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Kinetic modelling of lactic acid
production from whey by Lactobacillus
casei (NRRL B-441)
Duygu Altıok, Figen Tokatlı∗ and Şebnem Harsa
Food Engineering Department, İzmir Institute of Technology, İzmir 35430, Turkey

Abstract: The biomass growth, lactic acid production and lactose utilisation kinetics of lactic acid production
from whey by Lactobacillus casei was studied. Batch fermentation experiments were performed at controlled pH
and temperature with six different initial whey lactose concentrations (9-77 g dm−3) in a 3 dm3 working volume
bioreactor. Biomass growth was well described by the logistic equation with a product inhibition term. In addition,
biomass and product inhibition effects were defined with corresponding power terms, which enabled adjustment
of the model for low- and high-substrate conditions. The Luedeking-Piret equation defined the product formation
kinetics. Substrate consumption was explained by production rate and maintenance requirements. A maximum
productivity of 2.5 g dm−3 h−1 was attained with an initial lactose concentration of 35.5 g dm−3.
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NOTATION
f toxic power for biomass inhibition
h toxic power for product inhibition
KS Monod constant (g lactose dm−3)
mS maintenance coefficient (g lactose g−1 biomass

h−1)
N number of observations
P lactic acid concentration (g dm−3)
Pf final lactic acid concentration (g dm−3)
Pm inhibitory lactic acid concentration (g dm−3)
P0 initial lactic acid concentration (g dm−3)
qP specific production rate (g lactic acid g−1

biomass h−1)
S substrate concentration (g dm−3)
Sf final substrate concentration (g dm−3)
S0 initial substrate concentration (g dm−3)
SSE sum of squares of errors
X biomass concentration (g dm−3)
Xm inhibitory biomass concentration (g dm−3)
Xmax maximum biomass concentration at stationary

phase (g dm−3)
X0 initial biomass concentration (g dm−3)
YPS product yield coefficient (g lactic acid g−1

lactose)
YXS biomass yield coefficient (g biomass g−1 lactose)
t time (h)
α growth-associated product formation coefficient

(g lactic acid g−1 biomass)
β non-growth-associated product formation coef-

ficient (g lactic acid g biomass−1 h−1)
µ specific growth rate (h−1)
µmax maximum specific growth rate (h−1)

INTRODUCTION
Lactic acid, which is mostly used in the pharmaceu-
tical, cosmetic, chemical, textile and food industries,
exists in two optically active forms, D(−) and L(+).
Lactic acid is produced by chemical synthesis, by
hydrolysis of lactonitrile and by microbial fermentation
processes.1 L(+)-Lactic acid is the preferred isomer,
since it is involved in normal human metabolism,
but chemical synthesis yields only racemic (DL)-lactic
acid. On the other hand, L(+)-lactic acid can be
produced by fermentation processes. The homofer-
mentative Lactobacillus casei, which is a Gram-positive
and facultative anaerobe, is known to be an L(+)-lactic
acid producer.2

Among many carbohydrate materials used for the
production of lactic acid, whey lactose deserves
special consideration. Whey, a by-product of the
cheese-making process, is an abundant food-grade
material and a potential environmental pollutant
owing to its high lactose content.3 Since whey
contains complex nutrients for bacteria and is cheap,
it might be a good source for microbial lactic acid
production.

Kinetic models have been used to predict the effects
of operating parameters on biomass growth, substrate
utilisation and product formation rates and also in
the optimisation of fermentation processes. Many
different unstructured models involving microbial
growth, substrate utilisation and product formation
have been applied to experimental data. The kinetic
models have been based on the Monod equation
and the logistic equation for microbial growth and
the Luedeking–Piret equation for product formation.4
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Modified forms of the Monod and logistic equations
have been applied to indicate the effects of biomass,
product and substrate inhibition on biomass growth
for lactic acid production. Models including terms
for both substrate and product inhibition have been
suggested as well as models considering only product
inhibition.5–8 In the study by Fu and Mathews,9

model parameters such as specific growth rate and
the Monod constant were expressed as a function
of pH. So far, kinetic modelling studies with
L. casei have been mostly conducted with substrates
other than whey. Some of the models have been
generated for continuous production. There have
been studies on the kinetic analysis of L. casei
mainly with glucose as carbon source. Models of
growth and lactic acid production in batch cultures
of L. casei from glucose have been proposed by
considering the nutrient compounds as factors in
a number of designed experiments using response
surface methodology.10 Kinetic models of L. casei
in continuous fermentation systems with product
inhibition and glucose as substrate have also been
assessed.11,12 Another study investigated L. casei
kinetics considering both product and substrate
inhibition in a continuous membrane bioreactor
with glucose as carbon source.13 Previous studies
together with the kinetic parameters for different
lactic acid bacteria and substrates are listed in
Table 1.

The present study was aimed at investigating the
kinetics of L. casei for batch production of L(+)-
lactic acid using whey as carbon source. Owing
to its homofermentative character, the use of L.
casei is advantageous with this cheap carbon source
for lactic acid production. Batch fermentations were
performed at constant pH and temperature and with

various initial lactose concentrations. Based on the
experimental data, rate expressions of biomass growth,
product formation and substrate utilisation were
developed with biomass and product inhibition terms
in the logistic equation. Prior to the final parameter
optimisation study, response surface methodology
(RSM) was used to assess the importance of the
model parameters on the model fit and to find
a range for their numerical values to use in the
simulations.

MATERIALS AND METHODS
Micro-organism
The micro-organism used in this study, L. casei
NRRL B-441, was obtained from the US Department
of Agriculture, National Centre for Agricultural
Utilization Research (Peoria, IL, USA). The micro-
organism was supplied in lyophilised form, activated
in 10% (w/v) sterilised litmus milk (Difco, Detroit,
MI, USA) propagation medium and maintained at
4 ◦C.

Media
Whey powder containing approximately 70% lactose
and 11.5% protein (Pınar Dairy Products, Inc., Izmir,
Turkey) was used as carbon source. Whey from
the same production batch was used throughout. It
was dissolved to attain the desired initial substrate
concentration (S0). Before use, protein precipitation
was induced by heating the whey solution at 121 ◦C
for 15 min. Precipitated proteins were removed
by centrifugation (Sigma, Osterode, Germany) at
3835 × g for 20 min. The supernatant was used as
substrate for the fermentations. The basic media for
fermentations consisted of (dm−3 deionised water)

Table 1. Previous kinetic modelling studies including lactic acid bacteria

Micro-organism Substrate µmax KS α β mS YXS YPS

L. casei (this work) Whey lactose 0.265 0.72 α = 0.029S0 0.06 0.03 YXS = −0.0017S0 0.682
+2.686 +0.24

L. helveticus8 Whey lactose 0.25 0.9 4.6 0.23 2.65 0.064 0.61
L. lactis14 Lactose 1.1 1.32 0.932 3.02 – – 0.93
L. casei10 Glucose 0.994 – 1.332 0.035 – 0.409 0.834
L. curvatus15 Glucose – – – – – 0.23 1
L. helveticus16 Whey lactose 0.7 0.22 – – – – –
L. helveticus17 Whey lactose 0.82 0.22 4.5 1.62 – – 0.95
L. helveticus18 Whey lactose 0.49 – 2.56 0.76 – – 0.84
L. rhamnosus19 Glucose 0.633 0.3 6.6 0.33 – 1 1
L. bulgaricus20 Lactose 1.14 3.36 – – – 0.10 0.90
L. plantarum9 Lactose 0.364 44.4 – – – – 1.02
L. helveticus21 Whey lactose – – 4.26 0.5 – – –
L. helveticus22 Whey lactose 0.21 – – – – 0.08 0.71
L. lactis5 Glucose 0.403 0.79 13.2 0.0645 – – –
L. helveticus23 Whey lactose 0.76 – 2.69 0.71 – – –
L. delbrueckii7 Sucrose from beet

molasses
0.831 – 0.235 0.087 – 0.27 0.91

L. casei11 Glucose 1.23 0.203 – – – 0.115 0.977
L. delbrueckii6 Glucose 0.0696 0.0967 0.3853 0.0032 0.00014 – –
L. helveticus4 Glucose – – 2.2 0.55 – – –
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10 g yeast extract, 0.5 g KH2PO4, 0.5 g K2HPO4, 0.2 g
MgSO4, 0.05 g MnSO4·H2O and varying amounts of
lactose.

Fermentation conditions
Batch fermentation experiments were performed in
a 5 dm3 bioreactor (Bioengineering ALF, Wald,
Switzerland) with a working volume of 3 dm3. The
batch bioreactor was equipped with pH, temperature
and stirrer speed controllers. Fermentation runs were
conducted at atmospheric pressure and constant
temperature (37 ◦C), pH (5.5) and agitation (200 rpm)
based on the findings of a previous study.24 The pH
value was maintained by automatic addition of 10
mol dm−3 NaOH. The bioreactor and fermentation
media were sterilised in an autoclave at 121 ◦C for
15 min. The bioreactor was inoculated with 375 cm3

of 24-h-old seed culture (12.5% v/v). The seed culture
was grown batchwise in 250 cm3 flasks with 100 cm3

working volume in a temperature-controlled incubator
shaker (Lab-Line, Dubuque, IA, USA) operated at
150 rpm and 37 ◦C. Sterile CaCO3 (3 g) was added to
the fermentation medium in each flask to neutralise
the acid formed during the fermentations. After the
addition of CaCO3, 5 cm3 of litmus milk culture
which had been incubated at 37 ◦C for 24 h was
inoculated. Batch fermentations with six different
initial concentrations of whey lactose varying between
9.0 and 77.1 g dm−3 were run randomly.

Analytical techniques
Total biomass concentration was determined by
optical density measurements (Cary 100, Varian Palo
Alto, CA, USA) at 610 nm (OD610), which were
converted to cell dry weight (X) using a calibration
curve. At each sampling time, ∼10 cm3 of sample was
taken and centrifuged at 1610 × g for 15 min in a
Hettich (Tuttlingen, Germany) EBA 12R centrifuge.
Lactose and lactic acid concentrations were analysed
in a high-performance liquid chromatography (HPLC)
system (Perkin Elmer, Boston, MA, USA) with an
Aminex HPX-87H column (Biorad Laboratories,
Hercules, CA, USA) operated at 45 ◦C with a
MetaTherm column oven (Metachem, Lake Forest,
CA, USA). As eluent, 5 mmol dm−3 H2SO4 was
used at a flow rate of 0.6 cm3 min−1. The standard
deviation range of biomass measurements for six
fermentation runs was 0.0235–0.075 g dm−3. The
standard deviation for lactic acid measurements by
HPLC varied between 0.52 and 1.15 g dm−3. A similar
range of 0.93–1.14 g dm−3 was observed for lactose
measurements.

Parameter estimation
The kinetic model was based on the rate equations
of biomass growth, product formation and substrate
utilisation to describe the fermentation process. Three
ordinary differential equations were solved simulta-
neously by the Runga–Kutta method. Differences
between model predictions and experimental data of

batch fermentations were minimised according to the
sum of squares of errors (SSE) of the model fit:

SSE =
N∑

i=1

[(
Xi exp − Xical

Xmax

)2

+
(

Pi exp − Pical

Pmax

)2

+
(

Si exp − Sical

Smax

)2
]

(1)

where Xmax, Pmax and Smax are the maximum
observations of the relevant measurements and
subscripts ‘exp’ and ‘cal’ denote experimental and
calculated values respectively. Some of the kinetic
parameters in the rate equations were determined
according to the objective function given in Eqn (1).
The significance of the kinetic terms on minimising
SSE was assessed by RSM with experimental design
software MODDE 7 (Umetrics AB, Umeå, Sweden).
A Box–Behnken design resulting in 57 runs, including
one central run, was used with seven kinetic
parameters as factors (α, β, f , h, mS, Xm and
Pm). SSE, which is the result of simulations by the
kinetic equation set, was the response variable. For
each fermentation run, computer simulations were
done at 57 different factor combinations and SSE
values were reported. At the end of the analysis the
most significant factors on minimising SSE were found
in descending order as f , α, h, Xm, Pm, β and mS.

MODEL DEVELOPMENT
Growth kinetics
The widely used Monod equation relates the
specific growth rate (µ) and an essential compound
concentration (S) and is given by

µ = µmaxS
KS + S

(2)

where µmax is the maximum achievable growth rate
when S � KS and the concentrations of all other
essential nutrients are not limiting; KS is known as the
Monod constant. Under optimal growth conditions
and when the inhibitory effect of substrate and product
plays no role, the rate of cell growth follows the well-
known exponential relationship

dX
dt

= µmaxS
KS + S

X (3)

Equation (3) implies that X increases with time
regardless of substrate availability. In reality the growth
of cells is governed by a hyperbolic relationship
and there is a limit to the maximum attainable cell
mass concentration. In order to describe such growth
kinetics with both exponential and stationary phases,
the logistic equation is introduced:

dX
dt

= µX
(

1 − X
Xm

)
(4)
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where Xm is the stationary population size, or upper
biomass concentration, above which bacteria do not
grow.

Moreover, other forms of the Monod equation can
be utilised to account for different inhibition effects.
For the product inhibition effect, Levenspiel proposed
the following simple generalisation of the Monod
equation:25

dX
dt

= µX
(

1 − P
Pm

)h

(5)

where Pm is the maximum product concentration
above which bacteria do not grow and h is the
toxic power, which characterises the manner in
which the upper concentration limit is approached
for the inhibitory product Pm. The inhibition effect
increases with increasing toxic power h. With a similar
power term f for the biomass inhibition effect, the
final modified form of the logistic equation can be
stated as

dX
dt

= µ

(
1 − X

Xm

)f (
1 − P

Pm

)h

(6)

Lactic acid production
Product formation is described by Luedeking–Piret
kinetics. The product formation rate depends on
both the instantaneous biomass concentration X and
growth rate dX /dt in a linear fashion:

dP
dt

= α
dX
dt

+ βX (7)

where α and β are empirical constants that possibly
vary with fermentation conditions.

Lactose utilisation
The substrate utilisation kinetics may be expressed
as substrate conversion to product and substrate
consumption for maintenance:

dS
dt

= − 1
YPS

dP
dt

− mSX (8)

where YPS is the product yield coefficient and mS is
the maintenance coefficient.

RESULTS AND DISCUSSION
Determination of kinetic parameters
Batch production of lactic acid was performed
at six different lactose concentrations in order to
determine the kinetic parameters of the rate equations.
Lactobacillus casei, whose media requirements and
growth conditions were determined by a previous
study in the same laboratory conditions,24 was selected

Table 2. Experimental and calculated α values

S0 (g dm−3) αexp αcal

9.0 3.30 3.0
21.4 3.61 3.3
35.5 3.67 3.7
48.1 4.42 4.0
61.2 4.39 4.4
77.1 5.31 5.0

because it is a homofermentative bacterium of L(+)-
lactic acid.

The experimental α values (αexp) in Table 2
represent the growth-associated term parameter in
the Luedeking–Piret equation. According to a study
of Amrane and Prigent,23 α can be calculated by using
the experimental lactic acid and biomass concentration
data in the following equation:

P − P0 = α(X − X0) (9)

The results showed that there was a positive
linear relationship between αexp and the initial lactose
concentration (S0): αexp = 0.029S0 + 2.911 (R2 =
0.955).

In the model development of the six fermentation
data sets, decisions on whether the values of model
parameters should be changed or kept constant were
made by means of the RSM analysis of SSE. It was
seen that f , h and α are the most significant factors in
minimising the SSE values of simulations. However, f
and h did not change over a wide range. Their values
can be fixed at 0.5 for all fermentation runs except
those at low and high S0 values. For 9.0 g dm−3 initial
whey lactose the f and h values were determined as
0.1 and 0.3 respectively, showing a lower grade of
inhibition by biomass and product. For 77.1 g dm−3

initial whey lactose the f and h values were determined
as 0.7 and 0.5 respectively. This increase in f value
shows a greater biomass inhibition effect in the case
of increased substrate concentration. On the other
hand, α shows great variability depending on the
initial substrate concentration. For this reason, in
the optimisation part of the study, only the α values
were changed in the simulations, while the other six
parameters were kept constant. In the first attempt
the αexp values were input to the Luedeking–Piret
equation. Then the best α value (αcal) for each data set
was investigated by minimising the objective function
(1). A positive linear relation between αcal and the
initial substrate concentration (S0) was also observed
(R2 = 0.993). The closeness between experimental
and calculated values was noted (Table 2). The
maximum specific growth rate (µmax) and KS were
calculated as 0.265 h−1 and 0.72 g dm−3 respectively
from the experimental data of specific growth rate
and initial substrate concentration. The average value
for product yield on substrate, YPS, was taken as
0.682 in the model development. A decrease in
the value of biomass yield, YXS, was observed with
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increasing initial lactose concentration. This negative
relationship, explained by a linear equation (Table 1),
yields relatively low values of YXS when compared with
YPS values.

Growth kinetics
Examination of the experimental data revealed that the
Monod kinetic model was not applicable to this fer-
mentation system. The Monod equation defines the
biomass growth rate as an exponential relationship.
The logistic equation, on the other hand, describes
such growth kinetics in terms of both exponential and
stationary phases. In addition, the effect of product
inhibition is considerable for lactic acid fermentation.
The influx of lactic acid present in the culture medium
causes dissipation of the proton gradient that is main-
tained across the cell membrane. The bacteria require
maintenance energy to regulate this pH gradient. If
the energy becomes insufficient, the growth of bac-
teria stops because of product inhibition. Therefore
the modification of the logistic equation with a prod-
uct inhibition term, based on the generalised form of
the Monod equation by Levenspiel, gave better agree-
ment of model predictions with experimental data.
The logistic equation was also modified with different
forms of substrate inhibition. The Haldane equation
(µ = µmaxS/(KS + S + S2/Ki), where Ki is the sub-
strate inhibition constant) and exponential substrate
inhibition (µ = µmax[S/(KS + S)] exp(−S/Ki)) mod-
els were used.5,25 However, the models with a substrate
inhibition term did not produce good predictions with
the experimental data.

The logistic equation modified with biomass and
product inhibition terms produced lower values of
SSE. The use of Eqn (6) is more applicable to the wide
range of initial substrate concentration fermentations,
since the toxic powers define the power of the
inhibition and vary for extreme cases such as very low
and very high initial substrate concentrations, where
the inhibition effects become negligible and significant
respectively. As f and h values increase, the change in
biomass concentration with time (dX /dt) decreases.
This corresponds to a decrease in growth due to
the increase in the inhibitory effect of product and
biomass. Good correlations were achieved between
model outputs and experimental data. The simulation
results are shown in Figs 1–6 for 9.0, 21.4, 35.5, 48.1,
61.2 and 77.1 g dm−3 initial substrate concentrations
respectively.

Lactic acid production kinetics
The lactic acid kinetics was explained by Eqn (7).
Lactic acid production took place not only in the
growth phase but also in the stationary phase, though
in lower amount, as can be seen especially in Figs 2–6.
The lactic acid production mostly took place in
the exponential growth of L. casei. In order to
show this, the percentage of growth-associated lactic
acid production (%P-assoc) for each fermentation
(S0 in g dm−3) was calculated via the formula
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Figure 1. Model ( ) and experimental (+, biomass
concentration; ž, product formation; °, substrate utilisation) data for
9.0 g dm−3 initial substrate concentration.
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Figure 2. Model ( ) and experimental (+, biomass
concentration; ž, product formation; °, substrate utilisation) data for
21.4 g dm−3 initial substrate concentration.
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Figure 3. Model ( ) and experimental (+, biomass
concentration; ž, product formation; °, substrate utilisation) data for
35.5 g dm−3 initial substrate concentration.

100(P − Po)/(Pmax − Po): %P-assoc = 100 for S0 =
9.0; %P-assoc = 92.17 for S0 = 21.4; %P-assoc =
77.04 for S0 = 35.5; %P-assoc = 75.96 for S0 =
48.1; %P-assoc = 71.27 for S0 = 61.2; %P-assoc =
74.01 for S0 = 77.1. The modified Luedeking–Piret
equation which was used to define lactic acid
production by Lactobacillus helveticus26 was also used
to fit the experimental data:

dP
dt

= α
dX
dt

+ βX
(

1 − Sres

S

)
(10)
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Figure 4. Model ( ) and experimental (+, biomass
concentration; ž, product formation; °, substrate utilisation) data for
48.1 g dm−3 initial substrate concentration.
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Figure 5. Model ( ) and experimental (+, biomass
concentration; ž, product formation; °, substrate utilisation) data for
61.2 g dm−3 initial substrate concentration.
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Figure 6. Model ( ) and experimental (+, biomass
concentration; ž, product formation; °, substrate utilisation) data for
77.1 g dm−3 initial substrate concentration.

where Sres is the lactose concentration at the end of
the batch. For the initial lactose concentrations of 9.0,
21.4 and 35.5 g dm−3, Sres = 0. Then the modified
form turns into Eqn (7) automatically. For the initial
lactose concentrations of 48.1 and 61.2 g dm−3,
Eqn (10) did not make any change in terms of
the minimisation of SSE and R2 values. For S0 =
77.1 g dm−3, SSE with Eqn (10) was obtained as
0.100, which is higher than the previous results (see
Table 4). The modified Luedeking–Piret equation did
not give any improved results for the fermentation
experiments.

Lactose consumption kinetics
The substrate utilisation, in a general sense, may be
expressed as

dS
dt

= − 1
YXS

dX
dt

− 1
YPS

dP
dt

− mSX (11)

Very high values of SSE (range 1.61–3.02)
were obtained when Eqn (11) was used with the
experimental data. A sudden depletion in substrate
concentration, caused by a very small value of YXS,
predicted neither biomass nor product to reach actual
values. The equation for substrate utilisation rate was
changed by considering both substrate conversion to
product and substrate consumption for maintenance
of biomass growth. The substrate utilisation kinetics
given by Eqn (8) was also used in the study of Dutta
et al.6 It may be presumed that a certain amount
of substrate is used for maintenance of cells during
fermentation in order to perform normal metabolic
activity irrespective of growth. The mS value was
changed between 0.0015 and 0.03 g g−1 h−1 in the
simulations. According to the statistical analysis of
response surface data, it was concluded that mS was
an insignificant parameter in the minimisation of SSE.
In all fermentations an mS value of 0.03 g g−1 h−1 gave
slightly lower SSE values. Table 3 summarises the
results of RSM analysis in terms of the p values of
the parameters. A low p value (p < 0.1 significance
level) shows that the parameter is very significant in
the minimisation of SSE.

Similarly, the magnitudes of β, f , h, Xm and Pm

were defined by examining the results of the response
surface study. The model parameters α, f and h are
presented in Table 4 along with the SSE values and

Table 3. Results of RSM: p values of parameters in minimisation study of SSE

S0 (g dm−3) Parameter 9.0 21.4 35.5 48.1 61.2 77.1

α 0 0 0 0.0742 0.0099 7.1 × 10−15

β 3.5 × 10−6 1.4 × 10−13 5.5 × 10−10 0.3985∗ 0.1870∗ 0.0022
f 0 0 0 4.9 × 10−13 4.1 × 10−11 1.0 × 10−18

h 0 0 0 4.9 × 10−8 7.2 × 10−7 5.2 × 10−13

mS 0.0010 2.2 × 10−8 0.1062∗ 0.2572∗ 0.6734∗ 0.1360∗
Xm 3.5 × 10−15 0 0 5.7 × 10−8 1.7 × 10−5 1.3 × 10−12

Pm 3.7 × 10−7 1.4 × 10−14 1.4 × 10−15 0.0005 0.0010 3.2 × 10−9

∗ Insignificant parameter (p > 0.1).
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Table 4. Model parameters, SSE values and coefficient of

determination for different fermentation runs

R2

S0
(g dm−3) αcal f h SSE Biomass Product Substrate

9.0 3.0 0.1 0.3 0.080 0.947 0.986 0.990
21.4 3.3 0.5 0.5 0.080 0.976 0.985 0.990
35.5 3.7 0.5 0.5 0.148 0.989 0.977 0.989
48.1 4.0 0.5 0.5 0.105 0.977 0.978 0.997
61.2 4.4 0.5 0.5 0.130 0.951 0.982 0.961
77.1 5.0 0.7 0.5 0.069 0.989 0.996 0.989

the correlation coefficients (R2) for biomass, product
(lactic acid) and substrate (lactose) using the model
defined by Eqns (6)–(8). The kinetic parameters
β, Xm and Pm were determined as 0.06, 8 and 90
respectively.

Productivity of fermentation runs
A better explanation for productivity can be achieved
by complete substrate utilisation. However, in this
study, not all fermentations lasted until all the sub-
strate was consumed. Thus the product concentra-
tions when the substrate concentration was zero were
predicted by model simulations. According to the pre-
dicted values of final product concentration, the plot of
predicted productivity versus initial substrate concen-
tration is shown in Fig. 7. A maximum productivity of
2.5 g dm−3 h−1 was achieved in the fermentation with
35.5 g dm−3 initial substrate concentration. Maximum
conversion of substrate to product was also achieved
in that fermentation. The productivity values are com-
parable to the results achieved in previously published
studies. The productivity for the same lactic acid bac-
teria was found as 2.2 g dm−3 h−1 in a medium contain-
ing 10 g dm−3 yeast extract and 64 g dm−3 whey lactose
under the same fermentation conditions.24 Another
study reported different productivity values for L. casei
NRRL B-441 at 37 ◦C: 5.6 g dm−3 h−1 with glucose
and 1.5 g dm−3 h−1 with barley flour.27 The maximum
productivity value obtained was less than the pro-
ductivity value that would have been achieved with
glucose, as expected. However, the treatment of whey
in such fermentation systems would be advantageous,
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Figure 7. Productivity values at six different initial concentrations of
whey lactose.

since it provides a complex nutritional environment
for the bacteria. After a peak at S0 = 35.5 g dm−3 the
decrease in productivity values can be explained by the
lactic acid and biomass inhibition effects as the kinetic
model of biomass growth suggests.

CONCLUSION
The batch fermentation of whey lactose by L. casei
to produce lactic acid, which is a widely used
organic acid, was modelled by kinetic equations of
biomass growth, product formation and substrate
consumption. The equation for specific growth rate
was modified by including biomass and product
inhibition terms. The magnitudes of toxic powers of
the inhibition terms expressed the degree of inhibition
by both biomass and lactic acid on production. This
biomass growth model was considered advantageous
since the inhibition effect could be adjusted by
changing the toxic powers, which made the model
applicable for most of the fermentations. Another
useful part of the model is that the growth-
related constant α in the Luedeking–Piret equation
was determined as a function of initial whey
lactose concentration. In this study, no substrate
inhibition was observed within the experimental
range of whey lactose concentrations. The substrate
utilisation rate equation was based on the substrate
utilised for product formation and maintenance.
A maximum productivity of 2.5 g dm−3 h−1 was
attained at 35.5 g dm−3 initial lactose concentration,
confirming the results of similar studies. The
investigation of kinetic parameters by RSM was found
to be very useful for deciding on the important factors
in the optimisation part of the study.
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