Reidemeister-Franz torsion of compact orientable
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Abstract. Let ¥, denote the compact orientable surface with genus
g > 2 and boundary disjoint union of n circles. By using a particu-
lar pants decomposition of ¥, ,,, we obtain a formula that computes the
Reidemeister-Franz torsion of ¥, in terms of the Reidemeister-Franz
torsions of pairs of pants.
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1 Introduction

The Reidemeister-Franz torsion (or R-torsion) was introduced by Reidemeister to
classify 3 dimensional lens spaces [5]. This invariant was later generalized by Franz to
other dimensions [10] and shown to be a topological invariant by Kirby-Siebenmann
[2]. The R-torsion is also an invariant of the basis of the homology of a manifold [3].
Moreover, for compact orientable Riemannian manifolds the R-torsion is equal to the
analytic torsion [1].

Using the combinatorial definition of the Reidemeister torsion, Witten computed
the volume of the moduli space M of gauge equivalence classes of flat connections on
a compact Riemann surface [9]. The combinatorial torsion is equivalent to the Ray-
Singer analytic torsion [1]. In the quantum field theory, one important ingredient
was the ability to compute by decomposing a surface into elementary pieces. The
pair of pants is a (1 4 1)-dimensional bordism, which corresponds to a product or co-
product (depending on its orientation) in a 2-dimensional TQFT. Witten established
a formula to compute the Ray-Singer analytic torsion of a pair of pants by using its
cell decomposition. He also gave a cutting formula for orientable closed surface ¥ ¢
by decomposing an orientable surface 3, of genus g into 2g — 2 pairs of pants.

The present paper provides a formula to compute the Reidemeister-Franz torsion
of a pair of pants in terms of the determinant of the period matrix of the Poincaré
dual basis of H!(X2 ). Then it expresses the Reidemeister-Franz torsion of orientable
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compact surface X, ,, as the product of the Reidemeister-Franz torsions of pairs of
pants.

For a manifold M and an integer 7, we denote by hf;/[ the basis of the homology
H,(M) = H,(M;R). Note that X ¢ is the double of a pair of pants 3 3 as in Figure 1.
Let Ag2(X2,0) be the matrix of the intersection pairing of 33 in the bases hg“,

hQE“, and hy, = {w;}] denote the Poincaré dual basis of H'(X3,) corresponding

to hlzz"’. We first prove the following theorem for the R-torsion of the pair of pants

20’3.

Theorem 1.1. For a given basis hiE”’S, i € {0, 1}, there is a basis h%“, n € {0,1,2}
such that the following formula holds

det A0,2(2270)

T(So, {h; " }0)| = | |2
| ( 0,37{ 4 }0)| det@(hézogr)

)

where T' = {I'1,T'9,T'3, T4} is the canonical basis for H1(X2p), i.e. i € {1,2}, T
intersects Ui yo once positively and does not intersect others, and p(hg, ,T) = [ [, w;]
is the period matriz of h122 , with respect to the basis I'.

By using the pants decomposition of X, ,, as in Figure 2, we prove the following
theorem.
Theorem 1.2. Let h%g‘" be a given basis for n € {0,1}. Then there exists a basis
h?m for each v e {l,...,2g — 2+ n} such that

2g—2+4n
” 5.
|T(Eg,nv {hrzljg’n }(1))| = H |T(EO,37 {hno,s}(l)”’

v=1

where X¢ 5 is the pair of pants in the decomposition labelled by v.

2 R-torsion of a general chain complex

Let C, = (0 = C, Oy Cphg — - = (4 9 Cy — 0) be a chain complex of
finite dimensional vector spaces over R. Let B, (C) = Imd,41, Z,(C,) = Kerd,, and
H,(C,) = Z,(C,)/Bp(C4) denote the p-th homology of the chain complex C, for

p € {0,...,n}. Then we have the following short exact sequences
(2.1) 0= Z,(C) 5 0)(C) B B, 1 (C) =0,
(2.2) 0 — B,(Cy) = Z,(C.) 23 H,(C.) — 0.

Here, i and ¢,, are the inclusion and the natural projection, respectively. If we apply
the Splitting Lemma to the above short exact sequences, then Cp,(C,) can be expressed
as the following direct sum

By(Cy) @ £p(Hp(Cy)) © sp(Bp-1(Cy)).

Let cp, bp, and hy be respectively bases of C,,(C.), B,(Cy), and Hy,(C,). Then we
obtain a new basis b, U ¢,(h,) U s,(b,_1) for C,(C.).



R-torsion of compact orientable surfaces via pants decomposition 39

Definition 2.1. The R-torsion of C, with respect to bases {c,}§, {h,}{ is defined
by
T (Ci, {cp}s, {hp}s) = H [bp L p(hy) U sp(by—1), ¢y

p=0

(—=1)PtD

Here, [b, U {,(h,) U sy(by_1),cp] is the determinant of the change-base-matrix from
basis ¢, to b, U {,(h,) U s,(by_1) of Cp(Cy).

The R-torsion of a general chain complex C. is an element of the dual of the vector

space
n

&)(det H,(C.)) V",

p=0

see [9, pp.185] and [6, Thm. 2.0.6].
For a smooth m-manifold M with a cell decomposition K, there is a chain complex

C(K) = (0 = O (K) 23 O (K) = -+ — CL(K) B Oo(K) — 0),

where 9; is the usual boundary operator. The R-torsion of M is defined as the R-
torsion of its cellular chain complex C,.(K) in the bases {c;}{" and {h;}{'. Here,
c; is the geometric basis for the i-cells C;(K), i € {0,...,m}. By [6, Lem. 2.0.5],
the R-torsion of M does not depend on the cell decomposition K. Thus, we write
T(M, {h;}J") instead of T(C\(K),{c;}§", {h:}{"). For details we refer to [6, 7, 8].

Corollary 2.1. Let Y = S! x [—¢, +¢€] be a cylinder with boundary circles St x {—e}
and S* x {+e€}, where ¢ > 0. Let h; be a basis of H;(Y) for i € {0,1}. By Kiinneth
formula, we have the isomorphisms:

)

7

Ci(Y) 2 Cy(SY)

H;(Y) |

RS

H;(SY).
Then [7, Thm. 3.5] gives the following result

IT (Y, {ho,h1})| = |T (S", {[wo](ho), [¢1](h1)})| = 1.

3 Proofs of main results

For any manifold M, let C,(M) denote the associated cellular chain complex. More-
over, 0 denotes the trivial vector space.

Proof of Theorem 1.1. Note that ¥ ¢ is the double of Xy 3 (see, Figure 1). Let B be
the intersection of the pairs of pants in ¥, so B is homeomorphic to the disjoint
union of three circles, S; I1 S, ITS3. Then there is the natural short exact sequence of
the chain complexes

(3.1) 0— C*(B) — C*(Zo,g,) D C*(ZOQ,) — O*(E&o) — 0.
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Sl 53
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Figure 1: Double of the pair of pants ¥g 3.

Associated with (3.1), we have the following Mayer-Vietoris sequence

(3.2) M, 05 Hy(Sa0) b Hy(B) % Hy(S0s) @ Hy(So0s) 25 Hi(S20)
*) Ho(B) i) Ho(zo,g) D H0(2073) ﬁ> Ho(zgvo) £> 0.

Let us denote by Cp,(H.) the vector spaces in (3.2) for p € {0,...,6} and consider
the short exact sequences (2.1) and (2.2) for H,. Let us take the isomorphism s, :
Bp_1(H.) — sp(Bp—1(H+)) obtained by the First Isomorphism Theorem as a section
of Cp(H+) = Bp—1(H.) for each p. By the exactness of H., we get Z,(H.) = Bp(Hs).
Applying the Splitting Lemma to (2.2), we have

(3.3) Cp(He) = By(H) @5, (Byos(Ho).
Then the R-torsion of H, with respect to basis {h,}{ is given as follows
T (M, {35, {035) = T] by, )07
p=0

where hj, = b, L s,(b,,_1) for each p. In [3], Milnor proved that the R-torsion does
not depend on bases b, and sections s,, ¢,. Therefore, we will choose a suitable bases
b, and sections s, so that T(H., {h,}§,{0}§) = 1.

Let us consider the space Co(H.) = Ho(X2,) in (3.3). Then Im(¢) = 0 yields

(3.4) Co(H.) = Im(k) ® s,(Im(¢)) = Im(k).
Since {(hy h)**,0), (0, hg“)} is the given basis of Hy(Xq,3) ® Ho(Xo0,3),
{a,, k(09 0) + a,, k(0. hg™)}

can be taken as the basis h'™®*) of Im(k), where (a,,,a,,) is a non-zero vector. By
(3.4), h™*) hecomes the obtained basis hl) of Cy(H.). If we take the initial basis hg
(namely, h?“) of Cy(H.) as hy, then

(3.5) [ho, ho] =1
If we use (3.3) for C1(H.) = Ho(Xo,3) © Ho(Xo,3), then we get
(3.6) Ci(H.) = TIm(j) & s, (Im(k)).
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Note that {(h§°’3,0), (0,h020’3)} is the given basis h; of C1(H.). Since Im(j) is a
1-dimensional subspace of 2-dimensional space Ci(H.), there is a non-zero vector
(a,,,a,,) such that {aﬂ(h?’ﬁ,()) + a,, (0, h?o’s)} is a basis of Im(j). In the previous
step, the basis of Im(k) was chosen as h™®*) so

s,("™8)) = a, (hg?,0) + a,,(0,hy**).

Then we obtain a non-singular 2 x 2 matrix A = [a;;] with entries in R. Let us choose
the basis of Im(j) as

h'0) = {—(det A)~*[a,, (hg**,0) + a,, (0, hg™*)]}.

By (3.6), {h'™0U) s (h™(*))} becomes the obtained basis h) of C;(#.). Hence, we
get

(3.7) [, hy] = 1.
Considering (3.3) for Cao(H.) = Ho(B), we obtain
(3.5) Co(H.) = Tm(i) & s, (Im()).

Recall that {h3', h&2 hi?} is the given basis hy of Cy(#.). Since Im(4) and s, (Im(5))
are respectively 2 and 1-dimensional subspaces of 3-dimensional space Cy(H.), there
are non-zero vectors (b,,,b,,,b,,), i € {1,2,3} such that {Zle bjihy }2_, is a basis
of Im(7) and

3
Sy (hlm(j)) = Z b31h§7
i=1

is a basis of s,(Im(j)). Then 3 x 3 real matrix B = [b,,] is invertible. Let us choose
the basis of Im(z) as follows

3 3
™) = {(det BT b by > bQih(S;} .
i=1 i=1
By (3.8), {h™® s, (h'™0))} becomes the obtained basis h of Cy(H.) and we have
(3.9) . hy] = 1.
Using (3.3), C3(H.) = H1(X2,) can be expressed as the following direct sum
(3.10) C3(H.) = Im(h) & s, (Im(7)).
Note that the basis of Hi(Xg3) @ H1(Xo,3) is given as follows
{(1h75,0), (0,h5%), (5", 0), (0, b))
Since Im(h) is a 2-dimensional space, we can choose the basis of Im(h) as
B0 = e AT, 0) 4 €,k (0,B1) + € h(BY 5, 0) + ¢, A0, hys")

Ch(BT3,0) + i h(0, 0757 + e h(BTS",0) + ¢, h(0, BT 5") |
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Here, (¢,,,¢;5,C,5,¢,,) is a non-zero vector for ¢ € {1,2}. Using (3.10), we have that
{hlm(h)’ s, (hIm(i))}
is the obtained basis hj of C3(H.). If we take the initial basis hs (namely, h122,0) of
C3(H.) as hf, then we get
(3.11) [h, hs] = 1.
If we consider (3.3) for Cy(H.) = H1(Xo,3) ® H1(Xo,3), then we obtain
(3.12) Cy(H.) = Im(g) @ s,(Im(h)).

Recall that {(hy$*,0), (0,h5*), (hy'y*, 0), (0, hy'5*)} is the given basis hy of Cy(#,).
In the previous step, h'™ (") was chosen as the basis of Im(h) so

5, (00) = e, (075, 0) + ¢, (0.h1*) + €, (h75°,0) + ¢, (0, h75°),
z ) P P
Coy (h1701,3’ 0) + Cap (Oa hl,olvs) + Cas (hl,%3 ) O) + Coy (07 hl,%s)}

is a basis of s,(Im(h)). As Im(g) is a 2-dimensional subspace of 4-dimensional space
Cy(H.), there are non-zero vectors (c,,,¢,,, C,5,¢;,) for i € {3,4} such that

{0 (0752,0) + €, (0.075) + ¢, (75°,0) + ¢, (0, h757),
IR IR 30,3 Yo, 3
Ci (hl,q’gv 0) + Cyp (0’ hl,(i’g) + Cys (hl,%37 0) + Cas (Ov hl,%%)}

is a basis of Im(g) and C' = [c,;] is the non-singular 4 x 4 real matrix. Thus, we can
choose the basis of Im(g) as

B = { (det €) ey, (07570 + €, (0,175") + 4, (B3, 0) + 5, (0, B3],
2 2 z P
Cyy (hl,[iys ’ O) + Cyz (07 hl,ol’s) + Cys (hl,%sv O) + Cya (O’ hl,%’a)} .

By (3.12), {h'™) s (h'™")} becomes the obtained basis h} of Cy(H.) and the
following equation holds

(3.13) [hf), hy] = 1.
Consider the space C5(H.) = Hy(B), then (3.3) becomes
(3.14) Cs(H.) = Tm(f) & s, (Tm(g)).

Recall that the given basis hs of Cs(H..) is {h}*, h{2, h?}. Since Im(f) and s, (Im(g))
are respectively 1 and 2-dimensional subspaces of 3-dimensional space Cy(H.), there
are non-zero vectors (d,,,d,,,d,,), © € {1,2,3} such that {Z?Zl d,,h*} is a basis of

Im(f) and
3 3
) {3 Sk |
i=1 i=1
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is a basis of s, (Im(g)). Then we get a non-singular 3 x 3 real matrix D = [d,,]. Let
us choose the basis of Im(f) as

3
hm() — {(det D)~ Zd”h?}-
i=1

By (3.14), {h™() s_(h'™(9))} becomes the obtained basis hi of Cs(H.). Hence, we
get

(3.15) [hi, hs] = 1.

Finally, let us consider Cg(H.) = H2(32,0). Since Im(a) is trivial, (3.3) becomes
(3.16) Co(H+) = Im(a) @ s, (Im(f)) = s, (Im(f))-
From (3.16) it follows that s,(h'™(/)) is the obtained basis hj of Cs(H.). If we take
the initial basis hg (namely, h222’°) of Cs(H.) as s,(h'™)) then we have
(3.17) [hg, he] = 1.

If we combine (3.5), (3.7), (3.9), (3.11), (3.13), (3.15), and (3.17), then we get

(3.18) T(H., {h,}3, {0}§) = ﬁ[h;,h,,r—nw =1.

p=0
As the natural bases in (3.1) are compatible, [3, Thm. 3.2] yields

3
(3.19) T(Sos, {h;"*}5)? = [T T(Ss, (b7 }8) T(Sa0, {hF20}3) T(H.., {hy}5, {0}9).

Jj=1

Considering [7, Thm. 3.5], (3.18), and (3.19), we obtain

(3.20) IT(S03, (b2 1)] = \/IT(Sa0, (B30 13)].

By Poincaré Duality, Theorem 4.1 in [7] and (3.20), the main formula holds

det AOﬁQ(ZQ,O)

T(X 2011y = — =
| ( 073’{ 0 }O)| det@(h%QO,F)

O

A pants decomposition of 3, 5, is a finite collection of disjoint smoothly embedded
circles cutting X, , into pairs of pants ¥ 3 and tori with one boundary circle ¥ ;.
The number of complementary components is

‘X(Eg,n” =29—-2+n.
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S_(n-1)

Figure 2: Compact orientable surface ¥, , with genus g > 2 and bordered by n > 1
circles.

Proof of Theorem 1.2. Consider the decomposition of ¥, ,,, as in Figure 2, obtained
by cutting the surface along the circles in the following order

Sl7 s aSg7Sg+l7 s 7S2g—3+n-
This decomposition consists of

e the torus ¥ ; with boundary circle S,, v € {1,...,g},

the pair of pants Eg;l with boundaries S1,Sg,Sq 41,

the pair of pants Eg:ﬁ)g

with boundaries Sg,,Sy41,Sg4v—1, v € {2,...,9 — 1},

the pair of pants Zg}:g with boundaries Sy4.,Sg1v—1,Sy—v, v € {g,...,g+n—3},

the pair of pants 2(2)’937%” with boundaries Sag1n—3,S_(n—1), S_(n_2)-

Consider also the decomposition %7, =Y, U,, X3, v € {1,...,g}, where Y, is
the cylinder S, x [—¢, +¢] and ¥ 5 is the pair of pants with boundaries S|, x {—¢},
S, x {e}, S, for sufficiently small € > 0.

Case 1 : Consider the decomposition 3¢ 3Us, Xo,n—1 of 3¢, for n > 4, where ¥ 3
and Xy ,_1 are glued along the common boundary circle S;. Then there is a short
exact sequence of the chain complexes

0— C*(Sl) — C*(ZO’:};) b C*(Eo’nfl) — C*(Eo’n) —0

and the corresponding Mayer-Vietoris sequence H.. By using the arguments stated
in the proof of Theorem 1.1 for the given bases h,z,o’” and h%l, n € {0, 1}, there exist

bases h,”® and h,®" " such that the R-torsion of , in the corresponding bases is
1 and the following formula holds

T(So,n, {hy " }§) = T(Zo,3, {h;°* }§) T(So,n—1, {hy "~ }4)
(3.21) x T(Sy, {h5'}) "
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By [7, Thm. 3.5] and (3.21), we obtain
(3.22) IT(So,n, {037 }0)| = [T(So0,3, {02 }o)IIT (0,01, {by "~ }o)1.

Applying (3.22) inductively, we get
n—2 sv
IT(So,m, {037 36)1 = T IT(S6 3, {1n " 30)I-
v=1

Case 2 : For the decomposition X1 1 =Y U,, Yo 3, where
Y =8 x [—¢,+¢],

Y =S x {—e}US x {+e},

and Yo 3 is the pair of pants with boundaries S’ x {—¢}, ' x {e}, S for sufliciently
small € > 0, we have the following short exact sequence of the chain complexes

(3.23) 0— C*(Zo’g N Y) — C*(Z(Lg) D C*(Y) — C*(El,l) —0

and the corresponding Mayer-Vietoris sequence H.,. If we follow the arguments in the
proof of Theorem 1.1 for the given bases h?l’l and hf’/, n € {0,1}, then we get the

bases h,%: *% and h}; such that the R-torsion of H, in the corresponding bases equals
to 1 and the formula is valid

(S, by 16) = T(Sos, {hy}6) T(Y: {y) }5) T(S", {b }5) 2.
From [7, Thm. 3.5] and Corollary 2.1 it follows
IT(S1,1, {1 }10)| = [T(Zo,3, {hy** }9)].

Case 3 : Let X;_1,1Us, 21,1 be the decomposition of ¥4, g > 2, where ¥; ; and
Yg—1,1 are glued along the common boundary circle S;. By the decomposition, there
exists the natural short exact sequence

0— Cu(S1) = Ci(Bg—1,1) B Ci(E1,1) = Ci(Eg0) = 0

and its corresponding Mayer-Vietoris sequence

H* 10— HQ(EQ’O) % Hl(Sl) i> Hl(Eg,Ll) P Hl(ZLl) i) Hl(zg’o)
X Ho(S1) - Ho(Sg-11) ® Ho(S11) & Ho(S40) 25 0.

)

For the given bases h,*° and h§71 with the condition 52(h229’°) =h}', v e {0,1,2},
n € {0, 1}, if we use the arguments stated in the proof of Theorem 1.1, then we obtain

the bases h? 901 and h? b! such that the R-torsion of H, in the corresponding bases
becomes 1 and the following formula holds

T(Sg,0, {h°}3) = T(Sg-1,1, {hy7=1}5) T(S11, {h*2}g) T(Sy, {hy'}g) "
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By [7, Thm. 3.5], we obtain
IT(g,00 {057} = IT(Zg—1,1, (b7~ }o)| [T(S1,1, {by** Jo)-

Case 4 : Consider the decomposition X, , = X141 Us, 211 for g > 2, n > 1,
where ¥, 1 and ¥4_1 41 are glued along the common boundary circle S;. Then there
is the natural short exact sequence of the chain complexes

(324) 0— C*(Sl) — C*(ngl,nJrl) D C*(El,l) — C*(Eg’n) — 0,

and the corresponding Mayer-Vietoris sequence H.. Using the arguments in the proof

of Theorem 1.1 for the given bases h, *" and hit, n € {0,1}, we get the bases hy ot

and h,? Y such that the R-torsion of H, in the corresponding bases is 1 and

T(Sg,n, {0577 }5) = T(Sg—1,n41, {hy o7 }5) T(Z10, (b }g) T(Sy, {hy}g)
By [7, Thm. 3.5], the R-torsion of X, ,, satisfies the following formula
T(Sg,ns {2 }o)| = [T(Sg—1,n1, (o=t }g) | T (S0, {hy 1 o).

Applying the Cases 1-4 inductively, we have the following R-torsion formula for
the compact orientable surfaces ¥4, g > 2, n >0

29—2+n
v E”‘,
T(Sgm by }o) = [ 1T(SE 5, {0 }o)l-

v=1

4 Applications

4.1 Compact 3-manifolds with boundary

Let N be a smooth compact orientable 3-manifold whose boundary consists of finitely
many closed orientable surfaces ON = %, o U X, oU---UX, o. Let d(N) be the
double of N. Consider the natural short exact sequence of the chain complexes

(4.1) 0— Ci(ON) = C.(N) D Cu(N) = Cu(d(N)) = 0

N haN
J v
and hZ(N), v e {0,1,2}, u € {0,1,2,3}, we will denote the corresponding basis of H.
by h,, n € {0,...,11}. As the bases in the sequence (4.1) are compatible, [3, Thm.
3.2] yields

and the corresponding Mayer-Vietoris sequence H,. For the given bases h

(4.2) T(N, {h})? = TN, {h)V}3) T(d(N), {hi™}3) T(H., {ha}g").

By [7, Thm. 3.5] and (4.2), we have

(4.3) IT(N, {h)}5)] = \/IT(aN, {BOVIDT(He, {Dn }gh)I-
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Note that ON is equal to X, o U X, oU---UX, o. By [7, Lem. 1.4], we get

m
Xy,
(4.4) IT@N, {h)}3)] = [T IT(Sq, 0, B °3D)1.
i=1
For each i € {1,...,m}, consider the given basis hfgi’o

» — . . I >4
decompositions {¥35 ?i*l % of ¥y, .0. By using Theorem 1.2, we obtain the basis h;,**,

n e {0,1}, j € {1,...,2g, — 2} such that

for v € {0,1,2} and pants

2g;—2

1 i i =74
(4.5) ITON ARSI =TT ] ITEEs {h°*30)!.
i=1 j=1

Equations (4.4) and (4.5) yield the following formula

m 2_(]7;72

TN, (023 =TT T T3S (o J)] [T (e, {20

i=1 j=1

Corollary 4.1. Let N be the handlebody of genus g > 2. Clearly, the boundary ON of
N is an orientable closed surface X4 o and the double d(N) of N is equal to #(S x S?).
g

Then we have the short exact sequence
(4.6) 0— Ci(Eg,0) = Cx(N) @ Cy(N) = Ci(d(N)) = 0

)

and the corresponding Mayer-Vietoris sequence H,. For the given bases hﬁ(N and

hﬁ/ w € {0,1,2,3}, following the arguments above, there exists a basis hl-zg’O forie
{0,1,2} such that in the corresponding bases the R-torsion of H. is 1 and from [7,
Thm. 3.5] it follows

T(N, (hY13)] = \/|T(Sq0, (077 12)].

Let us consider the pants decomposition {E{)3 3122 of £g0. By Theorem 1.2, there

exists the basis h?,o'3 foreach j € {1,...,29—2} and n € {0,1} such that the following
formula holds

292 ) j
TV B3] = | T TS5 (B2 1)1

j=1

4.2 Product of 2d-manifolds and compact 3-manifolds with
boundary >,

Let M be a smooth closed orientable 2d-manifold (d > 1) and N an smooth compact
orientable 3-manifold whose boundary consists of closed orientable surface ¥, (g >
2). Let X be the product manifold M x N and d(X) denote the double of X. Clearly,
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the boundary of X is M x X . Consider the natural short exact sequence of the
chain complexes

(4.7) 0= CL(M % Sg0) = Co(X) @ Co(X) = CL(d(X)) — 0

and the Mayer-Vietoris sequence H, corresponding to (4.7). Let hX, hd(X) h,ICV[ ,
and h, " be given bases for i € {0,---,2d + 3}, k € {0,...,2d}, £ € {0,1,2}. Let
hMXZg0 denote the basis @hM ®@h2e° of H,(M x ¥,0), v € {0,...,2d + 2}. For

v—1i

n € {0,...,6d + 11}, let hn be the corresponding basis of H.. Let {X 3}29 ? be the
pants decomposition of ¥, o. Note that the bases in the sequence (4.7) are compatlble.
Thus, by [7, Lem. 1.4], we obtain

(X {hX}2d+3) T(M « Eg 0, {h]\/IXEg 0}2d+2) ( ( ) {hd(X)}2d+3)
(4.8) x T(H., {h, }54).

From [7, Thm. 3.5] and (4.8) it follows that
(4.9) |T(X, {h{}5™%)| = [T(M x S0, {h)F00}32)| /2 T (A, (b, J5HH[Y2,
By [4, Thm. 3.1], the R-torsion of M x X, satisfies the equality
IT(M x Sg,0, {00 }542)] = [T(M, {h} 5 o)

(4.10) X [T(Sg.0, {27 )0
Here, y is the Euler characteristic. Then equations (4.9) and (4.10) yield

ITCX (B34 = [T(M, (B 5 o0 1T(S 0, {hy 20 }3) XM/
(4.11) % [T(Hy, (B, )6010) /2,

Since {X 3}29 % is the pants decomposition of 3, o as in Theorem 1.2, there exists a

.7
basis h  of H. (EO 4) for j € {1,...,29 — 2}, n € {0, 1} so that

2g—2

(4~12) | ( gO»{h qo}o |— H |T 2637{h 03}0)|
j=1
Equations (4.11) and (4.12) yield
2g—2 ( ) X(Z4.0)
T (S 9] = [T IT(Sh 5 {hy SRl TOL R3]
j=1

1/2
X [T (e, (B )32,
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