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Abstract
We consider a simple system consisting of matter, radiation and vacuum com-
ponents to model the impact of thermal inflation on the evolution of primordial
perturbations. The vacuum energy magnifies the primordial modes entering
the horizon before its domination, making them potentially observable, and
the resulting transfer function reflects the phase changes and energy contents.
To determine the transfer function, we follow the curvature perturbation from
well outside the horizon during radiation domination to well outside the hori-
zon during vacuum domination and evaluate it on a constant radiation density
hypersurface, as is appropriate for the case of thermal inflation. The shape of
the transfer function is determined by the ratio of vacuum energy to radiation
at matter-radiation equality, which we denote by υ, and has two characteristic
scales, ka and kb, corresponding to the horizon sizes at matter radiation equality
and the beginning of the inflation, respectively. If υ ≪ 1, the Universe experi-
ences radiation, matter and vacuum domination eras and the transfer function
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is flat for k≪ kb, oscillates with amplitude 1/5 for kb ≪ k≪ ka and oscillates
with amplitude 1 for k≫ ka. For υ ≫ 1, the matter domination era disappears,
and the transfer function reduces to being flat for k≪ kb and oscillating with
amplitude 1 for k≫ kb.

Keywords: inflation, thermal inflation, curvature perturbation,
power spectrum

1. Introduction

Inflation provides a theoretical ground for our understanding of the Universe [1–5]. It makes
the Universe homogeneous, isotropic, and flat and dilutes unwanted or unobserved relics such
as monopoles. It has been constrained by observations of the large-scale structure (LSS) and
cosmic microwave background (CMB) [6]. In supersymmetric cosmology, however, the mod-
uli fields are dangerous to the big bang nucleosynthesis (BBN), if not effectively removed
[7–9]. There have been attempts to solve the moduli problem by arranging low-energy infla-
tion after the primordial inflation [10], but it is tricky to control the moduli density in the
permissible range because the moduli are regenerated after the low-energy inflation.

This moduli problem can be solved by introducing a thermal inflation [11, 12], a brief and
secondary inflationary phase after the primordial inflation, being realized by thermal effects on
flat directions in supersymmetric theories [13–18]. The thermal inflation occurs at the primor-
dial dark period between the end of primordial inflation and BBN. Some mechanisms, includ-
ing reheating/preheating and baryogenesis/leptogenesis, have been suggested for this period.
Thermal inflation scenario has a very different post-inflationary history from the standard scen-
ario and provides new predictions about the primordial dark period.

While there are some prospects from gravitational waves [19–21] and collider physics [22],
it is hard to directly probe these post-inflationary mechanisms in ‘both’ standard and thermal
inflation scenarios by observations up to now. Thermal inflation, however, gives us a better
chance: it magnifies modes that have entered the horizon during the primordial dark period
and becomes sensitive to the physics there. In [23], we studied these effects at scales smaller
than the horizon size at the beginning of thermal inflation. Thermal inflation suppresses the
power spectrum of those modes and hence gives the suppression of CMB µ-distortions [24],
the 21 cm hydrogen power spectrum at or before the epoch of reionization, and the formation
of galaxy substructures [25].

In this paper, we consider a system consisting of matter, radiation and vacuum compon-
ents to model the impact of thermal inflation on the evolution of primordial perturbations.
By assuming that the primordial inflation generates cosmological perturbations in a standard
way, we study the growth of the perturbations affected by the secondary thermal inflation.
We demonstrate how the cosmological scenario between the primordial and thermal inflations
affects the power spectrum and possibly leaves observable small-scale features. We consider
the ratio of vacuum energy to radiation at matter-radiation equality as a key parameter for
characterizing the density perturbation, which explains the previous result of [23]. The detail
of moduli dynamics during its domination between the two inflations also impacts the power
spectrum, but it is beyond the scope of the present paper.

This paper is organized as follows. In section 2, we review the thermal inflation scenario and
introduce the setting for the perturbation analysis. In section 3, we examine a simple system
of vacuum energy and radiation to model thermal inflation. In section 4, we study a system
of vacuum energy, radiation, and matter to calculate the curvature perturbations for thermal
inflation analytically. In section 5, we present numerical calculations of the power spectrum
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according to the initial ratio between matter and radiation. In section 6, we summarize the
results and discuss the future work.

2. Review of thermal inflation

In this section, we briefly review the thermal inflation scenario [11, 12] and introduce dens-
ity perturbations as a setting for the next sections (for the details, [23]). Figure 1 shows the
cosmological history with thermal inflation, and the Universe experiences the following four
major phases.

• Primordial inflation: at t< ta, the primordial inflation generates the scale-invariant power
spectrum, and unknown post-inflationary era including the reheating process follows.

• Moduli domination: in supersymmetric theories, the moduli mass in vacuum is an order
of the soft supersymmetry breaking scale, i.e. mmod ∼ ms ∼ 103 to 104GeV. At t∼ ta, the
Hubble scale gets H∼ ms, and the moduli start dominating over the Universe. At t> ta or
H< ms, the moduli start oscillating with Planckian amplitude, and the oscillation may be
long-lived to spoil the BBN.

• Thermal inflation: at t= tb, thermal inflation begins to resolve the moduli problem.
Thermal inflation is realized by flaton(s) that is trapped by finite temperature potential
induced by radiation in the Universe. The flaton potential is V(ϕ,T) = V0 +

1
2 (σ

2T2 −
m2

ϕϕ
2)+ · · · where the thermal coupling σ is not small and the flaton mass is mϕ ∼ ms.

For V1/4
0 ∼ 105 to 108GeV, thermal inflation has e-folds Nbc ∼ 10 to 15 and dilute the pre-

existing moduli by∆TI ∼ e3Nbc .
• Flaton domination: as the temperature of the Universe drops, thermal inflation ends until
t∼ tc, and the flaton starts oscillation around its vacuum expectation value ϕvev ∼

√
V0/mϕ

and dominates over the Universe as a matter phase at t≳ tc. The moduli can be regenerated
after thermal inflation but are diluted further by∆flaton ∼ eNcd due to the flaton decay.

• Radiation domination: at t∼ td, flaton decays to yield the standard radiation dominated
Universe, at the temperature Td ∼ 10−2 to 102GeV. The Universe steps into the standard
cosmic history after these radiation domination are recovered.

In summary, three distinct extra eras of thermal inflation—moduli domination, thermal infla-
tion, and flaton domination—are inserted between the primordial inflation and radiation dom-
ination of the standard scenario. Therefore, the cosmological perturbation evolves differently
from the standard inflation scenario.

We introduce four characteristic scales, ka, kb, kc and kd, where

kx ≡ axHx (1)

corresponds to the comoving scale of the horizon at the era boundary tx. In figure 1, modes with
k< kb remain outside the horizon throughout the thermal inflation eras and are not affected
by thermal inflation. Modes with kb < k< ka enter the horizon during moduli domination, and
their growth is modified. Modes with k> ka enter the horizon before moduli domination and
so probe that unknown era. Modes with k> kd reenter the horizon during flaton domination
and so will be twice modified. Modes with k> kc never exit the horizon throughout thermal
inflation eras.

Now we review the perturbation analysis in [23]. For t≲ ta, the post-inflationary physics of
the reheating and modulogenesis before the moduli domination is unknown. However, for

ta ≪ t< tc , (2)
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Figure 1. The cosmological history of thermal inflation and four characteristic scales.

k≪ ka , (3)

we can study the perturbations based on a simple system of moduli matter (m), thermal radi-
ation (r) and vacuum energy (V0). The energy density and pressure are

ρ= ρm + ρr +V0 (4)

p=
1
3
ρr −V0 . (5)

The scalar part of the metric perturbation is [26]

d̃s
2
= (1+ 2A)dt2 − 2B,i dtdx

i−
[
(1+ 2R)a2(t)δij+ 2C,ij

]
dxi dxj . (6)

We describe the perturbations in moduli and radiation by introducing the gauge invariant
variables

Rδρm ≡R− H
ρ̇m

δρm (7)

Rδρr ≡R− H
ρ̇r
δρr (8)

where Rδρm is the curvature perturbation on constant moduli density hypersurfaces and Rδρr

is the curvature perturbation on constant radiation density hypersurfaces. We get two coupled
equations for scalar perturbations [23]
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R̈δρm +H

(
2+

ρm

ρ+ p+ 2
3q

2

)
Ṙδρm −

1
3
q2
(

ρm

ρ+ p+ 2
3q

2

)
Rδρm

=−
4
3ρr

ρ+ p+ 2
3q

2

(
HṘδρr −

1
3
q2Rδρr

)
, (9)

R̈δρr +H

(
1+

8
3ρr

ρ+ p+ 2
3q

2

)
Ṙδρr +

1
3
q2
(
1−

8
3ρr

ρ+ p+ 2
3q

2

)
Rδρr

=− 2ρm
ρ+ p+ 2

3q
2

(
HṘδρm −

1
3
q2Rδρm

)
, (10)

where q≡ k/a. For ta ≪ t, we have

ρr ≪ ρm (11)

and simplify equations (9) and (10) to

R̈δρm +H

(
2+

ρm

ρm + 2
3q

2

)
Ṙδρm −

1
3
q2
(

ρm

ρm + 2
3q

2

)
Rδρm = 0 (12)

R̈δρr +HṘδρr +
1
3
q2Rδρr = F (13)

with

F=−2

(
ρm

ρm + 2
3q

2

)(
HṘδρm −

1
3
q2Rδρm

)
. (14)

With the adiabatic condition

Rδρm =Rδρr , (15)

Ṙδρm = Ṙδρr = 0 (16)

we solve equations (12) and (13) analytically.
The phase transition of thermal inflation is controlled by the temperature of the radiation

of the Universe. Hence, the curvature perturbation at the end of thermal inflation is equal to
Rδρr and gives the power spectrum by

P(k) = Ppri(k)T 2

(
k
kb

)
(17)

where Ppri(k) is the power spectrum of the primordial inflation and

T
(
k
kb

)
= cos

[(
k
kb

)ˆ ∞

0

dα√
α(2+α3)

]

+ 6

(
k
kb

)ˆ ∞

0

dγ
γ3

ˆ γ

0
dβ

(
β

2+β3

)3/2

sin

[(
k
kb

)ˆ ∞

γ

dα√
α(2+α3)

]
. (18)

is the transfer function summarizing the effects of thermal inflation eras on the evolution of
perturbations.

In this paper, we extend the analysis of [23] to t≲ ta and k≳ ka (in contrast to equations (2)
and (3)) by treating the moduli as simple matter, ρm ∝ a−3. We study equations (9) and (10) in
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the limit k≫ ka in sections 3 and 4. We find numerical solutions for equations (9) and (10) in
section 5 (in comparison with the analytic solution of equation (18) for equations (12) and (13)
in [23]).

3. Perturbation for thermal inflation plus radiation

To model thermal inflation, we first consider the minimal system of radiation and vacuum

ρ= ρr +V0 . (19)

The curvature perturbation on uniform radiation density hypersurfaces satisfies

R̈δρr +H

(
1+

4ρr
2ρr + q2

)
Ṙδρr +

1
3
q2
(
1− 4ρr

2ρr + q2

)
Rδρr ≃ 0 (20)

from equation (10) and we take a growing mode initial condition

Rδρr =R0, Ṙδρr = 0 (21)

well outside the horizon during radiation domination.
We define the moment when thermal inflation begins, tb, by

ä(tb)≡ 0 , (22)

or,

ρr(tb) = V0 . (23)

From the characteristic scale at t= tb

kb = abHb (24)

we introduce new parameters

β ≡ a
ab

(25)

λ≡ k
kb

, (26)

the energy density is parametrized by

ρ(β) = V0
(
1+β−4

)
, (27)

and equation (20) becomes

β2 d
2Rδρr

dβ2 + 2

(
1− 1

1+β4 +
1

1+ λ2

3 β
2

)
β
dRδρr

dβ
+

2λ2β2

3(1+β4)

(
1− 2

1+ λ2

3 β
2

)
Rδρr = 0 . (28)

Nowwe study equation (28) on large scale λ≪ 1 (k≪ kb) and on small scales λ≫ 1 (k≫ kb)
as follows.

3.1. Large scales λ≪ 1

For modes that remain outside the horizon, equation (28) reduces to

β2 d
2Rδρr

dβ2
+ 2

(
2− 1

1+β4

)
β
dRδρr

dβ
≃ 2λ2β2

3

(
β
dRδρr

dβ
+

1
1+β4

Rδρr

)
, (29)
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which has a solution

Rδρr =R0

[
1+

2
3
λ2
ˆ β

0

ξ2dξ√
1+ ξ4

ˆ β

ξ

dη

η2
√
1+ η4

+O
(
λ4
)]

. (30)

3.2. Small scales λ≫ 1

For modes that enter the horizon during radiation domination, we solve equation (28) in two
overlapping regimes:

Radiation domination. For β ≪ 1, the modes start well outside the horizon during radiation
domination and end well inside the horizon during radiation domination. Equation (28)
reduces to

β2 d
2Rδρr

dβ2
+

(
2

1+ 1
3λ

2β2

)
β
dRδρr

dβ
+

2
3
λ2β2

(
1− 2

1+ 1
3λ

2β2

)
Rδρr = 0 , (31)

which has a solution

Rδρr = A1

[√
6

λβ
sin

(√
2
3
λβ

)
− cos

(√
2
3
λβ

)]

+B1

[√
6

λβ
cos

(√
2
3
λβ

)
+ sin

(√
2
3
λβ

)]
. (32)

Matching to the initial condition of equation (21) at β ≪ λ−1 gives

A1 =R0, B1 = 0 . (33)

Well inside the horizon during radiation domination to vacuum domination. For β ≫
λ−1, the modes start well inside the horizon during radiation domination and end well
outside the horizon during vacuum domination.
Equation (28) reduces to(

1+β4
) d2Rδρr

dβ2
+ 2β3 dRδρr

dβ
+

2λ2

3
Rδρr = 0 , (34)

which has a solution

Rδρr = A2 cos

[
λ

√
2
3

ˆ β

0

1√
1+ ξ4

dξ

]
+B2 sin

[
λ

√
2
3

ˆ β

0

1√
1+ ξ4

dξ

]
. (35)

Matching to equation (32) at λ−1 ≪ β ≪ 1 gives

A2 =−A1 =−R0, B2 = B1 = 0 . (36)

4. Perturbations for thermal inflation plus radiation and matter

To model the primordial thermal bath, the moduli generated thereby, and thermal inflation, we
consider a system of radiation, matter and vacuum

ρ= ρr + ρm +V0 = ρ0

(aa
a

)4
+ ρ0

(aa
a

)3
+V0 , (37)
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Figure 2. The ratios ka/kb and aa/ab as a function of υ.

where subscript ‘a’ indicates the moment when the matter energy density surpasses the radi-
ation energy density. We describe the changes of three phases in the thermal inflation scenario
by equation (37). The primordial inflation is followed by radiation-dominated phase, and then
moduli dominates over the Universe leaving a matter phase. Thermal inflation occurs to dilute
the moduli matter and drives a vacuum domination. However, equation (37) could lead to two
phases—radiation and vacuum phases for V0/ρo ≫ 1 as follows.

We introduce a useful parameter

υ ≡ V0

ρ0
(38)

which is the ratio of vacuum energy to radiation at matter-radiation equality. The moment
when thermal inflation begins, tb, is found by

ä(tb)≡ 0 , (39)

giving

2

(
aa
ab

)4

+

(
aa
ab

)3

− 2υ = 0 (40)

and

(2+ υ)

(
kb
ka

)2

=

(
ab
aa

)2
[(

aa
ab

)4

+

(
aa
ab

)3

+ υ

]
, (41)

where

ka = aaHa (42)

and kb = abHb is already given in equation (24). From equations (40) and (41), the relations
between υ, aa/ab and ka/kb are fixed by the value of υ in figure 2.

For υ ≪ 1, equations (40) and (41) produces asymptotic formulae

aa
ab

≃ (2υ)
1
3 ,

ka
kb

≃
(

25

33υ

) 1
6

, (43)

8
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Figure 3. A diagram showing the evolution of horizon scales for υ ≪ 1. The character-
istic scales ka and kb are shown with the phase evolution.

implying aa ≪ ab and kb ≪ ka. In this case, we have a radiation phase initially at a≪ aa,
a matter phase at aa < a< ab, and then a vacuum phase at a> ab in figure 3. These three
phases mimic the eras after primordial inflation in thermal inflation scenario. In this limit,
equation (37) gives ρr(ab)≪ ρm(ab), and it reduces to the case of [23].

For υ ≫ 1, equations (40) and (41) produces asymptotic relations

aa
ab

≃ υ
1
4 ,

ka
kb

≃
(υ
4

) 1
4
, (44)

implying ab ≪ aa and kb ≪ ka. In this case, we have a radiation phase initially at a≪ ab which
turns into a vacuum phase at a= ab. At a= aa, however, equation (37) gives ρm + ρr ≪ V0

leaving a vacuum phase. Hence, equation (37) describes only two phases of radiation and
vacuum in figure 4. In this limit, equation (37) gives ρr(ab)≫ ρm(ab), and it clearly becomes
the case of thermal inflation plus radiation discussed in the previous section.

We take the adiabatic growing mode as the initial condition

Rδρm =Rδρr =R0, (45)

Ṙδρm = Ṙδρr = 0 (46)

well outside the horizon during radiation domination.
We rewrite the equations by introducing new parameters

α≡ a
aa

, (47)

κ≡ k
ka

. (48)

9
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Figure 4. A diagram showing the evolution of horizon scales for υ ≫ 1. The character-
istic scales ka and kb are shown with the phase evolution. Note that matter-domination
phase from equation (37) does not exist.

Then equation (10) becomes

α2 d
2Rδρr

dα2
+ 2

(
1+

1

1+ 3
4α+ 2+υ

6 κ2α2
−

1+ 3
4α

1+α+ υα4

)
α
dRδρr

dα

+

(
2+ υ

3
κ2α2

)(
1

1+α+ υα4

)(
1− 2

1+ 3
4α+ 2+υ

6 κ2α2

)
Rδρr

=−3
2

(
α

1+ 3
4α+ 2+υ

6 κ2α2

)[
α
dRδρm

dα
−
(
2+ υ

3
κ2α2

)(
1

1+α+ υα4

)
Rδρm

]
,

(49)

and equation (9) becomes

α2 d
2Rδρm

dα2
+

(
3+

3
4α

1+ 3
4α+ 2+υ

6 κ2α2
−

2+ 3
2α

1+α+ υα4

)
α
dRδρm

dα

−
(
2+ υ

3
κ2α2

)(
1

1+α+ υα4

)( 3
4α

1+ 3
4α+ 2+υ

6 κ2α2

)
Rδρm

=−

(
1

1+ 3
4α+ 2+υ

6 κ2α2

)[
α
dRδρr

dα
−
(
2+ υ

3
κ2α2

)(
1

1+α+ υα4

)
Rδρr

]
.

(50)

10
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Now we study the asymptotic behaviors of equations (49) and (50) for both υ ≪ 1 and υ ≫ 1
on large scale κ≪ 1 (k≪ ka) and on small scales κ≫ 1 (k≫ ka) as follows.

4.1. Large scales κ≪ 1

We consider the cases of υ ≪ 1 and υ ≫ 1 separately in the large scale limit. For

υ ≪ 1 , (51)

and for the late time

α≫ 1 , (52)

Equations (9) and (10) become

(
α+ υα4

) d2Rδρr

dα2
+

1
2

(
1+ 4υα3

) dRδρr

dα
+

2
3
κ2Rδρr

=−3
2

(
1

3
4α+ 1

3κ
2α2

)[(
α+ υα4

) dRδρm

dα
− 2

3
κ2αRδρm

]
(53)

α2 d
2Rδρm

dα2
+

(
3+

1

1+ 4
9κ

2α
−

3
2

1+ υα3

)
α
dRδρm

dα

−

(
2
3κ

2α

1+ υα3

)(
1

1+ 4
9κ

2α

)
Rδρm = 0 , (54)

which have solutions

Rδρr = Acos

[√
2
3
κ

ˆ α

αi

dξ√
ξ + υξ4

]
+Bsin

[√
2
3
κ

ˆ α

αi

dξ√
ξ + υξ4

]

+
9
2

ˆ α

αi

dξ

√
2
3κ√

ξ + υξ4
sin

[√
2
3
κ

ˆ α

ξ

dσ√
σ+ υσ4

][
Rδρm(ξ)−C

κ2ξ

]
, (55)

where αi ≪ 1 is the initial value, and

Rδρm = C

[
1+

2
3
κ2

√
1+ υα3

α3

ˆ α

0

(
ξ

1+ υξ3

) 3
2

dξ

]
+D

√
1+ υα3

α3
. (56)

Matching to the initial conditions of equations (45) and (46) at α≪ κ−2 gives

A=R0, B= 0, C=R0, D= 0 (57)

reproducing the result of [23].
For υ ≫ 1, we return to the case of thermal inflation plus radiation, and equations (9)

and (10) reduce to equation (20) giving equation (30) as the proper solution.

4.2. Small scales κ≫ 1

We study the cases of υ ≪ 1 and υ ≫ 1 together in the small scale limit. For modes that enter
the horizon during radiation domination, we solve equations (49) and (50) in two overlapping
regimes:

11
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Radiation domination. For α≪min(1,υ− 1
4 ), equation (49) becomes

α2 d
2Rδρr

dα2 +

(
2

1+ 2+υ
6 κ2α2

)
α
dRδρr

dα
+

2+ υ

3
κ2α2

(
1− 2

1+ 2+υ
6 κ2α2

)
Rδρr = 0 , (58)

whose solution is given by

Rδρr = A1

[√
3

2+ υ

(
2
κα

)
sin

(√
2+ υ

3
κα

)
− cos

(√
2+ υ

3
κα

)]

+B1

[√
3

2+ υ

(
2
κα

)
cos

(√
2+ υ

3
κα

)
+ sin

(√
2+ υ

3
κα

)]
. (59)

Matching to the initial conditions of equations (45) and (46) at α≪min
(
κ−1,κ−1υ− 1

2

)
gives

A1 =R0, B1 = 0 . (60)

Well inside the horizon during radiation domination to vacuum domination. For α≫
min(κ−1,κ−1υ− 1

2 ), equation (49) becomes(
1+α+ υα4

) d2Rδρr

dα2
+

1
2

(
1+ 4υα3

) dRδρr

dα
+

(
2+ υ

3

)
κ2Rδρr = 0 , (61)

whose solution is given by

Rδρr = A2 cos

(√
2+ υ

3
κ

ˆ α

0

dξ√
1+ ξ + υξ4

)

+B2 sin

(√
2+ υ

3
κ

ˆ α

0

dξ√
1+ ξ + υξ4

)
. (62)

Matching to equation (59) at min(κ−1,κ−1υ− 1
2 )≪ α≪min(1,υ− 1

4 ) gives

A2 =−A1 =−R0 , B2 = B1 = 0 . (63)

For υ ≫ 1, we can show that equation (62) becomes equation (35) by using the relation
of equation (43).

In the next section, we construct the asymptotic forms of transfer function from the prim-
ordial inflationary to thermal inflation power spectrum by using the results of equations (30)
and (62) for υ ≫ 1 and equations (55) and (62) for υ ≪ 1 to study the numerical solution of
equations (49) and (50) for various values of υ.

5. Transfer functions

We take the adiabatic condition to calculate the density perturbation in equations (45) and (46).
The effects of thermal inflation is summarized by the curvature perturbation on the radiation
density hypersurfacesRδρr as

T (k)≡ Rδρr(k,∞)

Rδρr(k,0)
. (64)

12
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Figure 5. Transfer functions of the thermal inflation scenarios with various values of υ
as a function of k/kb.

For thermal inflation and radiation, we find the asymptotic form of the transfer function from
equations (30) and (35). On large scale, it is almost scale-invariant and has slight enhancement
at k≃ kb,

T (k)
k≪kb−−−→ 1+µ0

(
k
kb

)2

, (65)

where

µ0 =

ˆ ∞

0

ξ2dξ√
1+ ξ4

ˆ ∞

ξ

dη

η2
√
1+ η4

≃ 0.2393 . (66)

On small scales, it is sinusoidal with an amplitude of unity,

T (k)
k≫kb−−−→−cos

[
µ1

(
k
kb

)]
, (67)

where

µ1 =

√
2
3

ˆ ∞

0

dβ√
1+β4

=
Γ
(
1
4

)2
2
√
6π

≃ 1.5139 . (68)

For thermal inflation, radiation and matter, the transfer function for υ ≪ 1 becomes

T (k) = cos

[(
k
kb

)ˆ ∞

0

dξ√
ξ (2+ ξ3)

]

+ 6

(
k
kb

)ˆ ∞

0

dη
η3

ˆ η

0
dζ

(
ζ

2+ ζ3

) 3
2

sin

[(
k
kb

)ˆ ∞

η

dξ√
ξ (2+ ξ3)

]
(69)

from equation (55), which is exactly the same form of [23].
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Figure 6. Transfer functions of the thermal inflation scenarios with various values of
υ ≲ 1 as a function of k/ka.

On large scales that remain outside the horizon, the transfer function goes to

T (k)−→ 1+ ν0

(
k
kb

)2

, (70)

where

ν0 =

ˆ ∞

0
dα

(
α

2+α3

) 3
2

=
27/3π3/2

33/2Γ
(
1
6

)
Γ
(
1
3

) ≃ 0.3622 . (71)

On smaller scales that enter the horizon duringmatter domination, kb ≪ k≪ ka, the transfer
function goes to

T (k)−→−1
5
cos

[
ν1

(
k
kb

)]
, (72)

where

ν1 =

ˆ ∞

0

dα√
α(2+α3)

=
Γ
(
1
6

)
Γ
(
1
3

)
21/33

√
π

≃ 2.2258 . (73)

On much smaller scales that enter the horizon during radiation domination, k≫ ka,
equation (62) gives the transfer function as

T (k)−→−cos

[
τ0(υ)

√
2+ υ

3

(
k
ka

)]
≃

−cos
[
ν1

(
k
kb

)]
for υ ≪ 1

−cos
[
µ1

(
k
kb

)]
for υ ≫ 1

, (74)

where

τ0(υ) =

ˆ ∞

0

dα√
1+α+ υα4

≃

2
1
3 ν1υ

− 1
6 − 2+O

(
υ

1
6

)
for υ ≪ 1√

3
2µ1υ

− 1
4 − 1

4υ
− 1

2 +O
(
−υ

3
4

)
for υ ≫ 1

. (75)
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The transfer functions are plotted with k/kb in figure 5, and they are consistent with the
asymptotic forms of equations (65), (70), (72) and (74). In figure 6, the transfer functions for
υ ≲ 1 are plotted with k/ka, and we can find the envelop of the amplitude of transfer functions

Tenv(k)≃
0.2+ 0.396

(
k
ka

)1.093
1+ 0.396

(
k
ka

)1.093 −→


0.2, kb < k≪ ka
0.427, k≃ ka
1, ka ≪ k

. (76)

Note that the oscillating part with the amplitude of 0.2 can be found only for υ ≪ 1. At k≃ ka,
the envelop is more precisely approximated by

Tenv(k)−→ 0.427+ 0.422log10

(
k
ka

)
. (77)

6. Conclusion

In this paper, we model density perturbations for thermal inflation by considering a multi-
component system of radiation, matter and vacuum energy ρ= ρr + ρm +V0. The transfer
function converting the primordial power spectrum to the model prediction is calculated by
tracing the linear evolution of their curvature perturbations in figures 5 and 6. The value of
υ ≡ V0/ρ0 is a key parameter governing the shape of transfer functions. υ adjusts the relative
ratio between matter and radiation energy densities at the beginning of the second (thermal)
inflation. The system equivalently reduces to the case of [23] for υ → 0 and to the case of
vacuum and radiation for υ →∞.

For υ < 1.5 (see figure 2), we considered the following three kinds of modes: first, the
largest modes with k< kb are always beyond the horizon and their curvature perturbation also
remains constant leaving T ≃ 1. Second, the intermediate modes with kb < k< ka come into
the horizon during moduli matter domination and exit the horizon during thermal inflation. For
these modes, perturbations are enhanced by T ≃ 1.3622 at k≃ kb and suppressed by |T | → 1

5
on smaller scales k≫ kb. Third, the smallest modes with k> ka enter the horizon during radi-
ation domination and exit during thermal inflation. These modes are inside the horizon at radi-
ation domination before the moduli domination and so behave oscillating with the amplitude
|T | → 1.

For υ ≫ 1, the matter component is negligible compared to the radiation at the beginning
of thermal inflation. The transfer function is constant on large scales k< kb, enhanced as T ≃
1.2393 at k≃ kb, and then have sinusoidal oscillations with an amplitude of unity at k≫ kb.

Note that the characteristic scale kb is estimated by

kb ≃ 103Mpc−1

(
e20

eN

)(
V

1
4
0

107GeV

) 2
3 (

Td
GeV

) 1
3

(78)

where N is the e-folds during thermal inflation, the vacuum energy for thermal inflation is

103GeV≪ V
1
4
0 < 1011GeV, and the reheating temperature for the radiation domination is

10−2GeV≲ Td ≲ 102GeV in [23, 25], and ka/kb ≲ 10 if 10−4 ≲ υ ≲ 104 in figure 2. Hence,
the changes in the transfer functions according to the value of υ could be explored by small-
scale observations including CMB spectral distortions [24], the substructure of galaxies [25,
27, 28], and the 21 cm hydrogen line [25, 29]. Our results can be applied to the calculation for
the density perturbations in multiple inflation scenarios [28, 30, 31].
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In this work, we assume the moduli is a simple matter approximated by ρm ∝ a−3 as a
baseline model of thermal inflation. The moduli field oscillates around the minimum affecting
perturbations during its generation and domination, but its detailed dynamics could not be cap-
tured in our assumption. We leave full consideration of moduli dynamics and its observational
implications as a future work.
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