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ABSTRACT

RANDOMIZATION OF CERTAIN OPERATORS IN HARMONIC
ANALYSIS

In this thesis, we study the Hardy-Littlewood majorant problem randomized via
stochastic processes. Stationary processes, random walks and the Poisson processes are
used for randomization, and we show the Hardy-Littlewood majorant property holds al-
most surely for deterministic sets perturbed by these processes. We also perturb a very
large class of sparse sets, including the Green-Ruzsa set by Poisson processes and demon-
strate that the Hardy-Littlewood majorant property remains valid up to a negligible prob-
ability. Additionally, we investigate how randomization affects the expected values of
L*>-norm and L*-norm of an exponential sum whose frequencies constitute an arithmetic
progression of larger step size. Furthermore, we estimate the expected value of the L"-
norms, n € 2N of exponential sums whose frequencies are randomized via Poisson pro-
cesses, and these norms can be interpreted as lattice points in regions or solutions of

diophantine equations in an average sense.



OZET

HARMONIK ANALIZDEKI BAZI OPERATORLERIN
RASTSALLASTIRILMASI

Bu tezde, stokastik siirecler aracilifiyla rastsallagtirllmig Hardy-Littlewood ma-
jorant problemi calisilmistir. Rastsallastirma i¢in duragan siiregler, rastgele yiiriiyiisler
ve Poisson siiregleri kullanilmis ve bu siireclerle pertiirbe edilmis deterministik kiimeler
icin Hardy-Littlewood majorant 6zelliginin neredeyse kesin olarak gecerli oldugu gos-
terilmigtir. Poisson siirecleri ile Green-Ruzsa kiimesi de dahil olmak iizere ¢ok biiyiik
bir seyrek kiime smifini pertiirbe edilmistir ve Hardy-Littlewood majorant 6zelliginin
ihmal edilebilir bir olasilikla gecerliligini siirdiirdiigii gosterilmistir. Ayrica, frekanslari
daha biiyiik adim boyutuna sahip bir aritmetik ilerleme olusturan bir iistel toplamin L2-
normu ve L*-normunun beklenen degerlerinin rastsallastirmadan nasil etkilendigi incelen-
migtir. Dahasi, Poisson siirecleriyle rastsallagtirilmig frekanslara sahip iistel toplamlarin
L"-normlarinin, n € 2N, beklenen degeri kestirilmis ve bu normlar, ortalama anlamda,
bolgeler lizerindeki tam say1 koordinatli noktalar veya diyofant denklemlerinin ¢oziimleri

olarak yorumlanir.
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CHAPTER 1

INTRODUCTION

Hardy-Littlewood conjectured that for all p € [2, 00), there exists a positive con-
stant K, such that for any set I' C {1,2,...,M}, M € N and any sequence (a,),ca Of

complex numbers with the condition sup |a,| < 1 we have

neA
‘ ' § a, eZmnx

< Kp” Z e27rmx
Lr(T)
nel’ nel’

see (Hardy and Littlewood, 1935, 304-308). This conjecture is referred to as the Hardy-

(1.1

T’

Littlewood majorant problem in the literature, and the majorant property is the property
that the inequality (1.1) holds. Many contributions have been made to this problem over
the years. We now give details of these contributions in order.

First, Hardy and Littlewood pointed out that for even integer exponents p, one
trivially has K, = 1 due to Parseval’s identity. They also observed that if K3 exists, then
it must be greater one . To see this, let g(x) = 1 + se*™* — bs>e®™* where b is a positive
real number and s is a sufficiently small positive real number. Let Q(x) = g(x)*/?. By the

Taylor series expansion of Q(x) up to the third power, we have

Q(X) :(1 + SeZm'x _ bs3e67riX)3/2

3/2 . . 3/2 . _
=1 +( { )(Sebrtx_bs3e6mx>+( é )(Se2mx_bs3e6mX)2

3/2 ; '
+( é )(sez’”x — bs’e™™) + ...

2 , , 2(3/2 -1 . )
=1+ %(Seﬂ'tx _ bs3e6mX) + 3/ (32/‘ )(S62mx _ bsSeGmX)Z
3/2 3.2—1 3/2-2 . -
+ / ( / )( / )(S€2ﬂlx—bs3€6mx)3+"'

3!
=1+ 3/25”™ +3/8s%"™ — (1/16 + 3b/2)s° "™ + - - .



Then

1 1
[ teworax= [ owpax
0 0

1
=£Q®@Wx

:fol

(1 T 3/25072% 4 3/85%7 T — (1/16 + 3/2b)57e T 4 - . )]dx

(1 +3/25¢2% 4 3185265 — (1/16 + 3/2b) s + - ) (1.2)

=1+ §s2+ %s4+(1/16+3b/2)zs6+---

By choosing b = 1 and using (1.2) we see that ||g(x)||s 1s greater than ||G(x)||3, where
G(x) = 1 + se¥* + bs*e%* and hence ||g(x)||3/[|G(x)|lz > 1.

Later on, (Boas, 1962, 255) proved that if K, exists for every p > 2 that is not
an even integer then it must be greater than one. Boas used a method similar to the one
Hardy and Littlewood used to show K3 > 1. Let g;(x) = 1 + se*™™ — ys*e®™* where
k > 3 1s an integer, 2k — 4 < p < 2k — 2 and s > O 1s sufficiently small. By Taylor series

expansion of Q(x) = g;(x)”/? up to k-th power, we have

Q(x) = (1 + 5*™ — ys* ™12 =1 1 d)(se*™ — ys'e™™™) + dy(se”™ — ys e ) + ...
+d(se¥ — yskeP Nk L o5
=1 +d, s + drs?e™* + .-« + (d, — dlxl)skey‘””‘

+O(s5h).



Then

1
lgill? = f g1(x)Pdx
0

1
_ f 0(0Pdx
0

1
= fo O(x)0(x)dx

:fol

=1+ d%sz + d§S4 + o+ (dy - dl,y)ZSZk + O(S2k+2).

(1.3)

(1 + dy5¢”™ + dr 5?4 - 4 (dy — dyy)sFeP + O(sk”))

(1 +dyse” ™ + dys?e ™ oo 4 (dy — dyy)rFe T 4 O(Sk“))]dx

Since k > 3 is an integer and 2k — 4 < p < 2k — 2, we have

0.

d = p/2\ _ pl2(p/2-1)(p/2-2)---(p/2 - k+1) -
Tk !
If we take y = —dy/d,, where d, = p/2 > 0 then from (1.3) we see that ||g;(x)|, is greater

than ||G;(x)|l,, where G(x) = 1 + se*™* + yske®** and hence ||g; (x)||,/IIG1(x)ll, > 1.

1.1. Failure of the majorant property

Bachelis proved that the majorant property fails for each p ¢ {2,4, ...} by showing
that the constant K, in (1.1) grows without bound as [l — oo (Bachelis, 1973, 121). To
do this, Bachelis applied a technique, which is introduced to him by Yitzhak Katznelson.
First, observe that if fi(x) and f,(x) are integrable functions on [0, 1], and if f;(x) is a

periodic function with the period one then we have

1 1 1
}Lm f Si) fa(tx)dx = f Si(x)dx f J2(x)dx. (1.4)
*Jo 0 0

Let 3(x) = g1(x)g1(¢x) and G(x) = G1(x)G,(tx) where g;(x) and G,(x) are given as above.

Since the absolute values of the coefficients of g(x) are less than those of G(x), the same



holds for g(x) and G(x). Then using (1.4) and Boas’s result above we obtain

18I, S 2
||G(x)||p

for sufficiently large ¢, where C > 1. Continuing in this manner, we see that the constant

K, can not exist.

1.2. The quantitative behaviour of the constant K,

Even though the Hardy-Littlewood majorant property does not hold for all p > 2,
there has been interest in studying the behaviour of the constant in (1.1) to quantify this

failure. For this purpose, let us define

K,(M):= sup K,(I),
1,2,...M}

i

where
2minx

T
lan|<1

H Z o eZninx
n

One of the main reasons to pay attention to the quantitative behaviour of K,(M) is

Lp(T)

K,([I') =

Lr(T)

its connection with restriction conjecture for the Fourier transform in harmonic analysis.
Localized version of this conjecture can be stated as follows. Let f be a smooth function
on the unit sphere S~! € R? with ||f|le < 1. Then for each &€ > 0 and all p > 2d/(d — 1)

there is a constant B, , such that

lfdollrsry) < BapR®,

where B(R) is the closed ball centered at the origin on R and o is the rotational invariant
measure on the unit sphere. In light of (Mockenhaupt, 1996, 25-30), if we can show
that K,(A) <,. M? for certain sets A C {1,2,..., M}, then local restriction conjecture
immediately follows. Mockenhaupt also proved that K,(M) has a lower bound M¢/ lcgloeM

for all p € (2,4), where c is some positive constant (for details, see (Mockenhaupt, 1996,



1-56)).

Now it is natural to ask whether for any p > 2 and any £ > 0 we have
K (M) <, M? (1.5)

or not. This question can be considered as a relatively less strong version of the Hardy-
Littlewood majorant problem.

The inequality (1.5) was disproved by (Green and Ruzsa, 2004, 513) for p = 3,
that is, there exists a constant @ > 0 such that K3(M) > M®. Furthermore, it was disproved
by (Mockenhaupt and Schlag, 2009, 1194) for each p > 2 that is not an even integer. To be
more precise, for a large enough M there is a positive constant y,, a sequence r7; € {—1, 1}

and a frequency set A = [0, M] N Z such that we have

” Z nje27rinx > M7» Z eZﬂin}c
P

neA neA

p

1.3. The majorant problem in combinatorial problems

Hardy-Littlewood majorant problem appears in some combinatorial problems as
well. (Green, 2005, 1610) proved that for the set of the form Py, = PN [1,M] and p > 2,

where P denotes the set of prime numbers we have

E a, eZmnx

nePy

sup

b
lanl<1 LD

< Kp” Z eZmn}c
M nep,
M

for some constant K, > 0 that depends only on p. Ben Green used a different form of

this result for p = 5/2 to prove that every subset A of P with positive upper density, i.e.

[ANPy|
[Puml

In (Krause et al., 2016, 168), the authors constructed a wide class of sparse deter-

lim sup,,_,, > 0 includes a nontrivial arithmetic progression of length three.

ministic sets A C N with zero upper density and showed that Hardy-Littlewood majorant



property holds on these sets, that is, we have

sup H Z aneZm'nx < Kp” Z e27rinx
LP(T)

lanl<1™ e AR[T, M) neAn[1,M]

Lty

where p > pa. Here, the upper density of a set A C N is defined by

: IANT[L M
lim sup ———.
M—oo M

Piatetski-Shapiro primes of type y < 1(y is close enough to 1) are given by
P,=Pn{n']:neN}

These sets are called thin subsets of primes. Leonidas Daskalakis introduced the sets
of primes Pg, which can be seen as generalized Piatetski-Shapiro primes (for details,
see (Daskalakis, 2024, 114)). On these sets, Leonidas Daskalakis showed that Hardy-

Littlewood majorant property holds. More precisely, let ¢; € [1,16/15), ¢, € [1,17/6)

62-62y
16y1+17y,-32 "

for any M € N and any (a,),cn sequence of complex numbers such that |a,| < 1 for all

and p > 2 + There exists a positive constant C = C(p, hy, hy,¥) > 0 such that

n € N, we have

‘ ‘ Z aneZRtnx < C ‘ ‘ Z eZmnx
Lr(T)

nePpN[1,M] nePpN[1,M]

LTy

1.4. The majorant problem in d-dimesional space

A d-dimensional, slightly different version of the Hardy-Littlewood majorant prop-
erty has been investigated in (Gressman et al., 2023, 146—-147). The authors refer to this

as the strict majorant property, which is defined as follows.

Definition 1.1 Let T C Z¢ and p > 0 be given. The strict majorant property on LP(T?) is



the property that the inequality

” § an62mn~x

nell

< H Z AneZm'rrx
LP(T?) = LP(T4)

holds for any real sequences (a,),er and (A,)ner with la,| < A,.

This problem is considered for affinely independent sets.

Definition 1.2 Let m € Z¢ and let (1, m) be a vector in Z*'. A set A C Z% is said to be

affinely independent if A = {(1,m) € Z™" : m € A} is a linearly independent set in 7*".

Let us give an example of an affinely independent set to make it more understandable. Let
A ={(1,0,0),(0,1,0),(0,0, 1),(1,1,0)} € Z°,

and
A ={(1,1,0,0),(1,0,1,0),(1,0,0, 1),(1,1, 1,0)}.

Let M be a matrix whose rows consist of elements of A. Since det(M) = 1 # 0, A is
affinely independent set.

The authors showed that the strict majorant property holds for affinely independent
subsets of d-tuples of integers, that is, for an integer d > 1, a non-empty set I' C Z¢
satisfies the strict majorant property on L(T¢) for every p > 0 if and only if T is affinely
independent. Moreover, if I is not affinely independent, there is a non-negative integer k,

and real sequence (a,),cr such that for every p € (2k, 2k + 2), we have

H Z |Cl |627rin-x
n

nel’

< H Z aneZmn-x )
LP(Td) 7 LP(Td)
ne

Particularly, the strict majorant property holds for each set I' C Z? provided that the

number of elements of T is at least d + 2.



1.5. A probabilistic approach to the majorant problem

Although (1.5) does not hold in general Mockenhaupt and Schlag approached
this problem differently. This problem was considered for random sets of integers ' C
{1,2,..., M} of size M7, 0 <y < 1 and it was shown that the majorant property is almost
surely valid for these sets. Before we present how Schlag and Mockenhaupt did this
randomization, we briefly summarize their work. We start with explaining where the size
restriction on a set I' comes from. By using Hausdorff-Young’s inequality and the basic

> |[[|M~"? we have
p

2minx

lower bound “ Duner €

(1.6)

i 13

sup

lan|<1

§ ane2mnx
nel’

Therefore the desired size restriction follows from (1.6).

For any odd integer p > 2, it was shown in (Mockenhaupt and Schlag, 2009, 1191)

that
sup 2mnx H Z 2rinx H Z 2ninx ] (17)
lanl<1 2(p-1)
If we suppose that
H Z eZﬂinx H Z e2m'nx p-1 < CSMS Z eZm’nx P (18)
2 2(p—-1) P
nel’ nel’

nell

for any € > 0 then clearly the inequality (1.5) holds.
For the set of squares if p = 3m + 1 for m € N then it was observed in (Mocken-

haupt and Schlag, 2009, 1192—1193) that (1.8) holds, and hence we have

M
§ eZﬂinzx

n=

M
)
sup § aneZmn X
P

lan|<1 n=1

< C.M?°

p

The final argument is to plug random sets into the majorant problem. Let us

consider the following random set defined by

[w) ={nefl,2,....M}| §(w) = 1}, (1.9)



where &,’s are independent identically distributed selector variables satisfying P(¢, = 1) =
a=1-P¢, =0)for 0 < a < 1. In other words, the set (1.9) is actually constructed by
choosing every integer from the set {1,2, ..., M} with the same probability.

It was shown in (Mockenhaupt and Schlag, 2009, 1193) that

" x a?MP + (aM)P? (1.10)

p

EH Z eZmnx

nel(w)

for p > 2. Observe that, if we take « = M »~ then the right-hand side of (1.10) equals
to 2M. From this the inequality (1.8) holds and so does the inequality (1.5). But the
inequality (1.8) does not hold except for @ = M !

Schlag and Mockenhaupt managed to show that the majorant property holds on
the set I'(w) where @ = M and 0 < 6§ < 1, up to a negligible probability. To be more

explicit we have for any € > 0

PI:SUP Z an€27rinx e > ME Z eZninx

lanl<1™ e (w) nel(w)

Lr(T)

as M — co. One can find more details in (Mockenhaupt and Schlag, 2009).

1.6. Main results of the first part

In the first part of this thesis, we perturb deterministic sets by stationary processes,
Poisson processes and simple random walks and obtain the following theorems respec-

tively.

Theorem 1.1 Let {X;}ciy be a stationary process taking only integer values. Let the prob-
ability mass function of the random variables in our process be denoted by u : Z — R.

Let A C N be any finite nonempty subset. Then for any 1 < p < oo and any € > 0 we have

|A|p Sy,p EH Z eZﬂinj

JeA

E sup Z a;e”™%

lajl<1 ' 4

"< ap, (1.11)
p

P
s

" S B e (1.12)
p JeA p



lim P| su
|A]—00 [ |aj|£

§ aj€2mij
A

> |Af°
P

§ eZni X

JEA

p] = 0. (1.13)

Analogues of these results for p = oo also hold.

Let us consider the following heuristic argument. A stationary process repeats
the same values with the same probabilities. Therefore the exponential sum in (1.11)
behaves like a an |A|-fold sum of the same exponential e¢*™*/- The above result gives a
confirmative answer to this heuristic. From this we obtain (1.12) and (1.13) immediately.
(1.12) means that the Hardy-Littlewood majorant property holds on an average sense and
(1.13) is indeed the Hardy-Littlewood majorant property for generic sets as in the contexts
of Schlag-Mockenhaupt.

We need to consider the set A to be of interval form for Poisson processes. Since
the analogue of (1.11) in this case does not hold, that is the left hand side depends not
only on the cardinality but on the structure of the set. In spite of this technical difficulty

we also prove the analogue of Theorem 1.2 for the set A, 2 < p < 4.

Theorem 1.2 Let {N(t)},>0 be a Poisson process of intensity 1. Then for any 2 < p < oo

we have
M P
E” Z ez’”yN(/)Hp ~, MP7!, (1.14)
J=1
M p M P
Bsup || Y a0 5, B 3 oo (1.15)
|a|§] P P — P
= ]_1
M p M p
tim 2| sup || 3 @, > me| 000 "] < o, (1.16)
M—oo lajl<1 o )4 = p

Analogues of these results for p = oo also hold.

Since E[N(j)] = V[N(j)] = J, heuristically we have N(j) ~ j with high probability

and using this we can guess (1.14).

Theorem 1.3 Let {N()};>0 be a Poisson process of intensity 1. Let d > 1 be an integer.
Let A C N be a finite nonempty subset. Then for any 2 < p < 4 we have

o AP 1og™*(1 + |Al)  ford =2
AP < EHZe2myN(Jd) b < & (1.17)

jeA P |A|P/? ford > 3,

10



CelAlsEH ZjeA eZﬂin(jd)'|p ford =2
p

E sup Zajez”’yN(jd) g <p i (1.18)
st | & P B £ ey e ford >3,
p
a||P
lim P| su a; >N )H 2’”yN(fd)H = 0. 1.19
|A]—o0 [| |£ Z p] ( )

JEA JjEA

Let us explain the relation between Chang’s conjecture and the above theorem.
Since the inequality (1.17) is obtained for an arbitrary A C {1,2,..., M}, Chang’s con-
jecture holds in an average sense. We refer to Section 1.12 for more details about this

conjecture.

Theorem 1.4 Let {R())}jez, be a simple random walk. Then for any 2 < p < oo we have

M
2mivR(j)||” -1/2
EHZe iy (J)H ~, MP 2 (1.20)
—1 P
M M

Bsup | Y a0 5, B S eoro|”, (1.21)

jajis1 I 4 P = P

M p M p
lim P[ sup Z a,-ez”’yR(")H > M? Z ez”’yR(-’)H ] =0. (1.22)

M—co | |<1 - ? V4 j:l p

Analogues of these results for p = oo also hold.

Since E[|R(j)|] # vj and V[R(j)] = j, heuristically we have |R(j)| ~ +/j with high
probability and using this we can guess (1.20).
If for a process X(j) we have X(j) ~ j'=®, 0 < a < 1 with high probability, then

we may see this as a value being repeated M* times, and write

lar

EHZ 2myX(])H ~ EHMa Zmy]” ~ Mpr(p H(l-a) _ = MP~ 1+a (123)

and this is a very effective heuristic to guess what happens for other processes.

Next we consider the Green-Ruzsa set in (Green and Ruzsa, 2004) defined by

k-1
Apx={ ) d;D'| d;€{0,1,3}},
Jj=0
11



for any integer D > 5 and k € N. We perturb this set via the Poisson process, and then
investigate the Hardy-Littlewood majorant property on this set. Indeed, it stems solely
from the sparsity of this set. Thus the following theorem is obtained for a very large class

of sparse sets.

Theorem 1.5 Let {N(t)};>0 be a Poisson process of intensity 1. Let A C N U {0} be a finite

nonempty subset such that for any N € N,n € Z

|AN[n-Mn+ M| <CaM°,

with Cy is a constant that depends only on A. If « < 1/3 for any 2 < p < 4 we have

(|
Ar2 <E|| 3 o <, 1407, (1.24)
JjeA P
RNT] N
Bsup | D a0 <, c, B S oo (1.25)
lajl<1 ™ A b jeA b
lim P[ sup Zajez’”yN(”H > A Z ez’”yN(’)H ] =0, (1.26)
|A]—o0 laji<1 "' 4 p A p

where the limit is taken over A for which sup, C4 < co and sup, a < 1/3.

1.7. Norms of random trigonometric polynomials

In d-dimensional space, a random trigonometric polynomial is defined by

fG) = ) Xaae™,  xe[0,11,

ACZ!

where A is finite subset, a, € C, n = (ny,n,,...,ny) and {X,},ca 1s a sequence of indepen-

dent identically distributed random variables

Definition 1.3 A sequence {&,},cn of random variables is called a Rademacher sequence

if €,’s are independent identically distributed random variables satisfying

1 1
Ple,=1) = 3 and Ple, =-1) = 5

12



Especially, L*-norm of random trigonometric polynomials has been studied through-

out the years. For the given random trigonometric polynomial

N
P(x) = Z &,a, cos(nx + ¢,),
n=0
where €1, ¢&,,...,¢&, 1S Rademacher sequence and {¢,} is a sequence of real numbers,

(Salem and Zygmund, 1954, 245-248) showed that

P(||P||OO <[> @log N]”Z) (1.27)

is approximately 1 when N or A is big enough. One of the immediate result of (1.27) is
significant. Let ay, a, . . ., a, be complex numbers and {&,}"_, be a Rademacher sequence.

Then L®-norm of .

F0) =) saae™

n=1

less than or equal to C(3Y_, |a,> log N)!/?, where C > 0. In other words,

N 1/2
Zmﬂ%ﬂ
n=1

P[Ilflloo <C

is almost equal to 1 for a sufficiently large number N.
Salem and Zygmund’s result was extended to a more general sequence of random
variables by (Kahane, 1985, 69-72) , namely a sequence of independent random variables

{£,}, which satisfies the condition E(e*") < e*"/2, and obtained the following result.

Theorem A Let us consider a random trigonometric polynomial

P(0) = ) &uful),

where f, are real or complex trigonometric polynomials of degree less than or equal to

13



N, {&,} is subnormal sequence, and }, is finite sum. We have
1/2 1
2(IPle > C [P 1A 102 V] ) < 1.
for some absolute constant C.

Kahane also obtained an analogue of the previous theorem for random trigono-

metric polynomials in s-variables.

Theorem B Let us consider a random trigonometric polynomial in s- variables

Pt 0, 1) = D Eafulti b, 1),

where the f, are complex trigonometric polynomials of degree less than or equal to N, &,

a subnormal sequence ), is a finite sum. Then we have

B(IPl 2 C[s Y 1A ogN] ) < 26

for some absolute constant C.

Littlewood polynomials are defined by

n—1
px) = Z a ij s
=0

where a; € {—1, 1}. It was conjectured by (Littlewood, 1966, 367-370) that, we can find
pn such that

CiVn+1<|p, (] <CyVn+1 (1.28)

for all complex numbers with property |z| = 1. The confirmative answer to this conjecture
is given in (Balister et al., 2020, 980-985) by constructing an infinite family of Littlewood
polynomials, which satisfies (1.28).

A notable effort was made to estimate the expected value of L*-norm of a Little-

wood polynomial of degree n in (Newman and Byrnes, 1990, 42-45) and it was shown

14



that
E(lpll)) < 2+ 1)* = (n+ 1).

The following theorem was obtained by (Borwein and Lockhart, 2001, 1463-

1467) to estimate the expected value of L”- norm of a random polynomial

n—1
CIn(Q) = Z Xkeike,
k=0

where 6 € [0, 2r].

Theorem C Fix 0 < p < oco. Assume that random variables X k > 0, are independent
and identically distributed, have mean 0, variance equal to 1 and if p > 2, a finite p-th

moment B(|X,|P). Then

E(llgall})
nl’/z

— (1 + p/2)

as n —> oo. If in addition, B(|Xi|*”) < oo then

Il
nl/2

— T(1 + p/2)'P

in probability, and
E(llgall,)

nl/2

— (1 +p/2)!'")'".

1.8. On the convergence of random Fourier series

Over the years, random Fourier series has been studied. Most of the attention is

on convergence of these series. A random fourier series is defined by

(9

Z a, X,  xe[0,1],

n=0

where {X,}"  is a sequence of independent random variables and {a,} - ; is a sequence of
complex numbers. (Paley and Zygmund, 1930, 337-345) studied a problem concerning

the uniform convergence almost surely of the random Fourier series and obtained the

15



following pioneering result. For the random Fourier series

[ee]
§ CnEn eZnnx

n=0

where {c,}7, is a sequence real numbers with 7 = 1 and {g,},, is Rademacher

nOn

sequence, it is uniformly almost surely convergent if

(o)

D calogn)'** < e>0.

n=2

In (Salem and Zygmund, 1954, 250-260), the authors slightly changed the previ-

ous Fourier series and showed that for the random Fourier series

(oo}
Z & cos(nx + ay),

n=0

where 0 < @, < 27 are real numbers and {g,},’ , is Rademacher sequence, it is uniformly

almost surely convergent if
s )1 /2

= n k n
Z k(logk)l/2

J=

The results above were generalized by (Kahane, 1985, 50-60) replacing Rademacher

sequence with symmetric complex valued random variable and obtained the following re-

sult. Let

(9

X(x) = Z Calln cOS(nx + ¢,),  x € [0, 2n],

n=0
where {17,¢/%"} is a sequence of independent symmetric complex valued random variable
(17, and ¢, real) with Ejn7,|> = 1 and Y72, ¢2 = 1. Then this series converges almost surely
for each x € [0, 2].

In (Talagrand, 1995, 777) the uniform convergence of the random Fourier series

of the form

was investigated, where {X,} is a sequence of independent identically distributed random
variables. The origin of this problem is to seek integrability conditions on a function f

to ensure the convergence almost everywhere of its Fourier series. It was shown that for

16



a given sequence {X,} of independent and identically distributed random variables with

E(X,) = 0, the random Fourier series
Z‘X’ Xu o
eZﬂmx, xe [O, 1]

converges uniformly with negligible probability if and only if E(|X|log log(max(e®, |X])))

is finite.

1.9. Stochastic integrals

We dive into the world of stochastic integrals. For this purpose, we first give the

definition of a Brownian motion and a simple stochastic process, respectively.

Definition 1.4 Let (QQ, 7, P) be a probability space. Assume there exists a continuous
Sfunction W, (w) with t > 0 and Wy(w) = 0 for every w € Q. Then W/(w) is said to be a

Brownian motion if for any partition 0 =ty < t; < --- < t,,
W, =W, Wy, =W,,....W, =W, |

are all independent increments and every increment is normally distributed with mean 0

and variance ti,; — t;.

Definition 1.5 Let 0 =ty < t; < --- < t, = T be a partition of the interval [0, T].
A stochastic process (S (w))0 on [0,T] is said to be simple if it is constant on each

subinterval [t;, ti41).

1.9.1. Ito’s integral

We first devise Itd’s integral for simple integrands. Let (S;(w));s0 be a simple

stochastic process adapted to the filtration (F;)»o associated with a Brownian motion

17



W,(w). Then Itd integral of it is defined by

T T n—1
I(T) = f S (w)dWi(w) = f S dW, = Z St,'[Wt,-H - Wt,«]-
0 0 i=0

It is possible to extend Itd’s integral to non-simple integrands. Let X, be a general stochas-

tic process that is adapted to the filtration ¥, and has the square-integrability condition
T
]Ef X2dt < 0. (1.29)
0

We can always construct a sequence (S,), of simple processes on [0, 7], which

converges to X, that is
T
lim E f (S ) — X, Pdt.
n— oo 0
Then It0’s integral of a general stochastic process X, is defined by

T T
I(T) := f X, dW, = L>- lim | (S,),dW,.
0

—00
n 0

Here the notation L*-lim,_,., ¥, = Y stands for lim,_,., E(|Y, — Y|?) = 0, where {Y,,} is a
sequence of random variables.
Let X; and Y, be general stochastic processes that obey the integrability conditions.

Then the It0 integral I(¢) = fot X, dW, for 0 <t < T enjoys with the following properties:

e /(1) itself is a stochastic process.
e (Continuity) The function ¢ — I(¢) is continuous.
e (Adaptivity) /(¢) is ¥,-measurable for all z.

o (Linearity) If /(1) = [} X,dW, and H(t) = [} Y,dW, then we have

al(t) £ bH(¢) = f(aXu + bY,)dW,
0

forall a,b € R.

e (Martingale) /(7) is a martingale.
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e (Itd Isometry) EI*(t) = E fot X2du.
e (Quadratic variation) [/, I](¢) = fol X2du.

We refer to preliminaries for further information about the objects that we do not

define explicitly in this subsection.

1.10. On the stochastic Fourier transformation

In (Ogawa, 2013, 286-294) the idea of the stochastic Fourier transformation was
introduced. Let us first deploy preliminary concepts about this subject. We will consider
the standard real Brownian function W(x, w) on a filtered probability space (Q, 7, {F.}, P),
where {7, x > 0} stands for a natural filtration with respect to Brownian motion. Let H
be the space of totality of measurable real random functions f(x,w) on By} X ¥ where
Byo,17 1s the Borel field. Let {¢,(x)|n € N} be an orthonormal basis in the real Hilbert space
L*(0, 1) with the condition

sup |, (x)| < oo for all n €N,

X

Definition 1.6 Let f(x,w) € H be a random function. The stochastic Fourier coefficient

of f.(w) of f with respect to a fixed orthonormal basis {@,} is defined as follows.
A 1
fr= [ rowodw.
0

1 .. . .
where fo d.W, denotes a stochastic integral of non-casual type. The function f is casual

if f is adapted to the natural filtration {F ). Otherwise we call it noncasual.

In harmonic analysis, the following question holds significant importance: Under
what conditions can we reconstruct a function from its Fourier coefficients? S. Ogawa
studied this question for the following class of functions. Let (€, Gjo.1;, P) be the Wiener
space with Gy 17 := o{W|s € [0, 1]}. Let

M? = {f € L}([0, 1] x Q, dx x dP)|}.
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be adapted to the filtration {G|o ), x > 0}. The stochastic Fourier coefficient of ﬁ of the

casual function f € M? is given by
R 1
f@ = [ st
0

where fol doW, denotes the Ito integral. The following result is due to (Ogawa, 2013,
288).

Theorem D Any casual random function f € M? can be reconstructed from its stochastic

Fourier coefficients { f,,(a))}.

1.11. Stochastic oscillatory integrals

We start with the definition of a abstract Wiener space.

Definition 1.7 Let X be a separable Banach space, u be a Gaussian measure and H be the
Cameron-Martin space. Any triple (X, u, H) is called abstract Wiener space. Moreover; if
we take the space of continuous paths X = C[0, 1] as Banach space then it is called the

classical Wiener space.

A stochastic oscillatory integral is defined by

1) := f 1Y (x)du(x),
X

where X is a real abstract Wiener space with Wiener measure u and ¢,y are real val-
ued Wiener functionals. On finite dimensional Euclidean spaces, we have asymptotic
behaviour of oscillatory integrals as a consequence of method of principle of stationary
phase (for details, see (Stein and Murphy, 1993, 60-90)). On the other hand, (Copson,
1965) showed that the principle stationary phase is still eligible in infinite dimensional
space. This type of an asymptotic behaviour has been investigated for stochastic oscilla-
tory integrals on infinite dimensional Wiener space X and some estimates are obtained in
(Malliavin and Taniguchi, 1997, 470-475) and (Taniguchi, 1998, 424-428) . Note that,

for general ¢ and ¢, method of stationary phase has not been completely carried out yet.
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Since we do not intend to bother readers with sophisticated arguments we do not give
details of their study.

Let us consider the oscillatory integral

1
0

where the phase function is the Brownian motion W(r). More explicitly, the Brownian

motion here is defined as

W(t) := Xot + V2 Z ﬁ (X, sin(2nnt) + Y,(1 — cos(2nnt))),
n=1

where the sequences {X,},>o and {Y,},>; consist of independent identically distributed
random variables each of which has normalized Gaussian distribution.
The following result is due to (Kahane, 1985, 240-245).

Theorem E Almost surely, there exists C > 0 such that for all |¢| > 1, we have

1
[
0

This result is important since it shows that if we replace the phase function with

< CIE™" ylog Jél.

the Brownian motion, we still observe a similar decay rate as in the following oscillatory
integral, due to Van Der Corput, that is, assume that ¢ : [0, 1] — R is n times continuously

differentiable phase function with ¢ > 1. Then there exists an absolute constant ¢, such

1
f 900
0

where n > 2. Note that if the first derivative of the phase function above is monotone then

that for each |£] > 1

-1
< e,

this oscillatory integral decays as a rate of 1/|£].
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1.12. The number of solutions of diophantine equations via norms

of exponential sums

L*"-norms, where n € N of exponential sums are related to solutions of symmetric

homogeneous diophantine equations as follows:

mn n n
27 jy — P ; 2n . o .
Hze LZ”(T)_ {(,]]’]2"'-’]n7k17k27'-',kn)EA . Z]l_zkl} ’ (130)
JEA i=1 i=1
which also equals
.. : 0. . 2
Z|{(11’J2,-..,]n)€A St + ja=ml|, (1.31)

mez

where A C Z is a finite set and | - | denotes cardinality. Estimating the number of solu-
tions of (1.30),(1.31) in terms of cardinality of A has been a very popular topic among
mathematicians. We have approximately n!|A|" trivial solutions for the sets in (1.30),
and this can be obtained by choosing (k, k; ..., k,) to be a permutation of (ji, ja,. .., ju)-
Therefore we need to estimate the number of nontrivial solutions. Indeed there may be no
nontrivial solutions for certain A, n. Observe that each element in the sets (1.31) is indeed
representations of m by elements of A", and we will denote the cardinality of these sets
by Ryn(m).

In general, A is taken as d—powers of the subset {1,2,3..., M}, and owing to this
an estimation in terms of M is necessary. For these sets we aim to estimate the number of

solutions of the diophantine equation given by a homogenous form:

{(jl,jz,...,j,,,kl,kz,...,k,,): 1< jiki <M, ) jl= Zkf} . (1.32)

i=1 i=1

In this particular case the elements of the sets (1.30) are representations of m by n d-

powers and their cardinalities are denoted by

Ruam(m) =[G jose i)t LS ji M, ji+ ji+-+ j = ml. (1.33)
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These problems can be considered as finding lattice points on a variety in affine or pro-
jective plane as well.

We now utilize the following well known heuristic argument to have an opinion
on the cardinality of the sets (1.32), (1.33). Since there are M choices for each j;, where
i €{1,2,...,n} and any sum of the form ;¢ + j4+- - -+ j¢ takes an integer value between 1
and nM? there exist, on average, M4 representations for any integer m € [1, nM?]. More

precisely, the asymptotic formula

T(1+ 1/d)y" vt

n/d—1

Ry q(m) = + o(m

was obtained in (Hardy and Littlewood, 1920, 36) for big enough s in terms of n, where

M=

G = S

q:] a=
(a,q)

q A
(q“ > e(ar"/cn) e(-na/q).

r=1

=

1

Observe that for d > n it is natural to expect that R, 4 ,/(m) < 1, and therefore trivial solu-
tions dominate in (1.33), which is called as paucity of nontrivial solutions. The heuristic
argument above leads us to the Hardy-Littlewood Hypothesis K which can be stated as

follows: The number of nonnegative solutions to the equation

At =M

is O(M?). This hypothesis was proved for n = 2, however in (Mahler, 1936, 138) it was
disproved for n = 3, and nonetheless it may still hold for some of other values of n. We
also have the conjecture, based on the same heuristic argument above that the cardinality
of the set (1.32) is bounded by C.M? max{M", M*'~?}, see (Vaughan, 1997, 167-170).
This was proved for n = 2, but it is still open for the other values of n. For n = 3 case,
a significant effort (see, (Browning and Heath-Brown, 2004, 553-573),(Heath-Brown,
2002, 553-598) and (Heath-Brown, 2006, 51)) has been dedicated to merely obtaining
the bounds M7/27 for large enough d. the bound M>*# was obtained by (Salberger, 2005,
93-115) for d > 25, and there has been no reduction in d so far. Even less information is
available for larger values of n, see (Salberger and Wooley, 2010, 317-342) and (Marmon,
2011, 55-74). The only result for general n is due to (Salberger and Wooley, 2010, 317-
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320). They showed the paucity of nontrivial solutions and from this the conjecture, for
d > (2n)*".

If we consider d-powers of an arbitrary finite set A C N these problems becomes
more challenging even for n = 2 case. The following conjecture, due to (Chang, 2004,

444) and addressing this case, is stated as follows: For any £ > 0 we have

< CJAP*®. (1.34)

4
LY(T)

” § eZm‘jzy
JjeA

This conjecture is closely connected to numerous other problems in additive combina-
torics, harmonic analysis, and number theory, see (Chang, 2004, 444-460),(Cilleruelo
and Granville, 2006, 1-21) and (Sanders, 2012, 627—655). Trivial bound for (1.34) is |A]?,
and there have only been improvements that are not of a power type, see (Chang, 2004,

446) and (Sanders, 2012, 627-655).

1.13. Main results of the second part

In the second part of this thesis, we prove how randomization affects an exponen-
tial sum with frequencies forming an arithmetic progression when the step size is large

and obtain the following result.

Theorem 1.6 Let {N(1)};>0 be a Poisson process of intensity 1. Let r > 0 be a real number.
Then

M M
R !
EH D e >H2 ~M,  M+MT< EH D ez >H4 <, M*log M + M,
=1 j=1

We do not have much of an effect when step size is one. One can see this by
comparing (2.37) and (1.14). Observe that for r < 1 the term M>~" dominates, and the
logarithmic loss is not important. For r > 1, by using sharper methods it should be
possible to remove the logarithmic loss. For r = 1 it might not be possible to remove it.
One can also notice that randomization violates arithmetic progression structure in a way

that we have M>~" instead of having M? for the L* estimate.
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We also estimate the average values of L®-norm and L"-norm, n € 2N of exponen-

tial sums randomized by the Poisson processes and obtain the following results.

Theorem 1.7 Let {N(t)};>0 be a Poisson process of intensity 1. Let d > 1 be an integer.
Let A C N be a finite nonempty subset. Then we have

|A[* log? (1 + |A]) ford = 2

6 |A|"%*¢ for d = 3
AP < E|| Y e < (1.35)
jeA |AP*¢ for d = 4
AP ford > 5.

Theorem 1.8 Let {N(t)};s0 be a Poisson process of intensity 1. Let d > n be an integer
andn € N. Let A C N be a finite nonempty subset. Then we have

max {|A[", |A 27! log”%(l +]AD} if d=2 (mod 4),

EH Z N " Sd.n
’ 1
A an max {JA]", JAP" 2 logi (1 + |A])}  else.

(1.36)

Let us now compare the consequences of Theorem 1.8 with deterministic results.
(Salberger and Wooley, 2010, 317-320) achieve the bound |A|"*¢ for d > (2n)*', while
on an average sense we achieve the same bound for d > 2n — 2. For the particular n = 3
case, in (Salberger, 2005, 93) the bound is |A]**® for d > 25, while we obtain it as soon
as d > 3. The refinement over exponent 7/2 in (Salberger, 2005, 94-95) happens only for
d > 8. Notice also that our set A is arbitrary and not limited to just the natural numbers

up to M.
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CHAPTER 2

PRELIMINARIES

In this chapter, we deploy significant tools, definitions and results, which will be

helpful for the rest of this thesis.

2.1. L” space on the algebraic torus

We define the algebraic torus T as a factor group of the additive group of real

numbers relative to the subgroup Z and it is given by
T=R/Z:={x+2Z|x e R}.

As an illustration, we can consider the algebraic torus T as a circle, that is, we take the
interval [0, 1] bend it round and connect its end points. Note that, it is also possible to
take another closed interval of length one as a model of T. Observe that, there exists
an identification between functions on T and 1-periodic functions on R. This allow us
to carry some concepts such as continuity, differentiability, integrability and so on. The
Lebesgue measure on T is obtained by restricting the Lebesgue measure on R to the
interval [0, 1].

Let f be a complex-valued measurable function on T. L”-norm of f on T is defined

1/p
fllerery = A1, = ( f | flpdt)
T

for 1 < p < oco. If p = oo, then L*-norm is defined by

by

1A llz=cry = Iflleo := ess sup|f(x)].

The space LP(T) consists of complex-valued functions provided that [|f]|, < co. Here, we

need to pay attention to a technical point. If ||f]|, = llgll,, then we do not have f = g.
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Indeed we have f = g almost everywhere instead. We define an equivalence relation
f~g f=g almosteverywhere
to get rid of this technical issue.

2.1.1. Some inequalities in L”(T)

In this subsection we present inequalities, which appear in this thesis.

Theorem 2.1 (Minkowski’s inequality) Let 1 < p < co and f,g € LP(T). Then we have
f+geLlP(T),and
f =+ gll, < A1, + ligll,-

Let us give the definition of dual exponents before we proceed. Let 1 < p,g < oo. Two

exponents p and ¢ are said to be dual if

Theorem 2.2 (Holder’s inequality) Let 1 < p < oo and q be the dual exponent of p.
Then we have fg € L'(T) and

Ifell < NAllliglly-

Proposition 2.1 Let 0 < p < g < oo then LY(T) c LP(T), and

WAl < [11lg- 2.1)

Proof For g = oo we plainly have

A1, = flfl”dx < A% fdx = /1%
T T

For g < oo we have by Holder’s inequality

111, = fT A7 - 1dx < fT (f1")? dx fT 175 dx = |1
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This concludes the proof.

Proposition 2.2 Let f,g € L*(T). Then we have

o (Parseval’s relation)

fT f@gtdx = Y femzm.

nez

o (Parseval’s identity)

IAIG = > 1flP.

nez

Remark 2.1 The first two inequalities remain valid for general measure spaces, but

Proposition 2.1 is valid only for finite measure spaces.

We refer to (Loukas, 2014) for more knowledge.

2.2. Overview of probability theory

The sample space Q consists of all possible outcomes of an experiment. An ele-
ment of Q is denoted by w. Any subset of the sample space is called an event. A triple

(Q, ¥, P) is called a probability space, where ¥ is a o-algebra on Q.

Definition 2.1 A function P : ¥ — [0, 1] is called a probability measure if the following

conditions hold:
(i) P(Q) =1,

(ii) If the sets By, By, -- € ¥ are mutually disjoint then
P[ Bi) = Z P(B).
=1 =1

l l

We have by a series of observations
e P(0) =0,
e if AC BthenP(A) < P(B) forany A,B € ¥,

e P(A)=1-P(A) forany A € F,
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e P(AUB) =P(A)+P(B)-P(AN B) forany A,B € F.

Definition 2.2 Two events A and B are said to be independent if
P(A N B) = P(A)P(B).

Definition 2.3 (Conditional probability) The conditional probability of A given B is de-

fined by

P(AUB
P(A|B) = %

where P(B) > 0.

One of the significant objects in the theory of probability is a random variable

defined as follows.

Definition 2.4 A random variable is a function that maps elements from a sample space

Q to the real numbers R, and is denoted by X : QO — R.

There exist two types of random variables based on their continuity, as described

below.

e A random variable X is said to be discrete if it takes countable number of values.

Its probability mass function is defined by fx(x) = P(X = x).

e A random variable X is said to be continuous if there is a continuous nonnegative

function fx such that f_ D; fx(x)dx =1 and for any a < b we have

b
Pla<X<b)= f fx(x)dx.

fx 1s referred to as the probability density function of X.

Definition 2.5 Two random variables X, and X, are said to be independent if
P(X] S A],Xz S Az) = P(X] S A])P(Xz S Az)

for all sets A;, A, CR.

29



We define the cumulative distribution function associated with a random variable

X as follows.

Definition 2.6 The cumulative distribution function Fx : R — [0, 1] is defined by

Fx(x) = P(X < x).

Theorem 2.3 (Wasserman, 2013, Theorem 2.8) A function F is mapping the real line
to [0,1] is a CDF for some probability P if and only if F satisfies the following three

conditions:

(i) F is non-decreasing: x| < x, implies that F(x;) < F(x,).

(ii) F is normalized.:

lim F(x) =0,
and
lim F(x) = 1.

X—00

(iii) F is right-continuous: F(x) = F(x") for all x, where

F(x*) = lim F(y).
y—ox

y>x

Remark 2.2 If two random variables X and Y have the same cumulative distribution

function then they are called identically distributed.

We now give fundamental distributions, which are closely related to our study.

Definition 2.7 (Poisson distribution) A random variable X is said to have a Poisson dis-
tribution with intensity A > 0 denoted by X ~ Poisson(A) if the probability density func-
tion of it is of the form

f(x) = ge—ﬂ, x> 0.
Definition 2.8 (Binomial distribution) Let X be a random variable. The mass function

of getting exactly x successes in n independent Bernoulli trials is given by

(1) = py= forx=0,1,....n,

0 otherwise.

f(x) =
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Then we say that X has a Binomial distribution, denoted as X ~ Binomial(n, p).

The average value of a random variable X is called the expected value of X. We

now give explicit definition of it.

Definition 2.9 The expected value of a random variable X is given as follows:
o [f X is discrete, then E[X] = ), xP(X = x) = ] xfx(x).
o [f X is continuous, then E[X] = f xfx(x)dx.

Definition 2.10 (Conditional expectation) Let X and Y be two random variables. The

conditional expectation of X given Y =y is as follows:

o Ifthey are discrete, then E[X = x|Y = y] = 3 xfxyy(x]y).

o [f they are continuous, then E[X|Y = y] = f xfxy(e, )/ fry)dx = f X fxy (xly)dx,

where fxy(x,y) is the joint density function.
Definition 2.11 Let X be a random variable. The variance of X is defined by

o = V[X] = E[X - EX)]°.

The square root of the variance is called standard deviation.

Let X and Y be two random variables. These enjoy with the following properties:

Linearity: E[aX + bY] = aE[X] + bE[Y] for all a,b € R.

Monotonicity: If X <Y, then E[X] < E[Y].

[ELX]| < E[IXI]].

Let g be a function.

— If X is discrete, then E[g(X)] = 2] g(x) fx(x),

— if X is continuous, then E[g(X)] = f g(x) fx(x)dx.

Definition 2.12 (Filtration) For a given probability space (Q, ¥, P), a filtration is a fam-
ily of sub-o-algebras of F given by F := (F,)ic; where I is an index set. Moreover,
if (X)uen is a sequence of random variables on the probability space (Q,F,P), then
Fn = 0(Xilk < n)is a o-algebra generated by X1,X>, ..., X, and F := (F)nen is called a

natural filtration.
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Definition 2.13 A sequence of random variables (X,),>o is said to be adapted if X,, € F,

for all n, where (F,,)us0 is a filtration.

Definition 2.14 A sequence of adapted random variables {X,},so with E(|X,|) < oo for all

n is said to be a martingale if

E[X,11 Ucn] =X,
for all n.

Definition 2.15 A sequence of adapted random variables {X,},s0 with E(|X,|) < oo for all

n is said to be a submartingale if

for all n.

2.2.1. Some inequalities in probability theory

We introduce well known inequalities, which are necessary for our work. We start

with the most fundamental inequality known as Markov’s inequality.

Theorem 2.4 (Markov’s inequality) (Wasserman, 2013, Theorem 4.1) Let X be a non-

negative random variable and suppose that E(X) exists. For any t > 0,

P(X>t)s@.

The following inequality is similar in spirit to Markov’s inequality but it is a quite

general one.

Theorem 2.5 Let h be a nonnegative nondecreasing function with h(a) > 0 and E(h(X))

exists. We have E(ACO)
X
P(X >a) < na

Proof We have by Markov’s inequality

B(H(0)

P> @) = B(A(X) > (@) < =
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This result leads us to another important inequality.

Theorem 2.6 (Chebyshev’s inequality) (Wasserman, 2013, Theorem 4.2) Let X be a

non-negative random variable and suppose that E(X) exists. For any t > 0,

E(X 1
P(X >1) < ¥ and P(Z| > k) < 2

where Z(X — w)/o. In particular, P(|Z| > 2) < 1/4 and P(|Z] > 3) < 1/9.

Most of you are familiar with Cauchy-Schwarz inequality from analysis courses.

Here, we give a version related to probability theory.

Theorem 2.7 (Cauchy-Schwarz inequality) (Wasserman, 2013, Theorem 4.8) If X and

Y have finite variances then

EIXY| < VE(X?)E(Y?).

Theorem 2.8 (Doob’s martingale inequality) (Revuz and Yor, 1999, Corollary 1.6) If
X is a martingale or a positive submartingale indexed by finite set (0,1,...,N) then for

everyp>1land 1> 0
APP[supanI > /l] < E[IXnI"],

and for any p > 1,

E[IXyP] < E[sliplxnw] < (p’j )E[lXNV’].

1

2.3. Stochastic processes

A collection of random variables indexed by a subset of real numbers is called a
stochastic process(or a random process). Possible values that the random variables take
in a stochastic process is called the state space of the process. Index sets {n|n € N} and
{t|t > O} are called discrete and continuous, respectively. In general, the indices n and ¢
are considered as "time". Now we deploy stochastic processes along with their properties,

which are relevant to our study.
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2.3.1. Random walks

Let {X;}:cir be a sequence of independent identically distributed random variables.

A random walk R(j) started at R(0) = xy € R is a stochastic process defined by

R(j) := Zjl X;.
i=1

A random walk on Z is said to be simple if P(X; = 1) = pand P(X; = -1) =¢g=1-p
where i € N and 0 < p < 1, and the starting point of the walk is 0. If we take p = 1/2,
then the simple random walk is called symmetric. It is called asymmetric otherwise. We
can imagine a simple random walk as follows. Let us consider an object at the point O in

the following figure.

Figure 2.1.: An example of a simple random walk

This object is moved to the right by one unit with probability p and to the left by
one unit with probability ¢ = 1 — p. Location of an object after j moves is actually the
simple random walk R(}j).

For a simple random walk, let an abject be moved j steps. Let j, and j; denote the

number of movements to the right and to the left, respectively. Then we have

Jrtigi=1J (2.2)

If & is the final position of the object after j steps, then we also have

==k 2.3)

Combining (2.2) and (2.3) gives j, = (j+ k)/2 and j; = (j — k)/2. It shows that a simple
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random walk has binomial distribution, that is

P(R(j) = k) = ( & +jj)/2)p(k+f)/2q(j—k)/z’

where j and k possess the same parity, —j < k < j. If j and k do not have the same parity,
then P(R(j) = k) = 0.
For a simple symmetric random walk if an object is moved 2; steps then it needs

exactly j "+1" steps and j "—1" steps to come back to the origin. Then we have
: 2)\s-2j
P(R2j) =0)=| 7277 2.4)
J
If the final location is 2k, then
. 2] \y2
P(R(22j) = 2k) = | . 274, (2.5)
j+k

Remark 2.3 A d-dimensional analogue of a random walk on R? can be constructed as

well.

Let us now calculate the expected value and the variance of a simple symmetric

random walk. Observe that we clearly have

i=1

E[R()] =E

E[X;]

[N~

i=1

(2.6)

Il
M\.
~
| =
+
| =

|

—
~

Il
—_

=0.
Owing to (2.6) it is reasonable to calculate average distance, i.e. E|R(j)|. Since it is hard

to deal with E|R(j)| we calculate E[R( j)]2 instead.
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E[R()] = =E
i=1 i=1 k=1

J J

= E[X:X;]
;; 2.7)

= ) BIX.X/]+
k+#i \‘6-/

= J

Using (2.6) and (2.7) we have V[R(j)] = E[R(j)]* — (E[R(j)])*> = j. We also infer from
(2.7) that E[|[R(j)|] ® v}, and yet it can be shown rigorously.

Lastly, we will present the following lemma in this subsection.

Lemma 2.1 A simple symmetric random walk is a martingale.

Proof It is sufficient to show that E[R(j + 1)|F,] = R(j), where F,, = o(Xik < n). We

have by linearity of conditional expectation

E[R(j + DIF,] = E[R()) + Xp1|Fu] = E[R(DIF ] + B[ X1 |F]- (2.8)

Since X,, is known in F, we have E[R(j)|F,| = R(j). Therefore (2.8) becomes

E[R(j + DIF] = R(j) + E[Xun|Fal. (2.9)

Since X, is independent of 7, we also have E[X,,.1|F,] = E[X,.1] = 0. By plugging this
into (2.9) we obtain E[R(j + 1)|¥,] = R(j). Hence we are done. O

2.3.2. Counting processes

A counting process is a type of stochastic process that counts number of events
that have occurred up to time 7. More precisely a stochastic process {N(?)},»¢ is said to be

a counting process if it satisfies the following conditions:
1) N(¢) is nonnegative for all > 0,

i1) N(z) is integer valued for all # > 0,
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ii1) if s < ¢, then N(s) < N().

2.3.3. Poisson processes

One of the most important counting processes is a Poisson process. This process
is used in simulations to count the number of arrivals that occurs in some time interval at
certain intensity. Nevertheless, exact time of arrivals remains unknown. Let us give the

following illustration related to this process.

2 .
.o
—
.
-~
o .
—
&8 —=
[
g —
@© o
S 9o _ — o
E *-—o
[= —
E -«
-
To R -
.
—
.
-
o =
I I I I
3 10 15 20
Arrival times

Figure 2.2.: An example of a Poisson process

Formally, it can be defined as follows. A counting process {N(?)};o is said to be a

Poisson process with intensity 4, 4 > 0 if
1) N(0) = 0 almost surely.

i1) This process has independent increments, that is,



N(tn) - N(tn—l)’ N(tn—l) - N(tn—Z)a s N(tl)

are independent random variables for 0 < ¢ < --- <1,.

iii) The random variable N(#) — N(s) is a Poisson random variable for every 0 < s < ¢ <

00,

Let us explicitly calculate the expected value and the variance of a Poisson pro-

CESS.

e The expected value of a Poisson process with intensity A is

(o9

IR IO R S
E[N(t)]—;ne o =e 2. =D

*® /U)n—l
_ e Y L
¢ ghn—m

= e Y At

= At.

e The variance of a Poisson process with intensity A is

VIN(n] = EIN(1)*] - E[N(D)])* = EIN@)(N() — D] + N©®)] - ()
= EIN()(N(1) - D)] + E[N(D)] - (At)°
= (A)* + At — (A1)?
= .

2.3.4. Stationary processes

A stochastic process is said to be a stationary process if its statistical properties
remain unchanged over time. We now provide a formal definition for both continuous-

time and discrete-time versions.

(i) A continuous-time stochastic process {X(#)},c;, where I is an index set, is called a

stationary process if the cumulative distribution function remains the same under
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translation, that is

Fx(x) = Fxqsry(x) forevery tt+1¢ €l

(i1) A discrete-time stochastic process {X(n)},c;, where [ is an index set consisting of
integers, is called a stationary process if the cumulative distribution function remains

the same under translation, that is

Fxy(x) = Fxnss(x) forevery n,n+se€l.

Lastly, we give the following illustration related to this process.

1.0

0.5

0o

0.5

0 50 100 150 200

Time

Figure 2.3.: An example of a stationary process
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2.4. The sparsity of the Green-Ruzsa set

In this section, our goal is to measure how sparse the Green-Ruzsa set is.

Proposition 2.3 The Green-Ruzsa set satisfies the sparsity condition
log3
|Apx N [n—M,n+ M| < 24 MTeD

forany M € N,n € Z.

Proof Without loss of generality we can assume that n > 0. If the set in question has
less than 2 elements, there is nothing to do. Therefore, we may assume that it has at least

two elements. Let a be its least element and b be its largest element. Then we may write
m<k

m—1

b—a:chDj -3<¢;j<3
=0

with ¢,,_; > 0 as b —a > 0. But observe that

m=2
(M+n)—(n=M)=2M2b-a>D""+> ¢;D
=0
m-2
>p"' =33 D/
j=0
m—1 __
— Dm—l _ 3D—1
D-1
> Dm—l _ éDm—l
- 4
Dm—l
-4
By using this we obtain
log(8M
8M > D" = log(8M) > (m— )log D = % +1>
0g

By changing the first k digits of @ when written in base D we might obtain elements of A

not exceeding b, but we cannot change higher digits even if they exist, for numbers thus
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obtained will certainly lie outside [a, b]. Therefore there are at most 3" elements of A in

[a, b], which means

log8M

|AD,k N [I’l - M,n + M]| = |AD,k N [Cl, b]| <3"< 31+ Tog D

=3. 310gD 8M

log3
= 38M)™7
log3

< 24MoeD

O
2.5. Arithmetic Problem
In this section, we aim to estimate the cardinality of the following expression
sup [{(jk) € A*: j >k, |j*—k? - Cl < D}, (2.10)

D<C<D?
for large C, D and suitable A. This set appears in the proof of Theorem 1.3, Theorem 1.7
and Theorem 1.8, respectively. We can see that (2.10) is clearly dominated by

sup [{(jk) eN?: j>k, |-k - Cl <D} (2.11)

D<C<D?
We can estimate (2.11) either directly, or by viewing it as a margin of the set

(k) eN?: 0 < j—k? < D). (2.12)

Fortunately, we do have estimates on sets of this type in number theory literature. Actually
they are some of the oldest and most famous problems in number theory. We first give
a historical background on these problems, and at the end state the result, which will be
utilized to find an estimate on (2.11) .

We begin with the Dirichlet divisor problem. The divisor summatory function
D(x) is defined as

D(x) := Z d(n),

n<x
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where d(n) is the number of positive divisors of n. (Dirichlet, 1849, 69-72) showed that
D(x) = xlogx + 2y — 1)x + A(x), A(x) = O(Vx),

where 7y is the Euler-Mascheroni constant

1
y = lim(z%—logn]:0.5772l....

n—o0
k=1

The next step in the Dirichlet divisor problem is to make improvements on the bound of
the error term A(x). The Dirichlet summatory function can be written in the following

form:

D(x) = Zd(n) - Z 1={(a,b)e N?: ab < x}. (2.13)

n<x O<ab<x

In this form it turns into a lattice point problem. This problem has been studied intensely
for two centuries. Dirichlet’s result can be obtained by carefully rearranging the lattice
point sum. (Voronoi, 1903, 243) obtained O(x'/? log x). This exponent 1/3 represents an
important milestone, in that it can still be obtained by relatively easy methods, and yet
is very difficult to significantly improve. It was shown in (Hardy, 1915, 263-265) and
(Hardy, 1917, 1-5) that A(x) = O(x) is not possible for # < 1/4. Using exponential
sum estimates of Weyl, the exponent 6 was decreased to 27/82 in (Van der Corput, 1928,
699-700). This method in time was enhanced and sharpened to obtain the method of
exponent pairs. As the method developed, its application to the Dirichlet divisor prob-
lem yielded better exponents, but by 50’s this method had reached its natural limits, and
progress on Dirichlet divisor problem stuck. Then the idea of double exponential sums
in (Srinivasan, 1963, 153—172) and (Srinivasan, 1965, 280-311) made appearance and
led to another round of improvements for the problem. After this method also ran its
course, Bombieri and Iwaniec combined the estimates on exponential sums of Weyl and
Van der Corput with the large sieve and Vinogradov mean value theorem to initiate an-
other wave of improvements, which peaked in the work of (Huxley, 2003, 592) proving
that A(x) = O(x? log” x) with

131 18627
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Progress on the Dirichlet divisor problem once again is stuck after this result, and yet it is
expected that we should be able to reduce it all the way to 0.25.

One related problem for which progress almost entirely parallels that of the Dirich-
let divisor problem is the Gauss circle problem. This problem searches for estimating the

error term for the number of lattice points inside a circle. Let
r(n) := (k) € Z* : j* + K2 = ),
be the number of lattice points on a circle of radius y/n. Summing these over

mmzzmm

n<x

we obtain the number of lattice points in and on a circle of radius +/x. Then it is easily
seen that
Rx) =ax+T(x),  T(x)=0x"?).

The number of lattice points on a circle is related to the divisors of the radius of the circle.
Due to this, this problem is very closely connected to the Dirichlet divisor problem, and
the progress on the problem entirely reflects that on the Dirichlet divisor problem.

The Gauss circle problem has been generalized by taking other closed curves in-

stead of circles. One obvious family of such curves is the Lamé curves:
ri(n) = {(j, k) € N? 2 1 + kI = n),

where d > 2.
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Figure 2.4.: The graph of Lamé curve for d = 3,4,5 and n = 100, 000.

Summing these over

Rj(x) := ) ri(n),

n<x

we obtain the number of lattice points in and on a Lamé curve. When d > 3 the be-
haviour of R} (x) changes drastically owing to existence of points of zero curvature at
points where the curve intersects the axes. To understand this issue we turn our look at
broader generalizations of the Gauss circle problem.

A very general result of (Steinhaus, 1947, 1-5) is that for a closed continuous
curve J with area F and length [ > 1, the number of lattice points in and on this curve G
satisfies |[FF — G| < I. Let us pick a fixed such curve and dilate it with a large real number
x we observe that the number of lattice points G(x) will satisfy |G(x) — Fx?| < Ix. So at
this extreme generality the error term is of the order of length of the curve, and the error
term satisfies O(x). Let us consider the following example. Let J be a square centered at
the origin with the side length of 2. If we multiply J with a large positive integer x, then
the number of lattice points on the curve xJ will exactly be 8x. This example shows that
improvement is not possible at this generality.

But if we focus on curves with nonzero curvature then improvement is possi-
ble. The reason behind this is that the number of lattice points on a line segment can be
proportional to its length. But for a strictly convex curve of length / (Jarnik, 1926, 500—

44



503) showed that the number of lattice points on this curve can not exceed 3(4x)~1/3 23 +
O(I'?). For algebraic curves and transcendental functions even better bounds are possible.
(Bombieri and Pila, 1989, 337-338) obtained the following results:

e For a subset K of a algebraic curve of degree n lying within a square of side length

M the number of lattice points on this set is bounded by

C(n,e)M nte

for each € > 0.

e et g be a transcendental function on [0, 1] and M be the graph of g. If M is dilated

by a factor of x, x > 1 then the number of lattice points on xM is bounded by

C(g,e)x°

for each € > 0.

Let S be a compact convex set in R? with the origin as an interior point, for which
the radius of curvature of the boundary curve is continuous in the direction of the tangent
vector. Also assume that the radius curvature has a maximum 7,,,, and a minimum 7,,;,
satisfying 0 < 7,y < Tpax < 0. (Van der Corput, 1920, 1-5) showed that the number of

lattice points S (x) in the set xS satisfies

S(x) = X|S| + Os () = IS | + Os (IS |2H)'3).

It showed by (Jarnik, 1926, 510-517) that this estimate is best possible for plane convex
sets. Indeed, there are plane convex sets whose error terms are equal to Q(x*/3).

So returning to the Lamé curves, these curves’ points with zero curvature lead to
very different behaviour for lattice points in and on them. In this case for d > 3 we have,
mostly using the formalism of (Nowak, 1998, 421-422),

Ri(x) = ASx4 4 DY F (x4 4 A (),
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where the first term comes from the area, and the coefficient A} is the area inside the

Lamé curve |x|? + |y|? = 1 given by

. 2T%(1/d)
4 dr2/d)’

the x'/4-1/4" term comes out of the neighborhood of the points (xx'/%,0) and (0, £x"/?),

where the curvature of the boundary curve disappears and its coeflicients are

[ee)

D) = 23_1/d7r_1_1/dd1/df(1 + 61—1), Fj(x) = Z n "V gin (27mx - %)

n=1

So

(o)

THETES I

n=1

is a bounded function of x, and therefore
D:;F:;(xl/‘l)x”"‘”d2 = O(xi_d%), D:;F;,*(xl/‘l)x”d‘”d2 = Q(xﬁ_d%).
But we also see that we cannot write
D:;F(';(xl/d)xl/d_l/d2 = K:,rx%_di2 + 0"

for a fixed constant K; depending on d. So an asymptotic expansion for R}(x) cannot
be developed beyond this exponent. But at least we know explicitly the terms preventing
this. The error term A (x) is analogous to the error term of the Gauss circle problem, i.e.
the case d = 2, and applying results of (Huxley, 1996, 100-120) and (Kuba, 1993, 87-95)

obtained
315

AS(x) = O(xB 7 log x).

Also it is known that, see (Kritzel, 1988, 53-74),

AS(x) = Q. (x37).

46



There are also logarithmic improvements to this lower bound, see (Ivic et al., 2004) for a
summary.

Turning back to our set (2.12), estimating the cardinality of this set is a 'hyperbolic
‘analogue of the 'elliptic' Lamé curves problem. On the other hand, for the case d = 2 the
linear transformation (a,b) = T(k,j) = (j — k, j + k) makes this problem essentially
equivalent to the Dirichlet divisor problem, see (Kiihleitner, 1992, 117-123). Hence, the
cardinality of (2.12) for d = 2 can be estimated using the bounds obtained for the Dirichlet
divisor problem. But for d > 3 this transformation does not provide any simplification
or reduction, and the study of this problem largely proceeds along the analogies with the

Lamé curves problem. Indeed again using (Nowak, 1998, 421-422),

ra(n) == [{(j, k) € 2%« |1 = kI = n}l,

where d > 3, n € N.

—— % - yf° = 100,000
Ix|* - 1y1* = 100,000
= x|° - ly|° = 100,000

4 2 0 20 40 60 80
Figure 2.5.: The graph of |x|? — [y|Y = n ford = 3,4, 5 and n = 100, 000.

Summing these over

Ry(x) = Z ram) = (k) € 2% 1 0 < |1 = kI < ¥,
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and we have by the work of (Kritzel, 1969, 111-115), (Nowak, 1995, 335-339) and
(Nowak, 1998, 421-422)

R;(x) = A7x4 + B;xV@ D 4 Do F (x4 4 AL (), (2.14)

where the first term comes from the area, the second from the length of the boundary and

their coefficients are given by

_ I*(1/d)
= dcos(n/d)(2/d)’

By = 4¢(1/(d = 1))d ™,

the D F;(x'/4)x!/4-1/¢* term emerges from the neighborhood of the points (—x'/%, 0) and

(x'/4,0) where the curvature of the boundary curve disappears and its coefficients are

o0

Dy = 22 g (1 + é) F7(x) = Z ™'~ sin (27nx + %)

n=1

So

[ee)

|F;(x)] < Z pol-1d

n=1

1s a bounded function of x, and therefore

D;Fd_(xl/d)xl/d—l/dz — O(xé_diz)’ D;F;(xl/d)xl/d_l/dz _ Q(x%_d%)
But we also see that we cannot write
2 11
D;F;(xl/d)xl/d_l/d =K;jxi"# + O(x%

for a fixed constant K, depending on d. So an asymptotic expansion for R (x) cannot be
developed beyond this exponent. The error term A (x) is analogous to the error terms of

other problems above. Applying the results in (Huxley, 1993, 279-285), (Huxley, 2003,
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47-53), (Nowak, 1995, 335-339) and (Nowak, 1998, 421-422) obtained

46 1

A;(x) = O(xBT*9),  A(x) = Q(x2). (2.15)

Plainly, the cardinality of our set (2.12) can be obtained from the equations

G k) € Z2: 0 < |1 = kY < X} = 1{(j, k) € 22 : 0 < |ji* = [kl < x}
+ (k) € 2% 1 |j17 k! = x)f

(G, k) € Z2: 0 < |j9 = [kl < x}| = 4[{(j, k) e N? : 0 < j4 — k* < x}|
+2l{jeN:0 < j < x}l.

Plainly
jeN:0< j<xjl=x"+00). (2.16)

We also have by considering signs of k and j
(i k) € Z2 2 i = kY = x| = 4l{(, k) € N2 ¢ j7 =k = x}[ + O(1).
The set on the right hand side is nonempty, provided that x must be an integer. Since

x= -k =G-G + k4 + K,

Jj — k is a divisor of x. This shows that the number of values of it can not exceed 2d(x)

different values. Let a = j — k be fixed . We then have

x= k= (k+a)? -k,
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where a # 0. By the binomial expansion the equation above can be written as

Il
U
|
—_
QU
~———
=
Q
T
S

This means k is the root of a degree d — 1 polynomial. If k is fixed, then so is j. Therefore
there exist 2(d — 1)d(x) different pairs (j, k) on this set. We know that the number of

divisors of an integer x is quite small, that is
d(x) < Cox®
for any € > 0. This gives 2(d — 1)d(x) < C,;.x°. Combining all of these we obtain
(k) € Z2 - |jI* = kI = x}| = Oge(x°). (2.17)
Using (2.16), and (2.17) we finally have
(R €120 < '~k < il = 110 € 220 < |~ K < x| = 527 + 00,
which equals by (2.14), and (2.15)

l 1
Z[A;xw + Byxl D 4 Dy F U 1 g (x)] - Exl/ T+ 0y0(x)
(2.18)
1 1
= Z[A;)CZ/d + B;xl/(d—l) + D;F;(xl/d)xl/d—l/tﬂ] _ 5xl/d + Od,a(x%$+€).

Setting £ = 1/100d in both (2.15), and (2.17) we obtain the following estimation, whose
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constants depend only on d:

1 1
= Z[A;xzfd + Byx 7D 4 Dy Py (x| - S+ Ou(x™). (2.19)

As we explained the term D F; (x'/?)x'/4=1/%" is considered as an error term for our appli-

cation, therefore

1 1
- Z[A;xz/d + Byx!h] - 3+ O(x11%), (2.20)

By utilizing this we will deduce a theorem on the set (2.11).

Theorem 2.9 Let C, D > 0 be real numbers, and let d > 3 be an integer. Then

sup [{(ik) € N2 >k, |4 = k? — C| < D] < C,D.
D<C<D?
Proof We separate this estimate into two:

sup |{(ik) eN?: j>k, |/ -k -C| <D}

D<C<4D

sup [{(ik) € N?: j >k, |j —k* - C| < D).

4D<C<D?

(2.21)

Since the first estimate is easy to handle we start with this first estimate. It equals

sup (L) eN?: j>k C—-D< jo k! <C+ D)

D<C<4D

<|{Gi k) eN?: 0 < j* - k* < 5D}.

By applying (2.18) we immediately bound this by C;D?*“. As for the second estimate in

(2.21) we fix a C on the interval [4D, D?], and then we can write

|{(j,k)€N2:j>k, C—ngd—kd<C+D}|
=[{(. 0 eN? 1 j>k 0 < j =k <C+D)| = [k eN?: j >k 0 < j' k! <C~DJ|
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By applying (2.20) for each of these two expressions
< <|AZ[(C + Dy - (C = D] + B[(C + D)"/“"V - (C - D)"/“"]
(2.22)

[(C + D)4 — (C = D)'] + O(CT™ 7).

NN e NG Q.

Using mean value theorem for the functions f;(x) = x*“, f,(x) = x'/=V on the interval

[C — D, C + D] respectively we have the estimates

(C + D)*? —(C - D)*? = %Dcf/d‘l <y DCH !

and
(C + D)]/(d—]) _ (C _ D)]/(d—]) — 2 DCé/(d_l)_l <d DC]/(d—l)—l
d-1 ~ ’

where C,C, € (C — D, C + D). Since exponents of C are negative the right hand sides of

these estimates decrease as C increases for 4D < C < D?. We have
(C + D)Z/d _ (C _ D)Z/d <d Dc2/d—l < DDZ/d—l — D2/d

(C+D)l/(d—l) _(C_D)l/(d—l) Sd DC]/(d—l)—l < DD]/(d—])—l — D]/(d_l).
Plugging these into (2.22) we obtain

1

< %[A;Dz/d + B;Dl/(d—l)] _ ED2/d—1

< C,D.
]
We now turn our look to a special case of this. In this case we obtain some gain in
the exponent by fixing C = D°, 1 < s < 2.

Theorem 2.10 Let D > 0 be a real number, and 1 < s < 2. Let d > 3 be an integer. Then
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CdD”S(%“) if l<s< L ,
(k) €N j> k. 1j — &k = D < D| < T

s 1 . 2

Proof
Let D* > 2D and write

(i) eN?: j >k, D' =D < j*—k* < D* + D
= (k) €N?: j> &, 0 < j/—k! < D+D}|-[{(j.k) e N : j > k, 0 < j*~k* < D*-D}|.

By applying (2.20) for each of these two expressions

< ~[A;[(D* + DY = (D* = D] + By [(D* + D)) — (D* = D)"/4"V)]
(2.23)

[(Ds + D)]/d _ (DS _ D)l/d] +Od(D§[]_$])

NN e NG Q.

Using mean value theorem for the functions f3(x) = x*9, fi(x) = x'/“=D on the interval

[D* — D, D* + D] respectively we have the estimates

(D*+ D" —(D* - D)™ = gDCi/d‘l Sq DIHEAD

and
(D° + D)l/(d—l) - (D’ - D)l/(d—l) — DCé/(‘HH <, pl+s/@-1H-1
d-1 ~

where Cy4, Cs € (D° — D, D* + D). Plugging these into (2.23) we obtain

1 ]
< _[A;D1+s(2/d—l) n B;Dlﬂ(l/(d—l)—l)] _ EDHS(W_D

s 1
< €D 1 0 (DI,

We now compare the D'*$?/4=1) term with the D'~ error term. Let

(2.24)

pl+sQid-1) _ pili-g1
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Arranging (2.24) we obtain

d2
S
If1 <5< —%— then the D'**®9-1 term dominates, and otherwise the error term.

= Ped-1
If D* < 2D then we apply (2.20) with x = 3D to obtain the set above has cardinal-

ity at most C;D?/¢. But D* < 2D leads us to

Di = DD < D(D*/2)77" < 2D!*G D,

This completes the proof.

Theorem 2.11 Let C, D > 0 be real numbers, and let d > 3 be an integer. Then we have

sup [{(j.k) eN?: j>k, |j4—k'-C| <D} <C,D¥. (2.25)

D<C<D?
Proof We divide this estimate into two:

sup |{(ik) eN?: j >k, |/ -k - C| < D}|

D<C<4D

sup [{(j.k) € NP1 j >k, |4 —k? - C| < D).

4D<C<D?

(2.26)

Observe that (2.25) is the maximum of these two estimates. The first estimate is easier to

handle. So we begin with the first estimate. It equals

sup [{(ik) eN?>: j>k C-D< j' k% <C+D]
D<C<4D

<|{Gi k) e N2 2 0 < j* — k! < 5D},

To count the pairs (j, k), our strategy is to count the number of possible (j, k) for each
fixed k. We observe that

G-kdk™ < G-k + %k + .o+ kT4 kY = -k < 5D.
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From this we have
kY < dk < (k- j)dk?! < 5D. (2.27)

(2.27) implies
k < 5D

For each such &

0<j—k<5Dk'™.

Therefore for a fixed k there are at most 5D/k?"! pairs (j, k). We will utilize this estimate
for k > D', On the other hand, for k < D'/ we have

-k <5D = j<(k?+5D)" = j<(D+5D)" =6D",

So there are at most 6D"¢ + 1 pairs (J, k) for these k. Combining all of these our set can
be bounded by

Yo+ > ||ieN: 0< -k <5D)

1 1 1
l<k<Dd  Dd<k<5Dd-1

< Z 6D + Z 5Dk~

1 1 1
l<k<Dd Dd <k<5Dd-T

1 1
<6DiDi + 5D - k=
1 Z 1
Dd <k<5Dd-1
2
<6Di + 5D - k'
1 Z 1
Dd <k<5Dd-1

We can estimate this last sum by using the integral

1- 1-d x> e

(o]
d
D7 + f‘ xdx =D +
Dd

2—dD% SDI“’[I+O+ﬁD—1+‘2’

2
< 2D '*a,

Thus the final bound is
6D*? + 10D*¢ < 16D*“.
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Now we focus on the second estimate in (2.26)

sup [{( k) eN*: j>k, |j'—k?-C|< D} (2.28)

4D<C<D?

We will count this estimate via differences b = j — k as done in p = 4 case. Since
b = (j-k? < j—k? < C+ D wemusthave 1 < b < (C + D)"“. Then for a fixed
C € [4D, D*] we can decompose (2.28) into two:

(k) eN?: C =D < j' k! < C + D}

_ Z + Z [(keN:C-D<(k+by'-k'<C+D)

1 1 1
1<b<(C-2D)d  (C-2D)d <b<(C+D)d

=I+1I

In order to handle these sets let us introduce the function

d-1
g(x) = (x+ b)Y —x{ — b = Z (d)xd-f'bf, xeR.
J

=1

Observe that this function is strictly increasing on x > 0 with g(0) = 0, and thus its
restriction to [0, 00) is a bijection onto [0, o). Consequently it has a strictly increasing
inverse g~ : [0, 00) — [0, o). We observe that
10
g(x) < xg'(x) = Z( , )(d — Db < dg(x), x>0,
: J

j=1

For x > 0 we have

forj=1,d—1

d-1
d L
g(x) = § (j)xd-fbf > dx"'b+dxb, (2.29)
J=1
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and
g'(x) > g'(0) =db™". (2.30)

Furthermore from (2.29) we obtain

gx) = dbx™" = (g7 o g)(x) 2 g7 o (dbx")

= x> g '(dbx") 2.31)
X\ 1
= (d_b) > g (%),

and
g(x) > dxb™! = (g7l og)(x) > g7 o (dxb®™)
= x> g '(dxb") (2.32)
X -
T 28 ().
Depending on the sizes x, b usefulness of (2.31) and (2.32) changes. We first estimate the

=

second sum. For fix 5. Then

ke A:C-D < (k+b)?-k"<C+ D}
=[fkeA:C-D-b" < g(k) < C+D-b) (2.33)
<|tkeA:0<gk) <C+D-b).

From (2.32) we obtain

C+D-b

gk)<C+D-b = k< e

Since k > 0, and b% > C — 2D > 2D the last term of (2.33) is bounded by

C+D-b? C+D-bv C+D-2D
dbd—l }| < dbd—l < dbd—l
3D
< -
- dbd—l
3D

- d-1

dD T

3Dl/d

< .
d

likeA:1<k<
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By our assumption the cardinality of integers b is bounded by

3D = (C + D) - (C - 2D)
d _ .
= [(C + D)7 — (C - 21))37][ Z(c + D)7 (C - 2D)7 |.

=1

This implies that

d _ .
3D = [(C + D)7 — (C — 20)5][ Z(c + D)7 (C - 21))’%]
= (2.34)

> [(C + D)7 — (C —2D)7)(C + D)7 .

forj=1

By (2.34) we have

(C + D)1 — (C - 2D)7 < 3D(C + D)™ < 3Di.

Thus /1 is bounded by

11 <(3D7 + 1)(3DW)

9p*d 3p'd
< +
d d
<3D¥4 4 p'/d

< 4D,

We turn back to /. Fix b.

(ke N:C-D<k+b) -k <C+D}
[(keN:C-D-b'<glk)<C+D-0"

=[lkeN: g (C-D-b")<k<g(C+D-b}



By Mean Value Theorem the cardinality of this set is bounded by

lg'(C+D-b"-g(C-D-b%|
=(C+D-b'-C+D+bHg YY) =2D( " (x), (2.35)

for some C—D—-b? < x < C+D—-b". Observe that since both g’, g™! are strictly increasing

on the positive real axis, (g7') is strictly decreasing there. Thus (2.35) can be bounded

by 2D(g 'Y (C — D — b%). By properties of g for y > 0

1

L ! — 1
g ') gl y g 'meg (g ()
g

= (g ) = .

Combining this with (2.31) and (2.32) we have

-1 d
YO —D—pl) < & (C-D-b%)
()€ -D-b) s
1 . C-D-b'\7x C-D-b"
<cowm o) e | e
1 1
Smin[ = =, 1].
(C — D - b)Fi (dbyar db™

By using (2.35) we bound / in the following way

1< Z 1 +2D(g™'Y(C - D - b%

1
1<b<(C-2D)d

-1 d

1 (C-D-5b%

<c-20y+20[ g(C—D—bd) |
I <b<(C-2D)d

Since C < D?* we have (C - 2D)"¢ < D*?. By using (2.36) we split up the sum in the



parenthesis into two:

dbd—l
1<b<Dd D%§b<(C—2D)$

2 - 1 1-d

ol Xl T
(C_D)ﬂ 1 d 1 1
1<b<Dd Dd <b<(C-2D)d

1
E]HAS1+fmwbw:1 wJpWDﬁ
1

+— 1
d-2 1

:1+%}ﬂD&%—q

d-2
< 2Da@n

and

1-d _ Ve b
Z b SDd —+ :Dd +
D

1 1
Dd <b<(C-2D)d

a1 1 2-d
Ddz_dp—aw 1>
<2D'*i
Combining all of these we obtain
) 4D 2,
I <D+ ZD[—(H + =D~ +3]
(C-DpyF d

\S)

2

2 d-2 d-2
< Di + 8D aan-@ 1  Zpi

U

< Di +8Di +2Di
< 11D,

Taking the maximum of these two estimates we finally obtain

D<C<D?

sup |{(jik) e N?: j >k, |j* - k? - C| < D}| < 16D*".
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This concludes the proof.

2.6. Aucxiliary results

In this section, we give preparatory results most of which are very crucial to prove

our main theorems.

Lemma 2.2 Let Y™ ¥ be the Dirichlet kernel . Then we have

M

eZm'ny pl

~Mv, (2.37)
LP(T)

n=1

where 1 < p < oo

Proof We first try to obtain an upper bound. For this purpose we divide our integral

into two parts:

M P 1| M p
2niny _ 2miny
ol [ e o
n=1 L YO |n=1
L P (2.38)
:f eZm'ny dy +f ZeZm'ny dy
<3 | 7= b7 =t

By using the fact | Y., &2

< min(M, 1/]y|), (2.38) is bounded by

< f
[yl<

=2M"" +2

1
M”dy+f —dy.
pi> 4 VP

1 M
+
217(1-p) p- 1]

1
M

=C,M"".
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Now, we will obtain a lower bound as follows:

p p

dy

M M

-
LP(T) 0

n=1

M

1/100M
dy Zf Z eZniny
0

n=1

eZmny eZmny

n=1
P

1/100M
> f Zcos(27my) dy
0 n=1 (2.39)
Mp (1100
>— 1d
27 fo 4
Mr!
27100
Hence we are done.
m|

Lemma 2.3 For any € > 0, there exists a natural number ny such that n® > logn for all

n = ngp.

Proof Lete > 0 be given. We will show that the sequence {log n/n®},c converges to

zero. Observe that
. logn o
lim & = —.
n—oo n (0]

By using L’Hopital’s Rule, we have

) . 1/n 1
lim = lim = =0.
n—oo  pnf n—oo gné1 ENe

logn

Let 6 = 1. Then there exits ny € N such that

logn <n® forall n > ny.

Thus we are done. O

Remark 2.4 An inequality log°>n < n® is also true with the same conditions that the

previous lemma has.

Remark 2.5 For all € > 0 we have logn € O(n®).

The following lemmas on the Poisson process allow us to make rigorous the
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heuristic that if we have a Poisson process {N(?)},»o with an intensity 1 then N(j) takes

integer values between j — +/j and j + /).

Lemma 2.4 Let N be a Poisson process of intensity 1, and let m € N. Let 0 < 1 < +/m.
Then
P[IN(m) — m| > Avm] < 214,

Proof We start with

P[IN(m) — m| > Am] = P[N(m) — m > Am] + P[m — N(m) > A\m]
=T+1IL

We first deal with I. Let # > 0.

I = P[t(N(m) — m) > tA\m] = P[e/Vm—m 5 ottVm]
— P[et(N(m)—m)—t/l\/% > 1]
< E[et(N(m)—m)—t/l \/ITl]

— e—l‘/l \/%_mtE[etN(m)].

This last average value is indeed the moment generating function of N(m), and can be

calculated by using the third property of Poisson processes to be "¢~ Thus we have

I< e—tA\/n7—m+m(e’—1) (240)
Notice that for O <t < 1 we have
1> t ? 1> 1 1
"=l4t+=|l+c+—+- [ 1+t+=|l+s+=+--
¢=l+r+o[l+g+ 5+ ] ALAERERaR
(1)
=1+t+—= — 241
220(3) (2.41)
3
=1+t+ =1
4
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Plugging (2.41) into (2.40) yields

3.2
I< e—t/l\ﬁﬂn(e’_t—l) < e—t/I\M+1mt , 0<t<l.

By taking t = A/ \/m, I is bounded by

— A m+3 2 2
¢ NN 4 (2.42)

By following the exact same steps we also have

II< e—t/l \/ﬁ+m(e”—l+t). (243)
Notice that for O <t < 1
2 P! 5 2
f=1- — === ==]" - — 2.44
d=tl-t+s-|5-gl-lg-gl =113 (44)

where we utilized the fact that every expression inside parentheses is positive.

Plugging (2.44) into (2.43) gives

I < AN

Choosing ¢ = A/ Ym, II is bounded by

-4 2 2
vt = g2, (2.45)

e
Combining (2.42) and (2.45) the final bound is 2e~*'/* and this completes the proof. O

We now present two lemmas both of which give nontrivial upper bounds to the

probability of a Poisson process with intensity 1.
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Lemma 2.5 Let {N(t)},50 be a Poisson counting process with intensity 1. Let a € N. Then

1
supP[N(t) = a] < )
=0 V2ra

Proof We have
t 1
supP[N(f) = a] = supe”'— = — supte”".
=0 =0 al al o

Our purpose is to find the supremum of a smooth nonnegative function S(f) = t“¢™" on

[0, o). This function vanishes at the endpoints of this interval, that is,

BO)=0%"=0 and lim#e™ =0.

—o0

So to find the supremum we differentiate and set it equal to zero.

d
0= d—t(t"e") =at* e — e =t e (a~1).

Thus supremum is attained at t = a, and is a“e™“. By a precise version of Stirling’s formula

due to (Robbins, 1955, 26), n € N we have

|
e IZHS—.—S

V2rn n! e 2mn B \/27rn.

By using (2.46) we obtain

1

2rna

1 1a®
supP[N(f) = a]l = —supte™’ < —4 <
20 al o al et

This concludes the proof.

Lemma 2.6 Lett > 0. Then

2;121? P[N(t) = a] = P[N(¢) = |¢]] < min {1, \/217T—|_IJ

Proof Observe that

P[N(t) = a] = L
a!

3

(2.46)
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Thus the supremum over a depends only on the fraction “/a!. As

ta+l _ t ta
a+1! a+1laV

as long as a+1 < |¢] this fraction increases, and then for a+1 > [¢] it decreases. Therefore

the supremum is attained at |7]. By applying Lemma 2.5 we have

i 1

SupFING = al < = 5

for t > 1. Since probability can not be bigger than one we have

supP[N(t) =a]l <1

acl.,

for 0 < t < 1. This finishes the proof.

O

In the proof Theorem 1.8, we will need several lemmas. First we start with the

following lemma related to independent random variables.

Lemma 2.7 Let X,,...,X, be independent random variables, m\ + ... + m, = n and
fis-.., fx be Borel measurable functions of my, ...,m; variables respectively. Then the

random variables

Yl = fl(Xla -~-aXm1)’ Y2 = fZ(Xml+l’ e ’Xm1+m2)a ) Yk = f(Xm1+...+mk,1+l, e 9Xn)

are independent.

One can find the proof of Lemma 2.7 in (Koralov and Sinai, 2007).
The next lemma enables us to split up random variables into two groups in a way

that the sums over these groups are independent.

Lemma 2.8 Let {X,};>0 be an independent increment process. Let n > 2 be an integer,
and let (j;, k;), 1 < i < nbe nonempty open intervals. Let o1 U0 be a partition of indices
{1,2,...,n} into two nonempty subsets. Suppose no interval indexed by o intersects the
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intervals indexed by o, and vice versa. Then the random variables

DX -X D XX

i€oy €0
are independent.
Proof = We start with listing j;, k;, i € o7; in increasing order, and lett; <1, < ... < fyp
be this list. For the intervals (#;, 1), | <i < 2loy|—1,1leti € B; C {1,2,...,} represent

indices where (t;, t,,1) is contained within one of (j;, k;), i € o-;. Then notice that we have

> X=X = ) diX,, - X,) (2.47)

i€o i€

for some natural numbers d;. Since we may have more than one interval whose lengths
are the same, the coeflicients d; appears in the summation above. We follow this same

process for indices in 07, to obtain (#;, #;11), i € B, that is we have

Z in - in = Z Ci(Xfi+1 - Xiti) (248)

i€oy i€Br

for some numbers c¢;. From (2.47) and (2.48) we see that the intervals indexed by S, 5,
are all disjoint. So keeping in mind the independent increment property we obtain our
result by applying Lemma 2.7. m|
In order to perform calculation of probabilities in Theorem 1.8 we are in need of the next

two lemmas which are analogues of Lemmas 2.5,2.6 for a linear combination of Poisson

random variables.

Lemma 2.9 Let N; be independent random variables of Poisson distribution with mean

u; >0, and d; € N where 1 <i < n.Let u:=max;<<, U;. Then fora € Z,

P[;d,-N,- =al] < min{l, W}

Proof Without loss of generality assume p, = u. Observe that

P[ZdiNi:a] = Z P[Ni:ai/di, 1 Slﬁl’l]
i=1

aytaz+...+ay=a
a;€Zy
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Since N; are independent random variables, where 1 < i < n the last term equals

ﬁ P[Ni = a;/d;]

aytax+...+ap=a j=1
a;€Zy

By using the assumption y, = u and Lemma 2.6 we have

< minfl, \/271rw}m+a2;+an rll No= aifdil

a;€Z,

This allows us to sumovera;, 1 <i<n

1

| n-1 a
27r[,u Z;) ll—][P[N—a/d]—mm ,:“;)P

1<i<n—-1

< rn1n

;

Since every sum in the last term less than or equal 1 we finally have

This finishes the proof.

= a;/d;].

Lemma 2.10 Let (j;, ki), 1 < i < n be nonempty open intervals, and let {N(t)};>0 be a

Poisson process of intensity 1. Let m be an index at which k; — j; becomes maximum. Then

foranya € Z,

1
).
V27l — jm)/2n]

P[> N(k) - N(jy) = a] = min(l,
i=1

Proof We start with applying the process expressed in Lemma 2.8 to obtain the disjoint

intervals (#;, #;41), i € B for a set of indices 8 C {1,2,...2n — 1} that allow us to write

D N(K) = NG) = ) diIN (i) = N(1)]

i=1 icB
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for some natural numbers d;. Observe that the union of (#;,%;,), i € B is the same as the
union of (j;,k;), 1 < i < n, and hence at least one (#;, 1), i € 8 has length at least

(km = jm)/2n. Let u := max;eg (i1 — t;). Then we have by Lemma 2.9

P[> N(k) = N(j) = a] =P ) di[N(ti1) = N(t)] = a]
i=1 icB
1

27yl
1

{1, _ }.
V27l (ki = jm)/2n]

J

< min{l,

< min

This finishes the proof. O

The following two lemmas are very useful and they will be used in the proofs of

Theorems 1.3,1.8 respectively.

Lemma 2.11 Ler 10 > C > 1.

i) If x> e, then

lx—y| < C+/xlogx = |x—y| <2C+/ylogy.

ii) Ify > e, x > 1 then

lx—yl > 2C+/xlogx = |x—yl>C+/ylogy.
Proof For the first statement observe that y > x — C \/)Tgx > x/2, thus x < 2y. Since
\/ng is an increasing function, we have \/ng < m < ZM. This
completes the proof of the first statement.
As for the second statement, if y < 2x, due to the same reason m <

V2xlog2x < 24/xlogx. If y > 2x, then y — x > y/2, and since C+/ylogy < y/2.

This completes the proof of the second statement.

Lemma 2.12 Let A C N be a finite set, and let a € R, b € N satisfy 0 < a < b < min A.

Let d > 2 be an integer. Let @ : [a, ) — (0, 00) be a decreasing function. Then
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Yo - Y ek - ),

jkeA b<j<k<b+|Al-1
j<k
Proof Letus firstlist the elements of A into a strictly increasing sequence a;, a, . . . , aj.

Then forany 1 < j < k <|A| we have aj,; —a; > 1. This implies

G-aj= ) am—a= ) 1=k-j (2.49)
Let j = 1. By using (2.49) and the assumption 0 < @ < b < min A = a; we obtain
ag>a +k-1>b+k-1.

Combining all of these

d_ d _ (A1, d=2 d-2 | _d-1
ak—aj—(ak a])(ak +agTaj+ -+ ad; +aj)

d-1
= (Clk — a]) Z az_l_ia;
i=0
d-1
> (k= j) ) (b+k=1""" b+ j— 1)
i=0
=(b+k-1D'-+j-1"
Since d > 2 the term in the second line above can not be less than 2b. This implies that

both a? — a? and (b + k- 1)? — (b + j— 1) are in the domain of ®. Since the function ®

is decreasing, this enables us to obtain

Z(I)(kd—jd): Z O(af - a?) < Z Db+ k-1 = (b+j— 1))

jkeA 1<jk<)A| 1<j<k<|A|

Jj<k Jj<k
= ), oW

b< j<k<b+|Al-1

where we used the fact that a — a? > (b+k—1)—(b+ j— 1) to pass from the first line

to the second line. m|
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CHAPTER 3

HARDY-LITTLEWOOD MAJORANT PROBLEM
RANDOMIZED VIA STOCHASTIC PROCESSES

In this chapter, our aim is to give exhaustive proofs of Theorem 1.1, Theorem 1.2,
Theorem 1.3, Theorem 1.4 and Theorem 1.5 respectively. For this purpose, we will often

apply auxiliary results.

3.1. Hardy-Littlewood majorant problem randomized via stationary
processes
Proof of Theorem 1.1 Let the distribution of the random variables in our process be given

by ux;(k) = u(k) = di. We will see that (1.12) and (1.13) follow from (1.11). Clearly for

every w € Q by considering a neighborhood of y = 0 we have

H > ez’”'yXMH — Al 3.1)
JjeA ®

From this our theorem follows for p = co. Let 1 < p < co. From (3.1), we also have

| o], <5 el <
P (9

JEA JEA

sl 5o

JEA

This finishes one direction of (1.11). For the other direction of (1.11) with p = 2

D
<Al
p

we have

2 2
2niyX; _ 2miyX; _ 2miy(X;—X;)
E“;e /HZ_E\[];‘Ze ]‘dy_E‘[H:Ze dy
J

JeA i,jeA

- R Z Z f P2V Xj=X) dy
T

JEA i€A

(3.2)
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For a fixed w the integral in the last expression is 1 if X ;(w) = X;(w) and O otherwise. We
define

Ulw,k) :={jeA: Xj(w) =k} = Z]I{Xj:k}(w), (3.3)

JjEA

where I denotes the indicator function. Therefore we have

EU(w, k) = Z E Iix,— (@) = Z P{X; = k} = |Ald;. (3.4)

JjeA JjeA

The Cauchy-Schwarz inequality yields EU*(w, k) > [EU(w, k)]* = |A[*d?, and applying

this we continue from (3.2) as follows

=E) UwXw)=E ) Uwk =) BUwk2IAP Y &.  (35)

JEA keZ keZ keZ

This finishes (1.11) for p = 2. For 2 < p < oo:

2dy]P/2

sl g e

JEA

. by (2.1 )
g [| D e e 8] [| 3 e
b T A T A

> [E l{; ‘ Z STV

JjeEA

SN A

kezZ

ay|"” (3.6)

For 1 < p < 2 we again benefit from the same ideas:

5| 3 e i _E fT D ezmyxfrdy

JEA JjeA

. 2-p v |P
<g| S el |3 el (3.7)
jeA T “jea
— |A|2—pEf) eZTrinj
2

JEA

pdy.

Thus
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p
Sz lar > . (3.8)

keZ

EH E eZm’ij
JEA

This finishes the proof of (1.11). To obtain (1.12) it is sufficient to observe that for any w

and any sequence {a;}jes With |a;| < 1

[ s Seme s "
A « A ®

and therefore forany 1 < p < oo

. p P
” Z a‘,-ezmyxf'(“’)” < H Z ajez’”)Xf(‘”)H < |A]P. (3.10)
JjEA P JjeA «

We use this and (3.9) to conclude that for any 1 < p < o0

E Sup Z ajeZHIij

lajl<1 2

p
< A, E sup
P

lajI<1

§ aje2m'ij

JEA

< |Al. (3.11)

Then using (1.11) we obtain (1.12).

To deal with (1.13) we need to introduce a new method that is more general than
the one we used to prove (1.11), in that it is applicable to any real valued stationary process
and not just to integer valued ones. But as a tradeoft it gives worse bounds. Let « > 0 be

small, and let K be such that

Ddi>1-x (3.12)
lkl<K
Therefore
E Zﬂ{llesm} > (1 =x)IAl (3.13)
jeA
Then for the set
9
Q. ={weQ: Lix<xy = —I]A 3.14
{w JZEA: 1X;1<K} lO| I} (3.14)

we have P(€),) > 1 — 10«. To see this, we consider the following argument. For w € €,

9IA|
W + Z I[{IXJ-|>K} < Z I[{llesK} + Z ]I{|Xj|>K}

jeA jeA jeA

= |A].

we have
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Then

9|A|
+ Z Lix; -k < |Al,
JEA
|A|
Lix k) <
jEZA 10

By Markov’s inequality and the fact E[Y jcs Ijx1>x)] < |Alk, we have

IA] 10
PlweQ\Q,: Lixsxr > — | <E Tix >
w \ ;} XK1 > 1o ; K| a7
10 (3.15)
= 10«k.

From (3.15), we obtain

P

Al
(,()EQ Z]I|X|>K}<10]—l_

JEA

Al
EQ\Q ZI[|X\>K} 10]

JEA

>1-10«.

Now we observe that for w € Q, and 0 <y < 1/100K we have

'Z eZm’yX_,-(w)’ > ‘ Z ezmyx,-(w)‘ _' Z eZﬂ'inj(w)’

jeA IXj(w)<K [Xj(w)|>K
Al
>| 3 cos2mXiw)| - 25 (3.16)
X (@l<K
L T B
> — - > —,
20 10 4

For any w € Q,, and p > 1 we apply this last result to obtain

p p 1/100K
H Z eZm'ij(w)H — f‘ Z eZm’ij(w)' a’y > f ‘Z 2miyX (a))' a’y
A b T A

1/100K

S f IAI” A" 3.17)
0 4r

AP

~ 4r100K
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From this we have

H,ZeA: zmxw)” 4P|1(10K] 1 =10« (3.13)

So, if |A| is larger than a constant depending only on , &, p we have

) £/2
eZmij(w)” > | |P+£/241|)1|W > |A|p+s/2] > 1 - 10x. (319)

7l

JjeA

The expression above yields

7

. p
eZmij(w) H

> sup
lajl<1

>a jez’”yxf@Hi] > 1 - 10k, (3.20)
JEA

JEA

Therefore taking limits and considering that « is arbitrary we obtain the desired result.

3.2. Hardy-Littlewood majorant problem randomized via Poisson
processes
Proof of Theorem 1.2

As before we will see that (1.15) and (1.16) follow from (1.14). Clearly for every

w € Q by considering a neighborhood of y = 0 we have

M
H Z ezniyzwj)(w)“ - M. (3.21)
J=1 ”

From this our theorem follows for p = co immediately. The claim (1.14) for p = 2 is

settled by observing that

EHZ zfquuxw)H _EZ f 2 INGN-NO@] gy ZP[N(l j—kl) =0]

]kl

- } : o liH

Jok=1
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and

M M-1 M-1
M< Y = M42Y (M= jel <M+2M ) e <3M. (3.22)
k=1 j=1 j=1

For 2 < p < oo we have

M M
H Z eznin(jxw)H” _ f ’ Z ezniyzv(jxw)"’ dy
=1 P Jr o
M M
2riyN(y@)||P 2riyNG)(w)|*
<[ De e dy (3.23)
=1 < Jr T
2

M
< Mp—ZH Z eZnin(j)(w)H
j=1 ’

Taking expectation of both sides of (3.23) we obtain
M » M 2
EH Z eZnin(j)(w)Hp < M”‘ZEH Z ezzrinuxw)Hz <3MPL (3.24)
J=1 J=1

This concludes one direction of (1.14).
For the other direction, let By, = {w € Q| N(M) > 2M}. We have by Lemma 2.4

P(By) = P({w € QI N(M) - M > NMNM}) < 274,

Thus for w except these, and 1 < p < co we have

M » 1/100M = M »
H Z ezniyzvo)(w)“ > f ‘Z ezmyzvuxw)' dy
=1 rJo =1

1/100M & M ' »
2[) ‘ZcosbryN(])(w)' dy

j=1

> MP7'/100 - 27.

(3.25)

Hence

E i 0" > mrt 10020,
= g

This settles (1.14) completely.
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Observe that for any w and any sequence {a‘,}j"i 1> lajl <1 we have

O R I a0

To show (1.15), we have by (3.26)

D I

. . 2
< Mp—zH Z eZmme(w)H .
- 2

(3.27)

Using (3.27) and (1.14) we obtain

E sup

lajl<1

M M
Z ajeZninm(w)H” <3Mr! < EH Z ezniyzv(jxw)H” .
—1 p =1 p

This concludes proof of (1.15).

Now our aim is to show (1.16).

M

N p _
Z ajezm)N(J)(w)H < 3MP!
= g

E sup

lajl<1

implies that

sup
lajl<1

]Z a e2m>’N<f><w>” > 3M7 log(M + 1)| < 1/log(M + 1).

Therefore using (3.25) and Lemma 2.3 except for a set of probability at most 2e~M/4 +

1/log(M + 1)

sup
lajl<1

M
Z 2myN<j)<w)””
P

j=1

M
> e )" <300 27
j=1
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and this proves (1.16).

Proof of Theorem 1.3 We first show (1.17) for p = 2.

B3 2myN<ﬂ) 5y f 2rINGDNEOL gy = N PING) = N(k)

JEA Ji.keA J.keA

= > BIN(j - k) = 0]

Ji.keA

- 2 ‘ o ik

Ji.keA

This can be bounded from both sides

G=1?

Al Y eV <A 423 N H T <Al a2 Y

J.keA JEA keA JEA k=1

k<j
B [e(f Dd+1 _ e]
<lAl+2) ¢

JEA

<|Al+4 ) eI

JjEA

<|Al+4 ) e

JEA

<Al +4.

To see how we pass from the third line to the fourth line above, let us consider the follow-
ing argument. Let a(x) = —x¢ be a function on [j — 1, j]. By the Mean Value Theorem

there exists ¢ € [j — 1, j] such that
(=D'=j' === j+Dde"™" < =d(j- D",

This yields (1.17) for p = 2. We now turn to (1.17) for p = 4. From this (1.17) follows
for all 2 < p < 4. By the inequality (2.1) and p = 2 case, the left hand side of (1.17) can
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be estimated as follows.

S R R
jeA P JjeA ?

> |A]'2.

Now we will focus on the right hand side of (1.17). We begin with some reductions that

will be useful for us later on. If |A| < 3¢'%, then our result is immediate. If |A| > 3e!%,

then we let Ay = A N [1, ¢'?]. By Minkowski’s inequality, we obtain

<EHZ 2miyN (/) Z ZmyN(Jd)

JEA/Ag
'Z 2miyN(j%) H Z 2miyN(j)

]E 0 jEA AO :|

o s Y KL et
- J€Ao ! JEA[Aq !

EH Z 2riyN(j%)

<E

. . 4
<15 |A0| +EH Z”WNU”’)H ]
4

JeA\Ao

If we had our result for sets that contains no element in [1, ¢'%’] and have more elements

than ¢'®, then applying it we would obtain

15[|A0|4 +CJA\ Ao|2] < 15(C + e*)|A1%.

100]

So we may assume that our set A contains no element in [1, e and have more elements

than e'%°,
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We start with converting our sum

g5 s [| 5
. 4 ol 4
JjeA JjeA

) f ‘Z S2TNGD 2’2 ezm'yN(j%'Zdy
T jea

JEA
-F Z f e ZINGD=NKD] 2y IN(5)-N (k)] dy
T

- E Z ZINGD+N (=N (K)=N (k)] dy

JiojakikoeA ¥ T

= D>, BINGD+ NG = Nk + NG

J1sj2.k1,k2€A

The set A* to which any quadruple (j, j2, k1, k2) belongs can be written as follows
A4 = A11 UA]Z UA21 UA22 UA3.

Here A, a,b € {1,2} is the set of quadruples (ji, j», k1, k;) for which j, = k;,. The set A;

contains those elements of A* that is in none of these A, a, b € {1,2}. We have

PINGY) + N(j9) = N + NGDI = > PINGS) = Nk

(J1-J2:k1,k2)€A J1.j2.k2€A

= Al ) PING*) = N(k)],

J.keA

and this last sum has been estimated above. For Aj,, A1, Ay, via the same argument we

get the same result. Therefore it remains to handle A;. We decompose

Az = A3 UA3 UAs3 U Az,
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where
Az A, Jos ki ko) € Az 2 iy > ki, Jo > ko)

Az A1, o, ki, ko) € Az 2 i > ki, jo < ko)
Asz A1, Jo ki, ko) € Az 2 i < ki, Jo > ko)
Azy A1, Jo, ki, ko) € Az 2 i < ki, jo < ko)

Summing over As;, A4 1s easy, and we first handle these.

D BING + NG9 = N + NKD = > BING = NGk = NG = NGDI.

A31 A3l

As jo > ky, and N(7) is increasing we must have N(j4) — N(k?) > 0 and N(k§) — N(j4) < 0.

Therefore for these to be equal they must both be zero. Hence

< > PING) = NGk = 01 < JAP Y PIN(/") = Nk*) = 01,
A31 j,kEA
k<j

We estimated this last sum above to be bounded by 2. The set A4 is handled the same
way.
We now move on to As,. This, together with its symmetric counterpart Ass, repre-

sent the most important, generic cases. We have

D BINGD + NG9 = N + NG = > BING = NGk = NG = NG

A Az

We decompose Az, = Asp U Az, in the first of which are contained those (i, jo, k1, k2)

for which the intervals (ky, j;), (j2, k») are disjoint, and in the second those for which they
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intersect. We first sum over Asy; which can be written as

D BING = Nk = N = N(j3)]

Azl

= ) D FINGD = N(k) = a = N(k§) = NG9

Az a=0

= Z Z [NG{) = N(K) = alPIN(K) = N(j3) = al
a=0 A

<2, 2. 2, FEINGD-NGK) = alPINGS) - N() = a]

1>k1 ko>
(k1,j1)N(j2,k2)=0

[ > BNG! - ) = all

a=0 jkeA
Jj<k

[ee)

DI/\4

Now our aim is to estimate the inner sum independent of a, and then use this and
Fubini’s Theorem to reach the desired estimate. If we manage to show that the inner sum
is bounded by a constant C(A) that may depend on A but is independent of a, then we

have

(9]

Z > BING - ) = al] <C(A)ZZPN(kd—j al

a=0 jkeA a=0 jkeA
Jj<k Jj<k

- ) DI EING - ) = )

jkeA a=0
Jj<k

_C(A)ZZ( - j° e~ K="

J.keA a=0
Jj<k

= C(A) Z (kd—jd)e—(kd—jd)

J.keA
Jj<k

< C(A)AP.

Let us begin with a crude estimate. For a € N we have by Lemma 2.5

A 2
D PINGK! - j*) = al < |AP sup PIN(1) = a] < Al
jkeA 120 2ma
Jj<k
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Observe that the inner sum is bounded by a positive constant for a > |A|*. This is also true

for a = 0 since we already have

D> BING - ) =01 <2

J.keA
Jj<k

We want to obtain this same property, if possible, for all @ > 0. Thus we may assume
1 < a < |A]*. Our strategy is to decompose the inner sum to two sums over sets A;, A,.

For this purpose we define the function f(x) := 4 4/xlog x for x > 1. Then define

Ay ={( k) e A j<k, la— K - jH = 2f(a)}
Ay ={(jk) € A*: j <k} \ A,

We note that if @ < ¢ then A, is empty, and therefore we may assume that a is large
when summing over that set.

We first consider the sum over A;. By Lemma 2.11 we have |a — (k¢ — j%)| >
f(k? — j%) and by Lemma 2.4

PIN(k? - j) = a] < P[IN(K* = j*) — (K" = j)| = la — (k" — j)I]
< PINK = j) = (K" = jHI = fK* = j)]
= PNk — j*) = (k" — ) = 4 k¢ — jdlog(k? — j4)]

_ d_
< 2e 16log(k“—j*)/4

=204 log(k9—j%)

— 2(kd _ jd)_4~

Therefore

DBINGK - fh=al<2) (k- <2y Ykt (3.28)
Ay

J<k Jk>j
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We now focus on summing over the set A,. By Lemma 2.5 we have

1
§ PIN(j¢ — k%) = a] < —a ?|A,| < a™V?|A4,).
» Vr

So our aim is to estimate the cardinality of A,. We can rewrite A, as
Ay ={(ik)  j <k (' +a-2f@)7 <k<(j+a+2f@)).

Let g(x) = x'/? be a function on the closed interval [ j%, j +a+2f(a)]. By the Mean Value

Theorem, there exists ¢ € [, j* + a + 2f(a)] such that

(' +a+2f @) - j = (F +a+ 2@ - H
jl—d
< [Cl + 2f(61)]7

1—d
:a[1+ 810ga]]
va | d

When j > a'/D this final expression is less than 1. Thus for these j we have no pair (j, k)
in A,. Similarly let 4(x) = x'/? be a function on the closed interval [j¢ + a — 2f(a), j¢ +
a + 2f(a)]. By the Mean Value theorem, there exists ¢ € [j¢ + a — 2f(a), j* + a + 2f(a)]
such that

1
11

(' +a+2f(@)7 - (j' +a-2f@)i = (' +a+2f@)—-j'—a+ 2f(a))67

J+a—2f@)!
d

< 4faa-2/@)"' 5

1-1
= 4f(@)at! [1 _ Bloga li’é“] :

< 4f(@"

d
< 4f(a)ar"

= 1610gaa5_1a%

< 16ar™? loga.
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Observe that, the final expression is less than one for d > 3. Thus there can be at most 1
solution for every j < a'/@D_ which yields |A,| < a'/?.

Now we concentrate on the case d = 2. this method of counting solutions for each
fixed j is too crude, and instead we will count them for each fixed value of b = k— j. Since
when b is fixed knowing j immediately gives k, all we need to do is to count j. Since we

have k> — j2 = b* + 2 jb, elements of A, satisfy

o a b _fl@ . a b f@
|b” + 2jb a|<2f(a)=>2b > b <]<2b > b

Therefore possible number of solutions j for fixed b is bounded by

a b fa a b fla) 2f(a)
22, a0 Dy .
%2 T w2t T
Since j > 1, we must have
b
0 ;—b—i %:b2<a+2f(a)<2a=>b<\/2_.

V2a
IYEDY 1+2fb(“) < \/Z+2f(a)(1+f %db]
1

V2a
1+10gb‘1 ]

< V2a + 2f(a)loga
< 10 Valog*?a.

= V2a + 2f(a)

By this and our assumption a < |A|* we obtain

Z PIN(* — k%) = a] < a'*10Valog®*? a < 101og** a < 8010g*? |A| (3.29)
As
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Combining (3.28) and (3.29) we have

D BING! — jy =al < ) PING! = j) = a] + ) PIN(/' - k) = ]
J.keA Ay As
i<k

1+1log®*(1 +A) if d=2

~

1 if d>3.

This concludes the sum over As»;.

We finally consider the sum over Aszy,. We partitioned this set into four:

Az = A{(J1, J2- ki, ko) € Aspp : ki, 1] € (Ja2, k2)}
Az = A{(j1, j2, k1, k) € Azt [, ko] € (ki j1)}
Azs = {15 Jos ki, ko) € Az ky < Jo < i < ka}
Az = A{(J1, J2s ki, ko) € Asa 1 jo < ki < ka < ji}

First two and the last two are handled in the same way so we will only consider A3y, A323.

On A3y, the condition [k, ji] C (j», ko) means

D FINGD + N() = Nk + NI = D PINGS) = N(k{) = Nk§) = NGDI.

Azl Az

Since j, < ky, but k, > j;, and since (j,, k1) N (ji1, k) = 0 we must have

= ) FINGY) = N(k) = 0 = N&) = NG

Az
= ) PIN(K)) = N(j4) = OIPIN(kS) = N(j}) = 0]
Az
< [kZ PIN(K) - N = 0] .
>j

We estimated the sum inside the square by 2. So this case is bounded by just 4. On Azy);3
the condition k; < j, < j; < ky means (ky, j») N (ji, k) = 0, and again we reduce to the

case Aszp;. Hence we obtain (1.17) for p = 4.
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We simply have by the fact that |a;| <1 j € N

(3.30)

2n
2n

- NI
H E : a,e¥ NG
JjEA

2n X ;
< H E ‘ S2TINGY
2n
JEA

for any n € N. By using (3.30) and (1.17), we have

a4
Ce|A|8EH 2 jeA 2 NG A ford =2

4

4
<

2miyN(j)
E sup Z aje A
lajl<1 jeA E

D jen €N g ford > 3.

This yields (1.18) for p = 4. Using the inequality (2.1) completes the proof of (1.18) for
all p € [2,4].
Now we are ready to show (1.19). By the inequality (2.1), we have

p
> |A|17/2
2

H } ‘ S2TNGY
JjEA

Py H } ‘ G2FINGD
P JjEA

for any p > 2 . Therefore

P[ sup

lajl<1

. A\ 1P . d
Z aj€2myN(j )H > |A|£ Z eZmyN(J )
P

JEA JEA

. A\ || P r
Z ajeZTIlyN(j )H > |A|2+8:|.
p

JEA

)

SP[ sup

lajl<1
By Markov’s inequality and (1.18)

< |A|_§_8E sup

lajl<1

: 4\ ||P
Z aj€2myN(j )H < CglA|€/2|A|p/2A|_p/2|A|_8
JEA P

< C A
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By taking limits, we obtain

lim P[ sup

|Al—>00 lajl<1

d
§ a e2myN(J )
JjeA

N4 . -
& < tim €A
p

|A]—> o0

JjeA

=0.

Hence we are done.

3.3. Hardy-Littlewood majorant problem randomized via random

walks

Proof of Theorem 1.4 As before we will see that (1.21) and (1.22) follow from (1.20).

Clearly for every w € Q by considering a neighborhood of y = 0 we have

| EM: i (] (3.31)
=1

From this our theorem follows for p = co immediately.

For (1.14) with p = 2 we have

EHZZ”WR@H ZPR(l] k) = 0] = M+ZZIPR(] k) = 0]

j>k
L(M-1)/2]
= >, (M=2)P[RQ2j)=0]
j=1

L(M-1)/2] 2]-
= > (M—zj)( ')2_2,
J

by 24) £
j=1

and this can be estimated by using a precise version of Stirling formula (Robbins, 1955,
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26)

L(M-1)/2] . L(M-1)/2] NTTY =~ L
SCO 2T e 2r(2))e .
= ) M2 N (M2 0
P 2 = (/e m e
[(M-1)/2] 92j '
< (M —2j)—=27%
MIZ pp - 2x

M2

=M+ (ZM\/— -~ gxm)
V8

1

<2M*2,

For 2 < p < oo, we have

M M
“ Z eZm’yR(j)(w)Hp _ f ‘ Z ezm‘yR(j)(w)‘pdy
j=1 boYTE
M -2 M 2
< H Ze%‘yR(jxw)H f ‘ Zez”iyR(f)(‘”)‘ dy (3.33)
J=1 v
M 2
< pr-2 f 'Z eZHiyR(j)‘ dy.
T 45

Taking expectation of both sides of (3.33) we obtain
M » M 2
2y RG)@|[” < pgpp-2 H zmyR(j)(w)H < opmP12 _
EHZle Hp_M E Zle <2M (3.34)
Jj= J=

This concludes one direction of (1.20).
We now want to obtain a lower bound. As opposed to the Poisson process, the
Random walk is not increasing, therefore it is not enough to consider R(M). We turn

around this difficulty using the fact that the random walk is a martingale. By Doob’s
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martingale inequality

)\
E sup RGP < (2 1) EIR(M)?

1<j<M
= 4E|R(M)?
M 2
j=1
M
_ 2 (3.35)
= 4E { X242 Z XX )
j=1 1<i<j<Mm
=4 Z E(X2) +8 Z E(X)E(X;)
1<1<]<M
=4M +0
=4M

where we use E(X?) = 1 and E(X;) = O for j = 1,2,..., M. Then let us consider the

following argument. By Markov’s inequality, we have

E sup, ..., IR( ')|2
P( sup IR()F(w) > 16M) < Pi<jem IKU

1<j<M 16M
< 4M/16M (3.36)
< 1/4.
For w except these
sup [R()l(w) < 4M'?, (3.37)
1<j<M
and thus
M 12002 M
H Z eZniyR(j)(w)“” > f ‘Z ezniyR(j)(w)‘p dy
=1 b Jo =)
1/200M'2 M »
> f ‘Zcos 2709R( j)(w)' dy
0 =
> MP12/200 - 27.
Therefore

g i e”iyR(DHi > MP12100 - 2742,
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This concludes (1.20).

M

To show (1.21), observe that for any w and any sequence {a;}'_;,

lajl <1 we have

M p M 2 M )

[ S < Syacsnal | 3 aone|
- p - ) - 2
J=1 J=1 J=1

(3.38)
Y 2
< Mp—Z” Z eZnin(j)(w)H _
2
i1

Using (3.38) and (1.20) we obtain

M M
. . p . . p
E sup 2 : ajez”’yR(f)(‘”)H <oMPV2 < E” 2 ‘ ezmyR(n(w)H .
p - p

j=1

lajl<1 =1
This concludes the proof of (1.21).
We have with probability at most 1/ log*(M + 1)

sup |R()*(w) = 4M log* (M + 1). (3.39)

1<j<M

To see this, we follow the same steps as we do in (3.36).

E SUP <jcm |R(])|2
4Mlog*(M + 1)

<4M/4AMlog* (M + 1)

P( sup [R()*(w) = 4M log*(M + 1)) <

1<jsM

(3.40)

< 1/10g*(M + 1).

For w except these
sup |R()l(w) < 2M"*log(M + 1), (3.41)
1<j<M
and thus
1/200M"2 log(M+1) | M

M
H Z ezniyRuxw)H” > f ‘Z ezmyko)(w)"’ dy
=1 PoJo J=1

1/200M"2 log(M+1) | M »
> f ‘ZcosZnyR(j)(w)‘ dy
0 ;
J=1

> MP'2/200 - 27 log(M + 1).

91



Now we aim to show (1.13).

M
Z ajezniyRm(w)H” < o2MP\2
= g

E sup

lajl<1

implies that

M
Z ajeZ”i>’R(-j)(“’)"Z > 2MP V2 log(M + 1)] < 1/log(M + 1).
=1

P[ sup

la;l<1

Therefore for a set probability at least 1 — 3/1log(M + 1) we have

M
Z a; ezniyR(jxw)Hp .
p

10027 log>(M + 1) i eZ’WRU)(“)Hz > sup
=1

lajl<1

By Remark 2.4, we have

100 - 2PY2C M?

M
Z ajezmyR(n(w)H” _
p

M
Z ezniyRc/)(w)”p > sup
- P

j=1 |aj|S1

This proves (1.22).

3.4. Perturbation of a wide class of sparse sets

Proof of Theorem 1.5 Again simply

e -
JEA
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We now show (1.24) for p = 2.

ZmyN )

EH Z 27”yN(J)H

JjeA

dy f Z 2miyING)-N D gy,

J.keA

= > PIN(j — k) = 0]

Ji.keA

- Z e ik

JikeA

We estimate this last term from both above and below as:

A< > e =2 Y et <ial+2 )y i el

J.keA keA jeA keA j=1
Jj<k
<|A|+2Z f eldj
keA

<|A|+2 Z e ket

keA

Here we note that if for example A = Ap; N [0, M], then any element a of A of the form
1+Zk ldDJ there exists b € A withb = a - 1. Alsoif a is oftheform3+2k 1dD
there exists b € A with b = a — 2. Therefore for large |A|

ZZ ik s e_1+e_2]Z|A|.

keA jeA
Jj<k

Thus for such sets the contribution of this nondiagonal term is as much as the contribution
of the diagonal term, as opposed to the situation we encountered in estimates over powers.
Consequently all claims of the theorem for p = 2 follows.

We turn to showing (1.24) for p = 4. From this (1.24) follows for all 2 < p < 4
immediately. We estimate the > part of (1.24) by using the inequality (2.1) and p = 2
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case as
e <] 5o <3 3 o,
B . 2~ . P
JEA JEA

Thus we focus on the < part. We make some reductions that help us later. We may assume

1007 "have more elements than ', and whenever j, k €

that A contains no element in [0, e
A, k> jwehave k— j > ', For if we have our result under these assumptions, then for
a generic set A C Z, we can do the following decomposition. For this let us partition the

set A into sets as follows.
A_ = ANJ0,e'"™], A, =(A\AL) N ([e'™Z + n), 0<n<[e%. (342

Some A,, —1 < n < [¢'%] may have more elements than e!%, let N, be the set of these n,

and let N, be the set of the other n, including n = —1. By Minkowski’s inequality

SR PR

nel.len ne 2]€n

4
<2l 3 2l o1 3 e

neN;y jeA, neN, jeA,

LEPMERE Dby

neN; jeA, neN, jeA,

< 156404[ ‘Z ZmyN(J)H EH Z 2myN(J)H ]

neN| ]G,, I’l€2 Jen

Applying our result under the assumptions above to A,,, n € Ny, and estimating sums over

A,, n € N, trivially

< 15e4°4[c Z A2+ Z |An|4] < 15e4°4[ Z CIA, L2 + & Z |A,,|2]

nenN, neN, nenN; neN,

< 156*%[C + €A%

So proving our result under these assumptions is enough.

We begin with

| Z [ = PING) + N(j2) = Nk + Nkl

Jisj2s kl ko€A
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As before, the set A* can be written as A* = A;; U A, U A, U A, U As, and for any

A;j 1, j = 1,2 we have

ijs

D PINGi) + N(jo) = Nk) + N(o)] = JA] )" PING) = N(K)]

A,‘j j,kEA

= lA] ) PIN(j— k) = 0]

jkeA

< 3JAP.

Thus from these sets we have ~ |A|> contribution.

We now decompose A3 = A3 U Az, U Asz U Azy as before. Because we lack the
good bounds on the nondiagonal sum in p = 2 case, unlike the powers case, estimating
the sets A3, Az, is now more difficult. Without loss of generality we can just concentrate

on A31.

D PING) + N(j) = NUka) + N(ka) = > BINGi1) = Nlki) = N(ko) = N(ji)l-

Az Az

As j, > ky, and N(?) is increasing we must have N(j;) — N(k;) > 0 and N(k,) — N(j») < 0.

Therefore for these to be equal they must both be zero. Hence

= > PINGj1) = N(ky) = 0 = N(j») = N(ko)].

Az

At this stage if we just ignore one of these equation and crudely estimate by

<WAP > PING) - Nk) = 0] < 34

J.keA
>k

|A]® is a bound that is not good enough. Therefore we cannot follow this approach, and

must employ more delicate analysis similar in vein to the one we deploy for sets A3y, Ass.
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We decompose

Aspy = A1, o ki, ko) € Ay 2 (ky, j1) N (ka, Jo) = 0}
Az = A1, ja ki, ko) € Ay : (ki ji) N (ka, J2) # 0}

For A5, we have

D BINGi) = N(ki) = 0 = N(j) = N(ko)]

A3

= > BIN(j1) = N(k) = OIPIN(j2) = N(k2) = 0]

Az

<[ > BING) - Nk = 0]
jkeA
J>k

<9lAF.

where we used the estimation

D BIN() = N(k) = 0] < 34

J.keA
>k

in the third line above. In A3, we have two possibilities, either j, — k, > j; — k; or

J2 — ky < j1 — ki. Without loss of generality we may assume the first. Then

D PBING) = N(ki) = 0 = N(jo) = N(ka)]
jz—klzgjgl—kl

< Z P[N(j2) — N(kp) = O].

. As
J2—ka=ji1—ki

The conditions that (k;, j;) must intersect (k,, j»), and j, — k, > j; — ky forces ji, ki to

be within an interval of length 3(j, — k,) — 2, that is there are 3(j, — k) — 1 integers to

choose them from. By using the sparsity condition on our set A the last sum above can be
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bounded by

< § P[N(j> — k) = 013C4(jn — k2)*3Cu(jr — ko) = 9C3 § e P (jy — ky)*
J2.ko€A J2.ka€A
J2>ko J2>ko

< 9C§|A|2 sup xe "

x>0

<9CA|A”.

Therefore contribution from As;, Az is <¢, A%
We are ready to move on to As;,. This, together with its symmetric counterpart Ass,
represent the most important, generic cases. We decompose Az, = Azp; U Aszp, as before.

The sum over Az, can be written as

D UBING) + N(ja) = Ntk) + N(ko)l = ) PINGi) = Niki) = Nika) = N(jo)]

A Az

<[> BN =al

a=0 jkeA
Jj<k

and use the ideas introduced above, but this is not sufficient. For the extra variable a
introduced to relate j;, j», k1, k, to each other leads to inefficiencies. Instead we will relate
these variables to each other directly with an inequality. We further decompose As,; into
the set of quadruples Asy;; with k, — j, > j; — ky, which we consider without loss of

generality, and the remaining ones comprising As;;p . We define f(x) := 4 4/xlog x for

x > 1. To each quadruple (ji, j», k1, k2) we consider, we assign three events

Q. :={we Q: N(j)(w) — N(k)(w) = Nkr)(w) — N(j2)(w)}, (3.43)
Q) :={weQ:IN()Ww) - Nk)(w) - (i — k)l < flky — j2)}, (3.44)
Q; :={w € Q: IN(ky)(w) — N(jo)(w) — (kz — jo)I < flky = jo)}. (3.45)

By using these sets it allows us to write
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and thus also

P[Q,] < P[Q, N Q) N Q] + P[QS] + P[QS].

We have by Lemma 2.4

P[Q]

Pl{w € Q: IN(j)(w) = N(kD)(w) = (ji = kDl = flks = jo)}]
Pl{w € Q: IN(j)(W) = Nk)(@) = (ji = k)l 2 4+/(ky = jo) log(ks — j»)}]
Pl{w € Q: IN(j)() = Nk))(@) = (ji = k)l = 4/t = j1) log(ks — j)}]

—l6lng(A2 J2)

I/\

<2e

= 2(ky — ]2)

and

PIQ3] = Pl{w € Q : IN(j2)(w) = N(k)(w) = (j2 — ko)l = flka = j2)}]
= P[{w € Q: IN(k2)(@) = N(j))() = (o = ka)l = 4~/(ka = jo) log(ks — j2)}]

~16log(ky—jn)
7

< 2e

=2(ky — jo) ™%,

that is, the contribution of these two terms is harmless. For the main term Q. N
Q; N Q, we first observe that if this set contains even one w, we have by (3.44), (3.45)

and triangle inequality

(k2 = jo) = (ji = ko)l
=|(ka = j2) = (s = k1) + N(ji)(w) = Nk)(w) = [N(k2)(w) = N(j)(@)]|
<IN(j1)(w) = Ntkn)(w) = (i = kDl + ING)(w) = N(p)() = (ke = j2)
<2f(ky — ja).

(3.46)

So the set Q. N Q; N Q, is empty for quadruples that does not satisfy this relation. For
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quadruples satisfying this relation, we estimate the probability of the set as follows.

PIQ. N Q NL] <P[Q,] = ZP[N(jl) — N(k)) = a = N(kz) = N(j2)]
a=0

= > PINGji — ki) = alP[N(k, = jo) = a]
a=0
1

< - -
_W

1

\/kz—jz.

Z PINGj — ki) = a]

where we passed from the second line to the third line by using Lemma (2.6). Combining

all of these we can write

DU BING) + N(jp) = Nika) + N(io)]

Al

- Z P[N(j1) = N(ky) = N(ky) = N(j»)]

Az

< Z P[Q, N Q N Q] + PIQS] + P[QS]

A
——+ ) 4l - o)

<
Z k2 —J2 A311

Al
(k2= j2)=(j1—k)I<2f (k2—j2)

The second sum is easy to estimate:

DAl = )t < Y Al = )G — k)7
Az Al

< D D, M=) G-k

J2.k2€A jik1€A
ka>j  j1>k

<4 Dk-j

J.keA
k>j
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On the other hand we have

PRSI EEDY Z<’<‘J’>‘2<Zi%

J.keA keA 1<j<k keA n=1
k>j
>
keA 6
< 2|Al

Therefore the second sum is bounded by 16|AJ*.

Now we concentrate on the first sum. Clearly it is bounded by

1
h;ﬂ Tk € A% |k = o) = (i = k)l < 2f (a = o))l

ka>jo

Thus it remains to estimate the cardinality of the set within the summation. The condition
|(ko — j2) — (j1 — k)| < 2f(k, — j») implies that for a fixed k; € A the element j; lies in the

following interval
{1 k) € A% 0 =2f(ky — jo) + (ky = jo) + ki < ji < 2f(ka — jo) + (ko — jo) + Ky }.

This shows that the radius of the interval that contains j; is 2f(k, — j»). By the sparsity
condition on our set A, there are at most C4(2f(k, — j»))* elements j, for each k; € A.

Thus we obtain

Al

<Cy ———2log(ks — ju)2(ka — jn)?
ko> jo
= 2C4JAl D (loghky = j)* (ko = j2)'7 .
J2,ko€A
ko> jo
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We can estimate this sum with a dyadic decomposition as follows.

=2Ca1 ), Y, (ogh - j)itka = j)'7
n=0 JikeA
2"§k—j<2"+l
< 2C4IA] Z (n+ 1)log2)%2"7 .
n=0  jkeA

2”Sk—j<2n+l

To go further we need to estimate the cardinality of {(j, k) € A? : 2" < k— j < 2"*!}. Fora
pair (j, k) to be in this set, for a fixed j we must have k within the interval [ j+2", j+2"*1).

By sparsity of A, this means for a fixed j we can have at most C,2"* values of k. Therefore

<2C3AI Y Y (n+ DI

JjEA n=0

<2CHAP ) (n+ 12T
n=0

By the ratio test this sum converges to a positive constant C,, provided that @ < 1/3. This
concludes the estimation of the sum over A3,; with a constant that depends only on Cy, @
We finally consider the sum over Asp,.

We partitioned this set into four:

Az = {15 Jo ki, ko) € Az = [k, ji] € (2, k2)}
Az = A{(j1, j2s k1, ko) € Azt [J2, ko] € (ki 1)}
Azs = {15 Jos ki, k2) € Az kit < jo < ji < ka}
Asna = {15 jos ki, k2) € Azt jo < ki <ky < ji}

First two and the last two are handled in the same way so we will only consider A3zz1, A323.

On A3y, the condition [ky, j;] C (J», ko) means

D BINGi) + N(ja) = N(ki) + Nk)l = > PIN(ja) = Niky) = Nika) = NGl

A321 Az
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Since j, < ki, but k, > j;, and since (ja, ki) N (j1, k») = O we must have

— Z P[N(j2) — N(k;) = 0 = N(ky) — N(ji;)]

A3l
= > PIN(q — jo) = OIP[N(k, — ju) = 0]
A3z
<[> BN - =0l .
k>j

We estimated the sum inside the square by |A|. So contribution from here is at most |A|*.
On A3 the condition k; < j, < j; < kp, means (ky, j) N (j1,k2) = 0, and again
we reduce to the case Az,;. Hence we obtain (1.24) for p = 4.

We simply have by the fact that |a;| <1 j € N

2n
- (3.47)

|'§ aj62myN(j)
JEA

2n . .
< H 2 ‘ SZTNG)
2n
JjeA

for any n € N. By using (3.47) and (1.24), we have

. NG . 4
unl Zoe <] oo
lai|<1 - 4 - 4
ajl= JjeA JjeA
Therefore we obtain
20iyNGH||P 275iyN () ||P
E sup aje < E sup aje
laji<1 1 YA p laji<t " 432 4
<E| 3ol
- 4
JEA
< AP

<E| S ezva]|”,
|5,
Now we are ready to show (1.26). By the inequality (2.1), we have

. S|P : NIz
H 2 ‘ ezmyN(J)H > H E ‘ ezmyN(J)H > AP
. p . 2
JEA JEA
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for any p > 2. Therefore

sup
lajl<1

zmyN(j)H”

‘ Z a ez’”W(J)H
S s

<P sup

lajl<1

By Markov’s inequality and (1.25)

< IAI_g_SE sup

lajl<1

. NIz
‘ Z ajeZmyN(J)H < C8|A|p/2|A|_p/2|A|_8
JeA P

< CHA[.

By taking limits, we obtain

B

lim P sup

Ao b <1 |A|—>e0

=0.

Hence we are done.

Z 2myN<.i)”p < lim C.A[™®
P
JjeA
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CHAPTER 4

PERTURBATION OF POWERS

In this chapter, our aim is to give detailed proofs of Theorem 1.6, Theorem 1.7

and Theorem 1.8, respectively.

4.1. Arithmetic progressions of larger step size

Proof of Theorem 1.6 Simply for any w

M
| $; ] -
(o9
j=1

Let us consider the p = 2 case.

M M M
M< ]EH Slermvan| — g f PO INGMINGMOl gy = " PIN(jM") = N(kM")]
=1 2 Jk=1YT k=1
M
— Z o li—kM
jk=1
M
SMa2y S
k=2 Jj<k
Then
M M k-1
Z o kM Z oM — Z o kM ( M’)]
k=2 <k k=2 j=1
kM M
< —kM" [e — "]
e Y
k=2 er -
< ZZ —kM" (k=1)M"
M
=2 e M
k=2
<2M-1)e™.
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Finally we have the bound M +4(M — 1)e™" < M + 2min{M, C,}, where C, is a constant
that depends only on r.
Now armed with these we move on to the case p = 4, where we hope to start to

see effects of randomization stronger.

M
L= DL BINGIM) + NGaM?) = Nty M)+ NG,

Jiski=1
=12

M
EH Z G2TONGM')
J=1

LetA :={1,2,3..., M} and we decompose the set A* to which any quadruple (j, jo, k1, k)

belongs as in the proof of Theorem 1.3,
A* = A UA; UAy UAp UAs,

and all except Az are dealt with easily as before. For example on Ay,

M M
D IPINGM) = NloM™) = M Y PIN(j - KIM") = 0] = M )" & -

An k=1 jk=1

which as above gives a ~ M? term. Each of the A,;, i, j = 1,2 above gives the same

ijo
contribution. We thus proceed to A;. We decompose

A3 =A31UA3 UA33 UA3,

as in the proof of Theorem 1.3, and A3;, A34 can be dispatched utilizing exactly the same

ideas. For example the sum on A3, is bounded by

M> Z PIN(jM") - N(kM") = 0] = M* - 2Me™" < C,M*"
J>k

where Cr is the same as the above one. The set A3y also give the same contribution. Due
to this contribution of these two will be dominated by the contribution of other sets.

We now move on to Az,. We decompose Az, = Az U Az, in the first of which
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are contained those (i, j», k1, k) for which the intervals (ky, j1), (j2, k») are disjoint, and

in the second those for which they intersect. The sum over A3, is written as

i [ > BNk - pm) = al = ( ED ][Z PIN(K - )M") = a]| = T+1L

a=0 k>j asM?  a>M*¥) k>
We estimate the inner sum. Let b = k — j. Then

ar

M-1
' Z(M—b)b“e—bM’
Tob=1

M-1
D PIN((k = pM") = al = > (M - PIN(bM") = a] =
b=1

a
k>j

As g(b) = b% ™" for b > 0 is a function that increases up to a supremum and then

decreases, this can be estimated by

M-1 00

M1+ar . M1+ar . M1+ar o

< — § ble™M < ——2supble™ + — be ™™ db.
a. bl a. b>0 a. 0

The supremum is attained when b = aM~". Now our aim is to estimate the integral above.

We apply the change of variables. Let b = M"u. Then db = M"du.

f bae—erdb — f u e—uM—rdu = M f uae—u
0 o M 0

=M""T'(a+1)

—r—ra
=M al,

where we use the property I'(a + 1) = a!, a € N of the Gamma function. Plugging these

and using Stirling’s formula we have

Ma® M1+ar a!
=2 + <

ﬂ + Ml_’
alet al Mreh = g '
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In the summation range of I this last sum is bounded by 2M/ +/a, and thus

4M?

1= 3 [ PNk - pM) = al] <[ Y PINGR= pmry =0l + ) =

as<M?  k>j k>j 1<asM?

< C? +4M*(1 + 2rlog M).
In the summation range of II the term M I=r dominates, hence

| Z [Z PIN((k — j)M") = a]]2 <2M"" Z Z PIN((k — j)M") = a]

a>M?  k>j a>M? k>j

=2M'" " ) PIN((k - j)M") = a]

k>j a>M?r

< 2M1"Zl

k>j
< 2M'""M?
<2M*7".

Thus we conclude the estimate on As»;.

As in the previous proof, this case of non intersection is the generic case, and
intersection cases contained in Asp; reduce to previous cases. The set A3 is similar to As;.
We thus obtain the upper bound <, M?log M + M>~".

Now we give an estimation for the lower bound. By the inequality (2.1) we have

4

4.1

M
M2 < EH Z P2TIINGM)
4

=1

. M
< EH Z P2TINGM)
2
J=1

This gives M? term. Let w ¢ B = {w | N(M"*") > 2M"*'} and 0 < y < 1/100M"*!. Then

4

M 4 1/100M7+" | M 4
NGMON > 2ryN(jM" dy > ————
|2 oz [T Semammii) av: gt

B M3—r

1600
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Hence we have

M 4 M3—r
2miyNGMO|[* 5 M
]EHJZ:;e .2 T30 4.2)
By combining (4.1) and (4.2) we obtain
M 4
2 3-r 2iyN(jM")
M+ M7 SE|| Y e -
=1
This completes the proof of Theorem 1.6.
O

4.2. Perturbation of powersIL, p = 6

Proof of Theorem 1.7 By employing p = 2 case and the inequality (2.1) the > part of

(1.35) can be estimated as follows

6
6

6
|A|3 < EH E eZmyN(] )H < EH § eZmyN(] )
2
JjeA JjeA

Now we focus on the < part. For d = 2 case we utilize p = 4 case, and we then

NI an ]2 N
EH 2 ‘ N G||” < H E ‘ S2TONGY) EH E : eZmyN(./d)H
6 4

JEA JEA ® JEA

S IAPIAP log*(1 + |A])

obtain

= |AI*log*(1 + |A)).

Thus we suppose d > 3. We may suppose that A contains no element in [1, ¢!?’], and have
more elements than e'%. It follows immediately that whenever j,k € A, k > j we have by
the Mean Value Theorem that k¢ — j¢ > €2,

We first transform our sum

3

= DIl DY P[ZN(jf’)ZiN(k?)]-

JjeA J1.J2,J3:k1,k2,k3€A i=1 i=1
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The set A® to which any vector (ji, j», j3, k1, ko, k3) belongs can be written as follows

At=| U Au| U As.

1<a,b<3

Here A, a,b € {1,2,3} is the set of vectors (i, ja, J3, k1, k2, k3) for which j, = k;,. The

set A4 contains those elements of A® that is in none of these A, a, b € {1,2,3}. We have

> ZN(J,)—ZN(kd > ZN(;»—ZN(W

A i=l Juja.jski k€A =l i—1
2
od d
L DY ZN(Ji)=ZN(ki)].
Jisj2kka€A i=1 i=1

This last sum is bounded by
IA* log’(1 +]A]) and AP

for d = 2 and d > 3, respectively. The same argument gives the same result for other A,.
Thus the contribution from these sets is harmless. Therefore we are left with handling A4.

We consider the set

Agt =1, Jo, J3, ki ko k3) € Ay 2 j1 < o £ j3, ki S ko < ksl

Observe that there exists different orderings of j;,,1 < i <

3, and 6 different orderings
of k;, 1 <i < 3. Since by simple change of variables these can be transformed into each

other, we obtain

Z ZN(]I)—ZN(k" <36 P ZN(]I)—ZN(I("

Aq i=1

109



Therefore we focus on this A4;. We split this set into

Agrr =:1{(J1s Jo, Ja, ki ko, k3) € Agy : 3 < ka}
Agin = {(J15 Jo, Ja, ki, ko, k3) € Aay 2 ks < J3).

Since the sets A4y, and A4y, are symmetric, it is enough to handle A4y;. If we further

decompose the set A4;; we have

Asinn =AU, Jo, 3. ki ko k3) € Agy 2 ji < ki1 <0 <3}

and A4112 1= A4q11 \ Agqq11- The set Ayqqg 1s easier to handle than the set A4q1,. Actually the
set A4112 1 the main contributor. Let us first deal with the easier set A4;1;. By a simple

observation we have

3 3 2
DB D INGH = Y NGH| = DB Y] NGH = Nk = NGk - NG9 |
Ay i=1 i=1 Agin =1 <0 >0
3
= D B[ D NG&D - NG = 0]
Aqn1 i=1
- Z P[N(k)) - N(j9) =0, 1 <i<3].
Aqin1

Here we need to deal with three cases. In order to describe these let /; denote the interval
(ji, k;) for each 1 < i < 3. The first case is I3 N I, = (. In this case /5 cannot intersect /,

either and we have

D BN - NGH =0, 1<i<3]

A1

LNhL=0
= > PINGK{ - j4) = OJP[NGH) - NGy =0, 1 <i < 2]
Aqr11
LNL=0
= > PING' = jH=0]- > P[NKH-NGH=0,1<i<2].
JikeA Jioj2.k1,ko€A
k>j ki>j1, k2> jo

In the second chapter where we estimated the p = 4 case, we estimated the first sum by 2
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and the second sum by 2|A|>. Thus the contribution from this term is harmless. Moreover
this bound can easily be improved to a constant . The second case is I N I, = @, and by
the same arguments we obtain the same bounds. The third case is when I, intersects both

I, I5. In this case

D BINK) - NGH =0, 1<i<3]= > PNk - N($) = 0]

A4111 A4lll

LNnL#0 LNL#0
ILNL#D LNL#0
d d\ _
< E P[N(k¢ — ) = 0]
Jikz€A

J1<j2.j3.k1 ko <ks

< § (ks — j)'P[N&S - j) = 0],
Ji.k3€A
Ji<ks

where we utilized
Z 1<(s—j) for i=1,2,

J1<ki<ks
and
Z 1<(s—j) for j=2,3

J1<Ji<ks

to pass from the second line to the third line. / can be estimated by

Z(k e = < Z(k_ e ®-1 < Z(k _ ek k= 1=kt )

J.keA Ji.keA J.keA

Jj<k Jj<k Jj<k
< Z(k — jytetkeDgl=terd

Ji.keA

j<k

The final sum is bounded by

. . 12
[sup x4e_x] . Z e~k < [sup x4e_"] . Z eefe < Se[ Z e‘J]
x20 JikeA x20 JikeA jeN
Jj<k Jj<k

< Se.
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To reach the desired result in the above we used the estimations

1

<1.
e—1

supx*e™ <5 and Z el =

x>0 jeN
This finishes the estimation of A4y;.

We now move on to A4y1p. Within A4y we already assumed j; < k3. So there are
four options that emerge from relations of j, k; and j,, k,. We already covered one of

these in A4;1;. Then there remains three cases:

CASEL j, > ky, j» > ky.
This case itself is separated into two
CASElak <k, < j1 < j < j3<k;s
CASE1b. k) < ji <ky < jo £ J3 <k3

CASEIL j, > ki, j» < k.
This case also separates into two
CASElla. k) < j; < jo < j3s <k < k3
CASEIIb. k) < j1 < jo <ky < j3 < ks

CASE III. ,jl < ky, j2 > ks.

This means j; < k; < k; < j, < j3 < ks.

We will say that the pair j;, k; have positive orientation if j; < k; and negative
orientation if j; > k;. In all of these five subcases we have positive orientation for one or
two values of 1 < i < 3 and for the remaining values of i we have negative orientation. We
observe that within A4;, the open intervals obtained by the pairs in one orientation cannot
intersect the pairs in the other orientation. To see this suppose that the open intervals
(Jas ka) (kp, jp) intersect. This implies j, < j, and hence a < b. But it also implies k;, < k,
and thus b < a contradicting the first implication.

With this observation we will prove CASE Ia. Since this property is shared in all
cases their proofs will follow from the same arguments. So proofs of these other cases

will not be explicitly written.
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Let A41121 be the set of vectors satisfying CASE Ia. We have

3 3 2
DUE[ D INGD = D INED| = > B[ D NGH = NG = N - NG|
i=1

Aq1121 i=1 Aq1121 i=1

We define f(x) := 44/xlogx for x > 1. Our approach will be the same one which we
used in the proof of Theorem 1.5. For this purpose, to each vector in A4;15; we assign the

events

2
Q.= [ Y NGH - NUD = N&D - N(D),

i=1

Q; = {[N k(@) = NGD@) = & = jH] < max £k = jiD}  1<i<3.

Let m be an index that maximizes ka - jfl, since f is an increasing function, it also

maximizes f(|k? — j¢|). By using these sets we can write

P[Q.] € P[Q, N Q; N Q, N Q3] UP[Q]] UP[Q;] UP[Q],
and this yields

P[Q.] < P[Q. N Q; NQy N Q3] + P[Q]] + P[QS] + P[Q3].
We have by Lemma 2.4

P[Q]

P{|N (K@) = N(GD@w) = (K = D] = falks, - ja)]

= B[{[N @) = NGD@) = & = 7] = 4 Ikt = jaltoglis, - ja]
< P[{|[V k@) = NGD@) = K = ] = 4k = il Jlog it - j4]]
< Qe

= 2l — jul™,
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PIQS] = P[{[N(k(w) - N(iDw) — k4 = | = fke = jaDl]
= B[{|N () @) ~ N(E(@) — K — )] = 4 \JIkd, — j4  log ks, — 2]

P[{|N(kd><w) NG2@) — (k4 — 9] 2 4/l — 7 \Jlog ks, — 2]

—16log |km Jm|

IA

IA
N

= 20k = jml ™,

and

PO = P|{|NK(@) = N(iw) = & = ] = falks, = oD} ]
= B[{|[N () (@) ~ N(fD(w) - (4~ j)| > 4 \/Ikd j4lloglkd — jell]
<F|

(INED@) ~ NG@) ~ (79 = 4~ 71\ log ks, — 2]

—161og [km—jm|
7

< 2e

= 2|km - jm|_4

The contribution of these terms are small. For the main term Q. N Q; N Q, N Q5 if this set

is not empty we have by triangle inequality

[t = = G = K = (4~ KD
2
- \ZNU?) — N(!) = [N () = NG+ (K = ) = G = k) = (4 = k)|

= [ NG = NG = (= k) + NG = NG = (3 = k) + (4 = 1) = Nk = NG|

< NG = NG = (L = kD] + [N = NGk = (73 = kD)

+ [N = NG - k- )|

< FOKS = job + UKL = 4D + fUkS = j4D
= 3f(k& — jLD.
Then we have

Ky = ) = G = k) = (s — k)| < 3f(lks, = jaD). (4.3)

Thus the set Q. N Q; NQ, N Q3 is empty if vectors do not satisfy this relation. For vectors
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in A411211, the probability of this set is equal to

Tkd—j3-+f (ki = jD1 2
B[ D INGH - Nk = a = Nk - N(j9)]
a=k{—j4—fUkg—jmDl =1
kS = j4+ f (ki =D 2
= > P DINGH-NED =alP[NGKE - /) = a].

a=|k{-ji-f(kg—-jah) =1

By Lemma 2.6 this is less than or equal to

Tkd— j4+ (ke = jD1 2 1
D, B[ DINUH-NGKD = a|———=
a=|kd—jd-fkg—jab) =1 kg’ - J§1

Then summing over a yields

[kd—j4-+f (k= j&D1 2 | )

> P D INGH - NGk = a < :
1l _id_ ppd _ id i=1 k4 — kK — d
a=1k§—j4—f (k= jh)] S =75 =

Combining all of these we can write

2
DB D NG - Nk = Nkd) - N

Aar121 i=1
< D PIQ.NQ N Q) N Qs] + PIOS] + PIOS] + PIOS]
Ad1121

+ > 6lkh — o

1
<), =
Agi211 k‘; - ];l A4ni21

The second sum is easy to handle. Since k¢ — j4|7! < Ikid - jf’l_1 for 1 <i < 3 we then
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have

36kt <6 3 [ - g

A41121 Aq1121 i=1
3

<6 > > > | w-jirs

j3,k3€A jz,szA j|,k1€A i=1
k3>j3  jo>ka ji1>ki

=6 Y -

J.keA

k>j
But we have
PN PN nod ot
D =TI Y YR ==Y Y e k=)
JikeA keA l<j<k keA l<j<k
k>j
DN W
keA 1<j<k
< Ci,
3
where

Capz = Z J.

JEN
Thus the second sum is bounded by an absolute constant. We now try to estimate the first

sum. Clearly it is bounded by

| Ajs,k3

1
Z —_Canznl
Jj3.k3€A /k —
7<3>3j3 373
where the set Afl’f;l , 1s the set of vectors in A4y121; with fixed j3, k3. This set lies within

(1. K1y josk2) € A2 ji > ki, ja > ka, (4.3) holds). (4.4)

The condition (4.3) implies the condition

|k = jD = G =k = (j§ — k| < 3FG = j) < 3fQ&K! - jh) < 6f*KS - jD).  (4.5)
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To see this, form = 1

Ut =KD + (5 = K3) = 3F (k] = JiD < (K5 = j3).
This implies that

Ut =KD < K5 = J3 + 3£k = JiD < 20k = j9).
Similarly for m = 2

(1 =KD + (s = k) = 3£(ks = Jab < (K5 = J3).
this also implies that

(Js = k9) < K§ = j§ + 3£k — Jal) < 2(K5 = ).
We again reach (4.5) for m = 2. Therefore (4.4) is the subset of the set

(i, ki, jo ko) € A% ¢ ji > ki, jo > ko, (4.5)holds).

If we crudely estimate the number of pairs (j», k»), the cardinality of this set can be esti-

mated by

AP e . . . .
= SUP[{Gins k) € A% 2 i > ks 1 = K+ € = (K5 = )1 < 67 (K5 = j5).

where C is a natural number less than (k§ — j4) + 6 f(k§ — j¢). This bound on C is due to

the condition (4.5). This can be simplified to bounding

|A]? : . .
— sup (G, k) € A% ji > Ky, |4 — k¢ - C| < D}
D<C<D?

2
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where C is an integer in (—6f(k¢— j¢), ki— j4) and D = 6 f (k¢ j¢). Clearly the maximum is
attained when C > 6 f(k{ — j4). By Theorem 2.11 this supremum is bounded by 6 f*/*(k{ —

jgi). So combining all of these and using Remark 2.5 we obtain for small & > 0,

2
1 . i kd_ «d
> i< aar Y, SR

jnksea ([K§ = jA jikser [k = j
k3> j3 k3> j3

1
1 d kd_ «d
<1247 ) log?(k” ~ j*)

1_1
jkeA (kd_]‘d)z d
k>j

< C8|A|2 Z (kd _ J-d)%—%+s'

J.keA
k>j

Then by Lemma 2.12 the last sum is bounded by

Z (kd—jd)t]’f_%” < Z @-Dh-1+e) Z (k_j)g—%ﬂ;

1< jik<|Al 1<k<|A| 1<j<k
Jj<k
< Z k(d—])(g—%w) 2: ﬁ—%w
1<k<|A| 1<j<k
<Cy, Z k(d—l)(g—%+e)k$+%+a
1<k<|A|
d
< Cyp Z K2-9+de
1<k<]A|

This last sum is bounded by

|A]?/?*¢ for d = 3

IA

|A|'*¢ for d = 4 (4.6)
|A| for d > 5.
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We finally have

|A|"?*¢ ford = 3

.
AL 11| Sae AP ford = 4

> ——
jakzeA \[kd — jd
k>j N33 |AP? ford > 5

This finishes the proof.

4.3. Perturbation of powers III, p = 2n

Proof of Theorem 1.8 We already proved the cases p = 2,4,6 with Theorems 1.3,1.7.
Thus we may suppose that p > 8, and so d > n > 3. We may also suppose that A contains
no element in [1, '], and have more elements than ¢!, If j k € A, k > j then we
have by the Mean Value Theorem that k¢ — j¢ > ¢!004d=1),

Letj = (i, Jj2,-*,Jn) and k = (ky, ks, - ,k,) denote vectors in A”. We first

convert our sum

E” Z o2TYNG?) z: — Z ]p[ an N(]:i) — Zn: N(k?)].
JEA i=1

Gkear =1

We decompose A% = A* U A™, where A*™* contains those vectors (j, k) that have
Ja = kp for some entries 1 < a, b, < n. The main contribution comes from A*, and A*™* can
easily be coped with induction.

We let A}, for some fixed 1 < a,b < n denote the subset of A** consisting of

vectors (j, K) with j, = k;,. For the base step n = 1 we have by Theorem 1.3

2
B e, <
2
JjeA

Suppose that our statement is true for n — 1, that is, we have

2(n-1)

o] 3

JEA

< An_l.
2n-1) Sp Al
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Then after reordering, relabeling and applying the inductive hypothesis we obtain

n— n—1

ZP[Zn:N(jl‘.’):Zn:N(kf’)]=lAl D, B[ NGH =141 NG
i=1 i=1 =

1
A:;z P i (j’,k')eAZ("‘” i=1 i=1

-] 3
JjeA

<p Al

2(n—1)

Thus we are just left with handling A*. We consider the set
Al ={(G.K) €A™ i < o< ... < ju ki <hky < ... < k).

Observe that since there are n! different orderings of for j;, and similarly for k; and since

each ordering can be turned into each other by a relabeling, we have

ZP[ZH]U?) = iN(k?)] < (n!)ZZP[Zn)N(jb = iN(kf’)].
i=1 i=1 A i=1 i=1

A* ' = :

The pair j;, k; is said to have positive orientation if j; < k; and negative orientation
if j; > k;. For every vector (j,K) € Aj this splits up pairs or indices 1 < i < n of the
vector into two sets 0, (j, k) and o_(j, k). Observe that open intervals (j,, k,) € 0.(j, k)
and (k, j,) € 0_(j, k) cannot intersect. For intersection implies j, < j, and hence a < b,

but it also implies k;, < k, and thus b < a. Now armed with this observation we proceed.
DI
i=1 i=1

Al

=SB Y NGH-NKH= Y NG - NG
A

icr—(j.K) i€o+(j.K)

4.7)

Notice that o, (j, k), 0_(j, k) may be empty, in this case the sum over that set is taken to

be zero. Let us define f(x) := 4 y/nxlog x for x > 1. To every vector in A] we assign the
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events

Q.:={ > NUH-N®KDH= > N&H-NGD),

ico_(j.k) ico(j.k)

Q; = {[N k@) - NG(@) = (K = )] < max fOk - jiD).  1si<n

Let m denote an index that maximizes [k — /| and thus f(|k¢ - j¢|). By utilizing these sets

we can define Q.. := Q. NQ; N, ...NQ,, and obtain

PIQ.] < P[Q..]+ ) PIQS].

i=1

We have by Lemma 2.4

IO = P[{|N(KD@) = NG @) = (K = jD| = £k = jab}]
Pl{ING@) = NGH@) = K = ] = 4 Jnlkd, — jdlTog Ik, — ja )]

< B[{|N @) ~ NGD(@) — K~ )] = 4 Ik — jil \Jnlog Ikt — jé1}]

—16nlog |km—jm|
p)

< 2e

= 20k = jul ™"

that is, the contribution of these terms are small. As for the main term Q,, we first
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notice that if this set is nonempty for a vector (j, k) we have by triangle inequality

DL —jh= > Gl-kD

ico+ (j.K) ico_(j.K)
DL W =jh= DL Gl=kh+ D INGH=NEDI- ) NG - NG
ico+(j.k) ico_(j.k) ico_(j.k) ico+(j.k)

=| D [ =jH=NEH+NGHI+ >, NG = NGKD - (i = kD]

i€o 4 (j.K) ico_(j.k)

< DL INGH=NED = GE-ED + D K = i = NG + NG

ico_(j.K) ico+ (j.K)

IA

Do D Ak - D

ico_(jk) ieoi(j.k)

= nf(ks, — jal).
4.8)

Therefore the set €., is empty for vectors that do not satisfy this relation. Let A}, be the
set of vectors in Aj satisfying this relation. Observe that if in a vector (j, K) one of the
sets 0, (J, k), o_(j,K) is empty, then that vector cannot be in the set A},. For vectors in
A7, assuming m € o.(j,K), we compute the probability of the set €., as follows. By
our observation on non-intersection of pairs in sets o_, 0, and independent increment

property of Poisson processes we have by Lemma 2.8

PIQ.1= > B[ > NGH-NEkh=a= ) N&)-NG|

a€Z, ico_(j.k) ico+(j.k)
= DBl D NUH-N&H=ap[ ), NkDH-NGH=ad]
ac’, ico_(j,k) ico(j.k)

We apply Lemma 2.10 to the sum over o, and sum over a for the sum over o _

. Vn
ﬁ NG = NG = a] < ——.
]m c;, za%,k) ] |k;dn - ]%l

<1

If m belongs to o_(j, k), after using independence we apply Lemma 2.9 to the sum over

o_ and sum over a the other sum to get the same result. Combining all of these we can
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continue from (4.7)

g}iﬁﬂgwy+jipmﬁﬂ:ESPKLJ+EZ[§:MQﬂ
A i=1 A% A 1

i=

Vn d _ d-4
< —— +2n ks, — Jo "

*
All

The second sum is easy to handle:

n

INCETREDY ]_[ k=t < 2 [ ] D0 k= i
A=l

AT * } i=1 j,‘,kiEA
Ji<ki
n
n —4d+4 -4
<a2'[ [ DK > =)
i=1 k€A 1<j,'<k,'
n
_ n —4d+4 4
=2 [ )i
i=1 ki€A 1<j;<ki
n
n —4d+5
S
i=1 ki€A

where we used

kd_jd — (k_j)(kd—l +kd_2j+"'+kjd_2+jd_l)
<d(k - k.

From this we have

2nZ |ki _ ji|—4n < 2n+1n [Z k_4d+51| <1

A} keA

We now try to estimate the first sum. We decompose A}, = (J_, A],;, where

. s " .
m = i for vectors in Aj,,. Furthermore we decompose A}, = |J ji’kiiA A?ﬂ ', where A?lll :
Ji#ki
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are vectors in A7, for which j;, k; are fixed. Then

<nsup

Z VIk ]m i= 1 A . AJIKS Isizn g ‘/|kd—]

Since the estimation does not depend on the choice of r we estimate the last sum for a

fixed i = r. Then

Z V - jd ]MCZEAA;r VI lkd — jd|

dirthy 4.9)

> = =S.

jrakrEAjrik;

*Jrkr
llr

Therefore it remains to estimate the cardinality of A*" ". Let D; := kid - j? . Fix any index

1 <1< nwith [ # i. Thus the set AT{:‘ " lies within the set

{G.k) €A™

jikiare fixed, O0<[k?—j|<|D| 1<i<n, (48) holds}. (4.10)

In order to estimate the cardinality of this set, we just look at the possible choices for pairs
Ji» k;. Since there are |A| possible choices for each of j; and k; number of choices for any
pair (ji, k;) for vectors of this set can be estimated trivially by |A|>. This we call the first

method. Alternatively our second method comes from the identity
[{Gi ki) € A% 0 < 1K = j1 < ID1 Y| = 2[{(in ki) € A%| 0 < K = j¢ <D, }|

By using Theorem 2.9 with C = D = |D,| the set above is bounded by 2C4|D,*¢. Once
we fixed n — 1 pairs, we can use our arithmetic results for the remaining pair. This will be
called refined method.

We first start with estimating S to understand things more clearly. By the second

S <an Z

Jrokr€A

method we have
|D |2(n—1)/d

r 2= 1
S s 2 e

Jrkr€A

Observe that if d > 4n — 4 then the exponent of |D,| in the last sum is nonpositive which
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means the contribution of this term can be controlled by C,,|A[>. Thus we estimate S for
d<4n-4.

Now we estimate the cardinality of (4.10) combining all our three methods. We
have n — 1 pairs to estimate in this set. One of them will be estimated by the refined
method after all n—2 pairs are estimated and fixed by the first and second methods, we fix
an index 1 </ < n with [ # r for this purpose. For the other n — 2 indices we note that in
general the first method gives a better bound than the second, but it is the second method
that enables cancellation with the \/m term of the denominator. So we must use the
second method as many times as possible to take advantage of this cancellation, and for
the remaining pairs we use the first method. To this end we pick d’ := |'j—f - % — 1 indices
apart from r,[. This d’ is the largest number of applications for the second method after
which the power of |k4 — j9| still remains nonpositive in the sum. Given the assumption
d < 4n — 4 we also have d’ < n — 2. To the remaining n — 2 — d’ pairs we apply the first

method. So the cardinality of (4.10) is bounded by

< CnDTIAIP420 sup 1{<jz,kz)eA2\ Ji# k. (4.12) holds|
0<Il_)r|£l|D,-|
1#71,

’ 4.11)

where

[k = i+ > D < nfaD,). (4.12)
i#l

Therefore only the index / remains and we will apply the refined method for this. Since

-n|Dj| < .., D» < n|D;| the supremum can be bounded above by

< sup [{Gnk) € A% i# ke [ = i+ D] < nf(DD)

|DI<n|D |

<2 swp (b e j<k [k~ '~ Dl <nfD,))|

|DI<n|D |

<2 s fGoeadj<k K- - Dl<nfapl
nf(ID,)<D<n|D;|

To the last line above we can apply our Theorem 2.11 to bound (4.8) by

2d’ +
d

42y 2 2 ned—2d’ 1 1
< CJAP"™ D, fi(ID,]) < C4AP"*24|D,| "7 log? |D,|.
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Then we can proceed from (4.9)

1 .
log? K — j*I 4 qea

jkeA \/27T|kd —

S < Cd,nlAlln—4—2d'

jk

' 1 J 4.13)
< Cd |A|2n—4—2d' Z logd(kd —J ) )
- i Ik — ja

}‘<k

The exponent of |k — | is

1/d if d=0( mod4)
1 2d+1 3/2d if d=1( mod4)
S- - (4.14)

2 d 2/d if d=2( mod4)

1/2d if d=3( mod 4).

From this we see that the summand in the last sum is a decreasing function of type given

in Lemma 2.12 on [e?, ). By Lemma 2.12 we can bound this last sum by

1

4 _ .d
- log? [k* — j| .
- 1_2d"+1

d _ d|5-
10< j<k<|A|+9 lk® — jé|27"a

Applying once more time to Lemma 2.12 the above expression is bounded by

SaloghlAl D k-

1< j<k<|A|

By using
kd _jd — (k_j)(kd—l +kd—2j+ +kjd—2 +jd—1)

< d(k - Pk,

and applying a change of a variable we bound the last sum by

2d'+1 1 2SN v 2d 4l 1 24411
<, Z @D —pz(k_J) 71 = Z J@-DC%G Z)Z] T

1<k<|A| 1<j<k 1<k<|A| 1<j<k
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Since

Z .2d;+1_% <1 +fk 'MTH_%d'— 1+ 2d .2d;+1+%
/ N T= T s v a2’

we obtain

O 3] A 2d' +2-4
Sde a 2fTa T2 = k 2, (4.15)

1<k<|A| 1<k<|A|

The exponent of this last sum is

0 if d=0( mod4)

4 l=172 if d=1( mod 4
2d +2-2 = (4.16)
2 1.1 if d=2( mod4)

12 if d=3( mod 4).

Therefore the expression on the right-hand side of (4.15) is bounded by

JAPI+3-5 log'*a |A] if d=2( mod 4),
<Sd .
JAPY+3-% log7 |A] else.

Plugging this into (4.13)

AP og" 7 Al if d=2( mod 4),
~n,d

AP logi |A]  else.
Thus the final bound is

max {|A]", JA[2n-%-1 log“%(l +|A)} if d=2 (mod 4),
~d,.n

max {JA[", JAP 2! log# (1 + A} else.

This completes the proof. O
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CHAPTER 5

CONCLUSION

This study is mainly concerned with the classical Hardy-Littlewood majorant
problem. We consider this problem by randomizing frequencies of exponential sums
with stochastic processes such as stationary processes, random walks and the Poisson
processes. We prove that the Hardy-Littlewood majorant property remains true up to a
negligible probability after randomizing by these processes. B. Green and I. Ruzsa use
the Green-Ruzsa set to show the majorant property does not hold for p = 3. As opposed
to these authors, we randomize a wide class of sparse sets, including the Green-Ruzsa set
via Poisson processes and show that the majorant property holds almost surely on these
sets. We then explore the impact of randomization on the expected values of the L?>-norm
and L*-norm of an exponential sum with frequencies forming an arithmetic progression
with a larger step size. Owing to Theorem 1.2 and Lemma 2.2 we see that there is no
notable effect when step size is one. Finally we provide an upper bound for the expected
value of the L"-norms, n € 2N of exponential sums whose frequencies are randomized
via Poisson processes, and on average this upper bound gives us estimates of the number

of solutions to diophantine equations.
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