, (14)

where 𝛺(𝑥, 𝑦, 𝑧, 𝑡) is the fluid domain and 𝐹𝑆(𝑡) is the free surface
composed by the horizontal free surface 𝐹𝑆ℎ(𝑡) and the vertical free
surface 𝐹𝑆𝑣(𝑡),

𝐹𝑆(𝑡) = 𝐹𝑆ℎ(𝑡) ∪ 𝐹𝑆𝑣(𝑡),

𝐹𝑆ℎ(𝑡) = {(𝑥, 𝑦, 𝑧, 𝑡) ∣ 𝑧 = 𝜖𝜂(𝑥, 𝑦, 𝑡), 𝑥 > 𝜖ℎ(𝑦, 𝜖𝜂, 𝑡),−∞ < 𝑦 <∞},

𝐹𝑆𝑣(𝑡) = {(𝑥, 𝑦, 𝑧, 𝑡) ∣ 𝑥

= 𝜖ℎ(𝑦, 𝑧, 𝑡),−1 < 𝑧 < 𝜖𝜂(𝜖ℎ, 𝑦, 𝑡),−𝑏∕𝐻 < 𝑦 < 𝑏∕𝐻}.

The Bernoulli equation in dimensionless form becomes,

𝑝 +
𝜕𝜙
𝜕𝑡

+ 1
2
𝜖 ∣ ∇𝜙 ∣2 +𝑧 = 0,

in the fluid domain.
The following asymptotic expansions for the unknown variables 𝜙,

𝜂 and ℎ are suggested for small times,

𝜙(𝑥, 𝑦, 𝑧, 𝑡, 𝜖) = 𝜙0(𝑥, 𝑦, 𝑧, 𝑡) + 𝜖𝜙1(𝑥, 𝑦, 𝑧, 𝑡) + 𝑂(𝜖2), (15)

𝜂(𝑥, 𝑦, 𝑡, 𝜖) = 𝜂0(𝑥, 𝑦, 𝑡) + 𝜖𝜂1(𝑥, 𝑦, 𝑡) + 𝑂(𝜖2),

ℎ(𝑦, 𝑧, 𝑡, 𝜖) = ℎ0(𝑦, 𝑧, 𝑡) + 𝜖ℎ1(𝑦, 𝑧, 𝑡) + 𝑂(𝜖2),

as 𝜖 → 0.

3. The leading order problem

The asymptotic expansions (15) are substituted in the problem
(8)–(14) and the leading order problem is obtained as 𝜖 → 0,

∇2𝜙0 = 0 (𝑥 > 0,−∞ < 𝑦 <∞,−1 < 𝑧 < 0), (16a)

𝜙0 = 0, 𝜙0,𝑧 = 𝜂0,𝑡 (𝑥 > 0,−∞ < 𝑦 <∞, 𝑧 = 0), (16b)

𝜙0 = −𝑧𝑡, 𝜙0,𝑥 = ℎ0,𝑡 (𝑥 = 0,−𝑏∕𝐻 < 𝑦 < 𝑏∕𝐻,−1 < 𝑧 < 0), (16c)

𝜙0,𝑥 = 0 (𝑥 = 0, |𝑦| > 𝑏∕𝐻,−1 < 𝑧 < 0), (16d)

𝜙0,𝑧 = 0 (𝑥 > 0,−∞ < 𝑦 <∞, 𝑧 = −1), (16e)

𝜙0 → 0 (𝑥2 + 𝑦2 → ∞), (16f)

𝜙0(𝑥, 𝑦, 𝑧, 0) = 0, 𝜂0(𝑥, 𝑦, 0) = 0, ℎ0(𝑦, 𝑧, 0) = 0. (16g)

First equation in (16c) is the dynamic boundary condition on the
vertical free surface, while the second one is the kinematic condition.
The former implies that dynamic pressure balances hydrostatic pressure
on the initially vertical free surface. Note that, on the gate, the velocity
in 𝑧 direction is 𝜕𝜙0

𝜕𝑧 = −𝑡 (See (16c)) which is also true approaching the
ower horizontal line of the gate as 𝑧 → −1+. However, from (16e) we
alculate that the velocity in 𝑧 direction is zero at the rigid bottom,
= −1. That means that the boundary conditions (16c) and (16e) do

ot match each other at the bottom line 𝑥 = 0,−𝑏∕𝐻 < 𝑦 < 𝑏∕𝐻, 𝑧 = −1,
3

which is a sign of irregularity. d
Fig. 2. Boundary Value Problem for 𝜙0𝑛 on the right half plane together with the
condition that 𝜙0𝑛 vanishes at infinity.

The solution to the boundary value problem (16) is sought by first
eparating the 𝑧 dependence (See Eq. (17) of Renzi and Dias, 2013),

0(𝑥, 𝑦, 𝑧, 𝑡) = 𝑡
∞
∑

𝑛=0
𝜙0𝑛(𝑥, 𝑦) sin(𝜎𝑛𝑧), (17)

here

𝑛 =
𝜋
2
(2𝑛 + 1), 𝑛 = 0, 1,… .

Eq. (17) satisfies the Laplace’s Eq. (16a), the dynamic free surface
condition on 𝑧 = 0 (16b), the slip boundary condition at the rigid
bottom 𝑧 = −1 (16e) and the initial condition (16g). By plugging in
the suggested form of the velocity potential (17) in the boundary value
problem (16) and using the orthogonality of the sine function, we arrive
at the following problem for the function 𝜙0𝑛(𝑥, 𝑦) on the half plane,
𝑥 > 0, (See Fig. 2),
2𝜙0𝑛 − 𝜎2𝑛𝜙0𝑛 = 0 (𝑥 > 0,−∞ < 𝑦 <∞), (18a)

0𝑛(0, 𝑦) = 2
(−1)𝑛+1

𝜎2𝑛
(𝑥 = 0,−𝑏∕𝐻 < 𝑦 < 𝑏∕𝐻), (18b)

0𝑛,𝑥 = 0 (𝑥 = 0, |𝑦| > 𝑏∕𝐻), (18c)

0𝑛(𝑥, 𝑦) → 0 as (𝑥2 + 𝑦2) → ∞. (18d)

In the limiting case as 𝑏∕𝐻 → ∞, the three dimensional dam break
problem becomes two dimensional and we should be able to recover
the results given in Korobkin and Yilmaz (2009). In this limiting case
the boundary condition (18b) is now on the whole of 𝑦 axis, there is
no 𝑦 dependence of the function 𝜙0𝑛 and the solution of the boundary
value problem (18) is

𝜙0𝑛(𝑥, 𝑦) ∼ 2
(−1)𝑛+1

𝜎2𝑛
exp(−𝜎𝑛𝑥) as 𝑏∕𝐻 → ∞. (19)

If the representation (19) is substituted in (17) the leading order
solution is obtained

𝜙0(𝑥, 𝑦, 𝑧, 𝑡) ∼ 2𝑡
∞
∑

𝑛=0

(−1)𝑛+1

𝜎2𝑛
exp(−𝜎𝑛𝑥) sin(𝜎𝑛𝑧), (20)

s 𝑏∕𝐻 → ∞. Eq. (20) is the same as Eq. (12) of Korobkin and
ilmaz (2009), which is the leading order solution of the classical two
imensional dam break problem.
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Fig. 3. New coordinate axes at the corner points (0, 𝑏∕𝐻, 0) and (0, 𝑏∕𝐻,−1).

Two other interesting limiting cases involve the behavior of the fluid
near the corner points of the gate. Let us start with one of the top corner
points. A new coordinate system (𝑥1, 𝑦1, 𝑧1)

𝑥1 = 𝑥, 𝑦1 = 𝑦 − 𝑏∕𝐻, 𝑧1 = 𝑧

is placed at the top corner point (0, 𝑏∕𝐻, 0). Hence, we consider the
vicinity of the point (0, 𝑏∕𝐻, 0) (See Fig. 3). Spherical coordinates
(𝑟, 𝜃, 𝜓)

𝑥1 = 𝑟 sin 𝜃 cos𝜓, 𝑦1 = 𝑟 sin 𝜃 sin𝜓, 𝑧1 = 𝑟 cos 𝜃, (21)

where 𝜓 is the azimuthal angle, are employed to write the boundary
value problem near the top corner point as

∇2𝜙0 = 0 (𝑟 ≥ 0, 𝜋∕2 ≤ 𝜃 < 𝜋,−𝜋∕2 ≤ 𝜓 ≤ 𝜋∕2), (22a)

𝜙0 = 0 (𝑟 ≥ 0, 𝜃 = 𝜋∕2,−𝜋∕2 ≤ 𝜓 ≤ 𝜋∕2), (22b)

𝜙0 = −𝑡𝑟 cos 𝜃 (𝑟 ≥ 0, 𝜓 = −𝜋∕2, 𝜋∕2 ≤ 𝜃 < 𝜋), (22c)

𝜙0,𝑥1 = 𝜙0,𝜓 = 0 (𝑟 ≥ 0, 𝜓 = 𝜋∕2, 𝜋∕2 ≤ 𝜃 < 𝜋). (22d)

By separating the variables we arrive at the solution

𝜙0 ∼ −𝑡𝑟 cos 𝜃 + 𝐴𝑟1∕2𝑃 1∕2
1∕2 (cos 𝜃) cos

(𝜓
2
− 𝜋

4

)

, (23)

𝑟 ≥ 0, 𝜋∕2 ≤ 𝜃 < 𝜋,−𝜋∕2 ≤ 𝜓 ≤ 𝜋∕2)

here 𝐴 is a constant which depends on the global flow and 𝑃 1∕2
1∕2 (cos 𝜃)

s an associated Legendre function of the first kind (See Abramowitz
nd Stegun, 1970, p. 334, formula 8.6.12),
1∕2
1∕2 (cos 𝜃) = ( 1

2
𝜋)−1∕2(sin 𝜃)−1∕2 cos 𝜃.

ote that 𝜙0 given by (23) is continuous in 𝑟, (𝑟 ≥ 0), but not continuous
ith respect to 𝜃 when 𝜃 = 𝜋. In fact 𝜙0 has an infinite discontinuity at

𝜃 = 𝜋. For this reason the line, 𝜃 = 𝜋, which corresponds to the vertical
edge of the rectangular section, is not included in the domain of the
function 𝜙0. The fluid velocity normal to the gate can be calculated by
differentiating (23),

𝜙0,𝑥 ∼ 𝐴
2

𝑃 1∕2
1∕2 (cos 𝜃)

sin 𝜃
1
𝑟1∕2

, (24)

s 𝑟 → 0, 𝜓 = − 𝜋
2 and for a fixed angle 𝜃 where 𝜋∕2 ≤ 𝜃 < 𝜋.

Eq. (24) shows that the leading order horizontal velocity is singular
at the order 𝑟−1∕2 on the gate approaching the top corner points. The
cause of the singularity is the discontinuous horizontal velocity field
near the side lines of the gate, 𝑦 = ±𝑏∕𝐻,−1 < 𝑧 < 0; on the wall
front of the side lines, 𝜓 = 𝜋∕2, 𝜋∕2 ≤ 𝜃 < 𝜋, velocity normal to the
wall is zero (slip condition), whereas on the other front (on the gate),
𝜓 = −𝜋∕2, 𝜋∕2 ≤ 𝜃 < 𝜋, normal velocity is, physically, a finite non-
ero value. In fact the discontinuous velocity field exists all along the
4

z

sidelines of the gate, so the leading order horizontal velocity is singular,
within the linear mathematical considered, at the order 𝑟−1∕2 on the
gate approaching the side lines of the gate.

The singularity analysis at the bottom corner points of the gate is
quite interesting: if we approach one of these corner points, say the one
on the left, along the side line 𝑦 = 𝑏∕𝐻 , −1 < 𝑧 < 0 the flow singularity
s 𝑟−1∕2 as demonstrated in the previous paragraph, however if we
pproach that point along the bottom line the singularity is logarithmic
s shown in Section 5. To understand what happens to the flow when
pproaching this point in an oblique angle a new coordinate system
𝑥2, 𝑦2, 𝑧2)

2 = 𝑥, 𝑦2 = 𝑦 − 𝑏∕𝐻, 𝑧2 = 𝑧 + 1

s placed at the corner point (0, 𝑏∕𝐻,−1). Hence, we consider the
icinity of the point (0, 𝑏∕𝐻,−1) (See Fig. 3). Spherical coordinates
𝑟, 𝜃, �̃�)

2 = 𝑟 sin 𝜃 cos �̃� , 𝑦2 = 𝑟 sin 𝜃 sin �̃� , 𝑧2 = 𝑟 cos 𝜃, (25)

here �̃� is the azimuthal angle, are employed to write the boundary
alue problem near the bottom corner point as
2𝜙0 = 0 (𝑟 > 0, 0 < 𝜃 < 𝜋∕2,−𝜋∕2 < �̃� < 𝜋∕2), (26a)

0,𝑥2 = 0 (𝑟 > 0, �̃� = 𝜋∕2, 0 < 𝜃 < 𝜋∕2), (26b)

0 = −𝑡(𝑧2 − 1) (𝑟 > 0, 𝜓 = −𝜋∕2, 0 < 𝜃 < 𝜋∕2), (26c)

0,𝑧2 = 0 (𝑟 > 0, 𝜃 = 𝜋∕2,−𝜋∕2 < 𝜓 < 𝜋∕2). (26d)

s was done for the upper corner point, by separating the variables we
rrive at the solution

0 ∼ 𝑡 − 𝑡𝑟 cos 𝜃 + 𝐵𝑟−1∕2𝑃 1∕2
−1∕2(cos 𝜃) cos

(𝜓
2
− 𝜋

4

)

, (27)

where 𝑃 1∕2
−1∕2(cos 𝜃) is an associated Legendre function of the first kind

(See Abramowitz and Stegun, 1970, p. 334, formula 8.6.12),

𝑃 1∕2
−1∕2(cos 𝜃) = ( 1

2
𝜋)−1∕2(sin 𝜃)−1∕2.

Fluid velocity normal to the gate can be calculated as

𝜙0,𝑥 ∼ 𝐵
2

𝑃 1∕2
−1∕2(cos 𝜃)

sin 𝜃
1
𝑟3∕2

, 𝑟→ 0, 𝜓 = −𝜋
2
,−𝜋

2
< 𝜃 < 0, (28)

where the constant 𝐵 depends on the global flow. As is seen from (28),
the flow near the bottom corner point is more singular, at the order
of 𝑟−3∕2, than the square root singularity at the vertical side 𝑦 = 𝑏∕𝐻
and the logarithmic singularity at the bottom line 𝑧 = −1 of the gate.

n inner solution near the side and bottom lines of the gate could be
ought. The inner region problem is quite difficult because it is three
imensional and it involves three different types of singularity at the
dge lines and the corner points of the gate. In this paper we do not
ttempt the inner region problem.

. Solution of the boundary value problem (18) by an integral
quation method

The boundary value problem (18) is difficult to solve by analytical
ethods. In this section we attempt to solve it by a numerical method

ased on Green’s function technique. The fundamental solution for
he modified Helmholtz Eq. (18a) is (See equation 7.2.18, Morse and
eshbach, 1953)
1
2𝜋
𝐾0(𝜎𝑛 ∣ 𝐱 − 𝐱𝟎 ∣),

here 𝐾0(𝑥) is the modified Bessel function of second kind of order
ero, 𝐱 = (𝑥, 𝑦) is a field point and 𝐱 = (𝑥 , 𝑦 ) is a source point. The
𝟎 0 0
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image method is used to obtain the Green’s function for the half plane
𝑥 > 0

𝐺(𝐱, 𝐱𝟎) =
1
2𝜋
𝐾0(𝜎𝑛 ∣ 𝐱 − 𝐱𝟎 ∣) +

1
2𝜋
𝐾0(𝜎𝑛 ∣ 𝐱 − 𝐱∗𝟎 ∣), (29)

where 𝐱∗𝟎 = (−𝑥0, 𝑦0). The Green’s function (29) satisfies the condition
that its normal derivative is zero on 𝑦 axis and vanishes at infinity.

Green’s second formula is used to form an integral equation for the
𝑥 derivative of the function 𝜙0𝑛 on the line segment 𝑥 = 0, |𝑦| < 𝑏∕𝐻 ,

∬𝐷

(

𝜙0𝑛∇2𝐺 − 𝐺∇2𝜙0𝑛
)

𝑑𝐴 = ∮𝐶

(

𝜙0𝑛∇𝐺 − 𝐺∇𝜙0𝑛
)

⋅ 𝐧𝑑𝑠, (30)

where 𝐶 is the union of a line segment [−𝑅,𝑅] on the 𝑦 axis and the
semicircle, 𝑥2 + 𝑦2 = 𝑅2, 𝑥 > 0 and 𝐷 is the region bounded by 𝐶. As
𝑅 approaches infinity, 𝐷 becomes the right half plane (See Fig. 2). By
using (30), the boundary value problem (18) and the properties of the
Green’s function, the following equation is obtained,

−𝜙0𝑛(𝐱) = ∫

𝑏∕𝐻

−𝑏∕𝐻
𝐺(𝐱, 𝐱𝟎)

𝜕
𝜕𝑥0

𝜙0𝑛(𝐱𝟎)𝑑𝑦0, 𝑦 ∈ [−𝑏∕𝐻, 𝑏∕𝐻], (31)

where 𝐱 is a point on the boundary, 𝑥0 = 0 on the right hand side under
the integral sign and the Green’s function 𝐺(𝐱, 𝐱𝟎) on 𝑦 axis is simplified
to be

𝐺(𝐱, 𝐱𝟎) =
1
𝜋
𝐾0

(

𝜎𝑛
√

𝑥2 + (𝑦 − 𝑦0)2
)

. (32)

Note that Eq. (31) is a Fredholm integral equation of the first kind in
the unknown variable 𝜕

𝜕𝑥0
𝜙0𝑛 with −𝑏∕𝐻 < 𝑦 < 𝑏∕𝐻 .

For the numerical calculations, the line segment [−𝑏∕𝐻, 𝑏∕𝐻] is
partitioned into linear panels and the unknown function 𝜕

𝜕𝑥0
𝜙0𝑛 is

assumed to be constant within each panel. Hence the integral Eq. (31)
is written in the discrete form

−
(

𝜙0𝑛
)

𝑖 =
∑

𝑗∈𝑄
(𝑔)𝑖𝑗

(

𝜙0𝑛,𝑥0

)

𝑗
, 𝑖 ∈ 𝑄, (33)

where 𝑄 is the set of linear panels used to partition the line segment
[−𝑏∕𝐻, 𝑏∕𝐻],

(

𝜙0𝑛
)

𝑖 and
(

𝜙0𝑛,𝑥0

)

𝑖
denote the values of the velocity

potential 𝜙0𝑛 and its derivative respectively at the mid point of the
panel 𝑖. The Green’s function 𝐺(𝐱, 𝐱𝟎) is integrated along the length of
each panel and its value is denoted by (𝑔)𝑖𝑗 ,

(𝑔)𝑖𝑗 =
1
𝜋 ∫

𝑎𝑗+𝑙𝑗

𝑎𝑗−𝑙𝑗
𝐾0

(

𝜎𝑛
√

𝑥2𝑖 + (𝑦𝑖 − 𝑦0𝑗 )2
)

𝑑𝑦0𝑗 , (34)

where 𝑎𝑗 is the mid point and 2𝑙𝑗 is the length of the panel 𝑗. Care is
taken with the integration in (34), i.e., about the logarithmic singular-
ity, when the field point coincides with the source point, that is, when
𝑖 = 𝑗 (See Battistin and Iafrati, 2003).

The discretization of the line segment [−𝑏∕𝐻, 𝑏∕𝐻] is done in such
a way that the closer the distance to the edges, the denser the panels.
This procedure is described in Yilmaz et al. (2013) and the reason for it
is that closer to the edges of the line segment [−𝑏∕𝐻, 𝑏∕𝐻] a singularity
is expected and the numerical results support this view.

5. Numerical results and discussion

The flow velocity normal to the gate is calculated by differentiating
the velocity potential 𝜙0 in (17) with respect to 𝑥 at 𝑥 = 0 and
truncating the infinite series,

𝜙0,𝑥(0, 𝑦, 𝑧, 𝑡) = 𝑡
𝑀
∑

𝑛=0
𝜙0𝑛,𝑥(0, 𝑦) sin(𝜎𝑛𝑧), (35)

where −𝑏∕𝐻 < 𝑦 < 𝑏∕𝐻,−1 < 𝑧 < 0 and the 𝑥 derivative of the
potential 𝜙0𝑛 is calculated at discrete values of 𝑦 using (33). Eq. (35)
provides the velocity normal to the gate at various points of the gate.

The convergence of the truncated series for the normal velocity (35)
is investigated numerically in Tables 1 and 2, where 𝐻 = 1 and 𝑏 = 0.5.

It is observed from Table 1 that the convergence of the horizontal
5

velocities is generally quite good at the vertical line 𝑦 = 0 at the t
Table 1
Convergence of the horizontal velocities 𝜙0,𝑥 at various points on the line 𝑦 = 0.

𝑧 ∶𝑀 100 150 200 250

−0.506 −0.6872 −0.6895 −0.6874 −0.6881
−0.750 −1.1731 −1.1748 −1.1778 −1.1774
−0.900 −1.7655 −1.7603 −1.7632 −1.7614
−0.975 −2.6662 −2.5981 −2.6179 −2.6242
−0.999 −4.0187 −4.1512 −4.2184 −4.2554

Table 2
Convergence of the horizontal velocities 𝜙0,𝑥 at various points on the line 𝑧 = −0.49899

𝑦 ∶𝑀 100 150 200 250

0 −0.6796 −0.6756 −0.6776 −0.6765
0.1970 −0.7535 −0.7487 −0.7513 −0.7498
0.4020 −1.1100 −1.1039 −1.1077 −1.1052
0.4970 −5.8993 −5.8922 −5.8967 −5.8936
0.4990 −10.2266 −10.2180 −10.2231 −10.2197
0.4995 −14.5423 −14.5315 −14.5376 −14.5337
0.4999 −33.1672 −33.1455 −33.1573 −33.1501

gate. The velocities are increasing at the points that are very close
to the bottom, where a logarithmic singularity is expected. Along the
horizontal line 𝑧 = −0.49899 at the gate (see Table 2), which is almost
the halfway between the bottom 𝑧 = −1 and the free surface 𝑧 = 0, the
convergence is fine but the velocities are quite large closer to the edge
𝑦 = 0.5, which could be a sign for a singularity on the line 𝑦 = 𝑏∕𝐻 . This
ast point about a possible singularity along the edges 𝑦 = ±0.5 is shown
nalytically in Section 3 and will be investigated further numerically.

The observation of the logarithmic singularity at the lower line of
he gate and the square root singularity in the leading order velocity
t the side lines of the gate (Eq. (24)) are verified in Fig. 4. The red
ot-curves on Fig. 4 correspond to the data presented in the column
= 200 of Tables 1 and 2, respectively. It is illustrated on Fig. 4(a)

hat the flow singularity at the bottom of the gate is logarithmic. As
ar as the singularity along the edges 𝑦 = ±𝑏∕𝐻 is concerned (See
ig. 4b), the three dimensional dam break problem is similar to the
ater impact problem of a flat body, which has the singular velocity

ield 𝑟−1∕2 near the contact point, where 𝑟 is the distance from the
contact point (Korobkin and Pukhnachov, 1988). Hence it is shown
analytically and numerically that the singularity in the velocity field
of the outer solution near the edges 𝑦 = ±𝑏∕𝐻 is 𝑟−1∕2. It is concluded
that three dimensional effects become important closer to the vertical
edges of the gate.

It is useful to plot the normal velocity along the horizontal lines
(𝑧 = constant), along the vertical lines (𝑦 = constant) and on a grid
on the gate. We start with normal velocities on vertical lines, Figs. 5
and 6. The horizontal velocity along the vertical lines, 𝑦 = constant,
n the gate allows a check on the validity of the method used: along
he central vertical line 𝑦 = 0 the flow should be similar to the two
imensional classical dam break flow and furthermore as the length
f the gate becomes larger, 𝑏 → ∞, the flow should be identical to

that of the two dimensional problem. This is indeed the case (see
Fig. 5) and it is safe to conclude that the singularity at the horizontal
bottom line of the gate is logarithmic. To investigate convergence for
different 𝑏∕𝐻 , the discretization near the endpoints is kept the same
s in the smallest value of 𝑏∕𝐻 , the interior region is discretized in an
quidistant manner.

Fig. 6(a) shows the horizontal velocity along the vertical lines, 𝑦 =
onstant, and it is seen that closer to the edges 𝑦 = ±𝑏∕𝐻 the velocities
ecome quite large indicating a singularity at the edges stronger than
he logarithmic singularity at the bottom line 𝑧 = −1, which will be
alidated by considering the velocities along the horizontal lines with
= 200.
The velocity normal to the gate along the horizontal lines, 𝑧 =

onstant, on the gate is shown in Fig. 6(b). It is observed that closer
o the edges ±𝑏∕𝐻 , the velocity becomes larger and larger, which
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Fig. 4. Horizontal velocities for 𝑥 = 0, 𝑏∕𝐻 = 0.5, 𝑡 = 1 (a) approaching the bottom line of the gate, (b) approaching the side line of the gate.
Fig. 5. The shape of the free surface at 𝑦 = 0 for different values of 𝑏∕𝐻 , 𝜖 = 0.01,
= 1.

alidates the singularity at the edges within the mathematical model
onsidered in this paper. Fig. 6 suggests that the singularity at the edges
= ±𝑏∕𝐻 is stronger than the logarithmic singularity at the bottom line
= −1. Finally a grid is formed on the gate with horizontal and vertical

ines and the velocities are calculated and plotted along these lines so
hat a three dimensional picture of the flow is obtained in Fig. 7.

. Conclusions

The small-time behavior of a three dimensional dam break flow,
n which a section of the wall collapses, is studied analytically and
umerically. A leading order solution is obtained by first separating
he dependence on the vertical coordinate and then using an integral
quation method. Two limiting cases are studied: (1) as the breadth
o the depth ratio (𝑏∕𝐻) becomes larger two dimensional classical dam
reak flow results are recovered, (2) near the vertical edges of the gate,
𝑦 = ±𝑏∕𝐻, 0 < 𝑧 < −1), the outer fluid flow is found to be singular at
he order 𝑟−1∕2 within the linear mathematical considered.

Numerical results verify that the flow along the vertical central line
f the gate, 𝑦 = 0, is very similar to that of the classical two dimensional
am break problem with logarithmic singularity at the bottom point
𝑦 = 0, 𝑧 = −1) and that as the breadth to the depth ratio becomes
6

larger the flow along the central line becomes identical to that of the
two dimensional problem.

It is observed analytically and numerically that the singularity in
the fluid flow at the side edges of the gate, (𝑦 = ±𝑏∕𝐻), is stronger
than the logarithmic one at the bottom line of the gate, (𝑧 = −1). This
singularity in the fluid flow at the side edges of the gate is at the order
of 𝑟−1∕2, which is similar to the one in the water impact problems. It
is concluded that three dimensional effects become important closer to
the vertical edges of the gate.

There are three types of singularity in the leading order fluid flow:
logarithmic singularity at the bottom line 𝑧 = −1 of the gate, power
singularity at the order of 𝑟−1∕2 at the side edges of the gate and a
stronger power singularity, 𝑟−3∕2, at the bottom corner points of the
gate. Inner region formulations near the side edges and the bottom line
of the gate are quite a difficult task and not attempted in this paper.
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Fig. 6. Horizontal velocities for 𝑏∕𝐻 = 0.5, 𝑡 = 1 (a) along the vertical lines on the gate, (b) along the horizontal lines on the gate.
Fig. 7. Shape of the three dimensional free surface, 𝑏∕𝐻 = 0.5, 𝜖 = 0.01, 𝑡 = 1.
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