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Abstract

The effect of conduction of horizontal walls on natural convection heat transfer in a square cavity is numerically investigated.
The vertical walls of the cavity are at different constant temperatures while the outer surfaces of horizontal walls are insulated. A
code based on vorticity–stream function is written to solve the governing equations simultaneously over the entire computational
domain. The dimensionless wall thickness of cavity is taken as 0.1. The steady state results are obtained for wide ranges of
Rayleigh number (103bRab106) and thermal conductivity ratio (0bKb50). The variation of heat transfer rate through the cavity
and horizontal walls with Rayleigh number and conductivity ratio is analyzed. It is found that although the horizontal walls do not
directly reduce temperature difference between the vertical walls of cavity, they decrease heat transfer rate across the cavity
particularly for high values of Rayleigh number and thermal conductivity ratio. Heatline visualization technique is a useful
application for conjugate heat transfer problems as shown in this study.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Natural convection heat transfer in a cavity is investigated bymany researchers due to its wide application areas. Studies
on heat and fluid flow in the cavities are continued since in addition to Rayleigh and Prandtl numbers, heat transfer through
a cavity is influenced by parameters such aswall boundary conditions, inclination, aspect ratio, cavity geometry and bodies
located in a cavity. Kalabin et al. [1,2] investigated the problems of natural convection heat transfer in a cavity with time-
varying side-wall temperature and heat transfer from the cold wall of a square cavity to the hot one by oscillatory natural
convection. Natural convection in a square cavity with spatial side-wall temperature variation was investigated by Saeid
and Yaacob [3]. They investigated the effects of amplitude and the wave number of the heated side-wall temperature
variation on the natural convection in the cavity. The effect of length and inclination of a thin fin on natural convection in a
square cavity was studied by Ben-Nakhi and Chamkha [4]. For irregular shaped enclosure, Varol et al. [5] employed
central difference scheme for numerical solution of laminar natural convection. Lo et al. [6] improved solution
method by generalized differential quadrature method to obtain accurate results by much coarse mesh.
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Nomenclature

d wall thickness, m
D dimensionless wall thickness, d/L
g acceleration of gravity, m/s2

H dimensionless heat function
k thermal conductivity, W/mK
K thermal conductivity ratio, ks/kf
L length or height of cavity, m
Nu local Nusselt number
P
Nu average Nusselt number
Pr Prandtl number
Q heat flux, W/ m2 K
q* dimensionless heat flux
Q* dimensionless heat transfer rate
Ra Rayleigh number based on cavity length, Ra=gβ (Th−Tc)L3/vα
T temperature, K
t physical time, s
u, v velocity components in x and y directions, m/s
U, V dimensionless velocity components in X and Y directions
x, y dimensional Cartesian coordinate, m
X, Y dimensionless Cartesian coordinate

Greek symbols
a thermal diffusivity, m2/s
α* thermal diffusivity ratio, αs/αf
β thermal expansion coefficient, K−1

δ interval
Ω dimensionless vorticity
Θ dimensionless temperature
τ dimensionless time
Ψ dimensionless stream function

Subscripts
c cold
f fluid
h hot
s solid
L cavity length
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The influence of wall heat conduction on natural convection heat transfer in a cavity has gained attention of
researchers in recent years. Kim andViskanta [7,8] performed experimental and numerical studies on natural convection
in a square cavity having four walls with finite thickness. The effects of wall heat conduction and surface radiation on
natural convection in a two dimensional rectangular cavity were also studied by Kim and Viskanta [9]. Wu et al. [10]
experimentally studied the effects of top and bottom walls temperature on the natural convection heat transfer in an air-
filled square cavity driven by a difference in the vertical wall temperatures. Kaminski and Prakash [11] performed a
numerical study on conjugate natural convection heat transfer in a square cavity with a finite thickness vertical wall to
compare different models of wall heat conduction. A finite element study on natural convection in a square cavity with a
conducting vertical wall was done by Misra and Sarkar [12]. Liaqat and Baytas [13] numerically studied natural
convection flow in a square enclosure containing a volumetric source which is distributed within the cavity. The
influence of wall conduction on natural convection in an inclined square cavity was researched by Acharya and Tsang



Fig. 1. Schematic view of the considered square cavity.
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[14]. Du and Bilgen [15] performed a study on an enclosure which consists of a finite thickness conducting wall with a
uniform heat input, an insulated vertical wall and two horizontal walls at a heat sink temperature. The effects of Ra
number, dimensionless conductivity ratio, dimensionless wall width and inclination angle on the laminar natural
convection in an inclined enclosure bounded by a solid wall were investigated by Yedder and Bilgen [16]. Saeid [17]
performed a numerical study to investigate the effect of heat conduction of a vertical wall on convection in a porous
enclosure. Natural convection heat transfer in a square cavity filled with porous medium and has two finite thickness
horizontal walls was numerically investigated by Baytas et al. [18]. Chang and Lin [19] studied wall heat conduction
effect on natural convection in an enclosure filled with a non-Darcian porous medium.

Literature survey shows that the wall heat conduction can play an important role on natural convection in a cavity.
The measure of conduction effect depends on the dimensionless governing parameters which are Ra number, thermal
conductivity and diffusivity ratios, dimensionless wall thickness and Pr number. Most of studies in literature were
performed on cavity with one vertical thick wall or four thick walls which surround the cavity. The influence of vertical
wall heat conduction on natural convection in a cavity may be predicted since it reduces temperature difference across
the cavity. However, the effect of horizontal walls is not clearly known. The main intent of this study is to investigate
the influence of horizontal walls conductance on natural convection heat transfer in an air-filled square cavity. The
isotherms, streamlines and heatlines are drawn to exhibit the mechanism of heat and fluid flow in the cavity.

2. The considered problem

The cavity is a square with a side length of L as shown schematically in Fig. 1. The horizontal walls have finite
thickness, d, and the outer surfaces of horizontal walls are insulated. The vertical walls of the cavity are maintained at
different Th and Tc constant temperatures such that ThNTc. The heat transfer in the cavity occurs by laminar natural
convection. The problem is solved for air with Pr=0.71.

3. Governing equations and boundary conditions

The governing equations for the problem are continuity, momentum and energy equations for fluid inside the cavity
and heat conduction equation for the horizontal walls. The radiation effect is neglected and Boussinesq approximation
was applied. By employing the dimensionless vorticity and stream function parameters, the dimensionless form of
governing equations can be written as:

∂X
∂s

þ ∂UX
∂X

þ ∂VX
∂Y

¼ Pr
∂2X
∂X 2

þ ∂2X
∂Y 2

� �
þ Ra � Pr � ∂hf

∂X
ð1Þ

∂2W
∂X 2

þ ∂2W
∂Y 2

¼� X ð2Þ

∂hf
∂s

þ ∂Uhf
∂X

þ ∂Vhf
∂Y

þ ∂2hf
∂X 2

þ ∂2hf
∂Y 2

ð3Þ



506 M. Mobedi / International Communications in Heat and Mass Transfer 35 (2008) 503–513
where U, V, θf, τ, X and Y are dimensionless parameters:

X ¼ x=L; Y ¼ y=L; U ¼ uL=af ; V ¼ vL=af ; hf ¼ Tf � Tcð Þ= Th � Tcð Þ; s ¼ af t=L
2: ð4Þ

The dimensionless vorticity and stream function are defined as X=∂V/∂X−∂U/∂Y, U=∂W/∂Y, V=−∂W/∂X. Based
on the defined dimensionless parameters, the dimensionless form of heat conduction equation for the horizontal walls
becomes as:

∂hS
∂s

¼ a4
∂2hS
∂X 2

þ ∂2hS
∂Y 2

� �
: ð5Þ

where qs= (Ts−Tc)/(Th−Tc) and a* are horizontal wall dimensionless temperature and thermal diffusivity ratio
respectively. The boundary conditions for the domain which is shown in Fig. 1 can be written as follows:

Y ¼ 0; Y ¼ 1þ 2D X ¼ W ¼ ∂hS
∂Y

¼ 0 ð6Þ

X ¼ 0; X ¼ 1 X ¼ ∂V
∂X

;W ¼ 0;h 0; Y ; sð Þ ¼ 1;h 1; Y ; sð Þ ¼ 0 ð7Þ

Y ¼ D; Y ¼ 1þ D X ¼ � ∂U
∂Y

; W ¼ 0; hS ¼ hf and K
∂hS
∂Y

j
s
¼ ∂hf

∂Y
j
f
: ð8Þ

The initial values for dimensionless temperature, vorticity and stream function are assigned as zero. The di-
mensionless forms of the governing equations and boundary conditions reduce number of independent dimensionless
parameters to five which are Ra, Pr, K, a*and D. The thermal diffusivity ratio does not play role on the steady state
results. The present study is performed for air with Pr=0.71 and the horizontal wall thickness is not changed. Thus, the
effects of Ra number and thermal conductivity ratio are investigated in the present study.

The following equation is solved to obtain dimensionless heat function [20]:

∂2H
∂X 2

þ ∂2H
∂Y 2

¼ ∂Uh
∂Y

� ∂Vh
∂X

: ð9Þ

The dimensionless heat function in differential form is defined as:

�∂H
∂X

¼ Vh� ∂h
∂Y

;
∂H
∂Y

¼ Uh� ∂h
∂X

: ð10Þ

The Eq. (9), which is valid for both fluid and solid regions, can be numerically solved. The boundary conditions for
Eq. (9) are obtained from the integration of Eq. (10) along the considered boundary. For example, dimensionless heat
function values at X=0 and Y=1 + D boundaries can be determined as:

At X ¼ 0 and 0VYVD H 0; Yð Þ ¼ H 0; 0ð Þ �
Z D

0
K
∂hs
∂X

dY ð11Þ

At X ¼ 0 and DbYV1þ D H 0; Yð Þ ¼ H 0;Dð Þ �
Z 1þD

D

∂hf
∂X

dY ð12Þ

At X ¼ 0 and DbYV1þ 2D H 0; Yð Þ ¼ H 0; 1þ Dð Þ �
Z 1þ2D

1þD
K
∂hs
∂X

dY ð13Þ

At Y ¼ 1þ D and 0bXV1
∂H
∂X

¼ ∂hf
∂Y

ð14Þ

where at Y=0 the value of heat function is zero, H(X,0)=0.

4. Solution procedure

The set of governing equations is numerically solved by finite difference method [21,22]. The solution procedure is
continued until the steady state is reached. The finite difference forms of diffusion and convection terms are written based



Table 1
Comparison of the present numerical results with Vahl Davis solution [24]

Ra Vahl Davis Present Study

∣Ψ ∣max
P
Nu ∣Ψ ∣max

P
Nu

103 – 1.118 1.174 1.114
104 – 2.243 5.109 2.240
105 9.612 4.519 9.693 4.510
106 16.750 8.800 16.916 8.803
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on three points central difference which has second order accuracy. The vorticity, stream function and energy equations are
solved for the entire computational domain. The value of Prandtl number for flow region is assigned asPr=0.71while it is
changed to Pr=1020 for the solid region. This change of Prandtl number value causes the vorticity, stream function and
velocity values in the horizontal walls are calculated as zero and consequently the energy equation of fluid flow is
converted to the heat conduction equation for the solid wall. The conservation of energy between solid and fluid is used to
calculate solid–fluid interface temperature. The backward and forward differences are used to determine temperature
gradients in the solid and fluid sides of interface. The values of vorticity at the solid boundaries are calculated by using the
relation developed by Wong and Baker [23]. The convergence criterion for the solution procedure is defined as:

P jhnþ1 � hnj
Ds

P
hn

V5� 10�4: ð15Þ

The local and average Nu number values at X=0 surface are calculated by the following equations:

q4f ¼
qfL

kf Th � Tcð Þ ¼ Nuf ¼ � ∂hf
∂X

j
X¼0

ð16Þ

Q4
f ¼

P
Nuf ¼

Z Y¼1þD

Y¼D
Nuf dY : ð17Þ

The dimensionless heat flux and heat transfer rate from horizontal walls at X=0 surfaces are defined as:

q4s ¼
qsL

ks Th � Tcð Þ ¼ � ∂hS
∂X

j
X¼0

ð18Þ

Q4
s ¼

Z Y¼D

Y¼0
q4s dY þ

Z Y¼1þ2D

Y¼1þD
q4s dY : ð19Þ

Non-uniform mesh grid sizes were used both for fluid and solid regions. The grid sizes were selected fine near walls.
They were expanded continuously towards the center of cavity. The number of nodes in X and Y directions was
Table 2
Comparison between the obtained results with Kaminski et al. solution [11]

Ra Kaminski et al. Present Study
P
Nuf

P
Nuf

7.1×102 K=1 0.87 0.866
K=∞ 1.06 1.062

7.1×104 K=1 2.08 2.074
K=∞ 4.08 4.034

7.1×105 K=1 2.87 2.850
K=∞ 7.99 7.911



Fig. 2. Isotherms, streamlines and heatlines in the cavity with Ra=106, a) K=0, δθ=0.1, δΨ=1.107, δH=1.47 b) K=1, δθ=0.1, δΨ=1.062,
δH=1.51 (H=0.2 and 9 were added) c) K=50, δθ=0.1, δΨ=2.02, δH=3.02.
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80×140 in which 80×60 nodes were used in the upper and lower horizontal walls. The smallest grid spacing, which
was in the fluid region near to the solid walls, was 0.0005.

4.1. Validation of the results

In order to validate the employed method and check the code, results for pure natural convection in an air-filled
square cavity were obtained and compared with the benchmark solution of Vahl Davis [24]. Table 1 shows the
comparison between two solutions. The results for problem which was studied by Kaminski and Prakash [16] were also
obtained. The comparison between the obtained numerical results and the solution of Kaminski and Prakash is shown
in Table 2. A good agreement between the obtained and reported results can be observed.

5. Results and discussion

The obtained results are presented in two subtitles to discuss heat transfer through the cavity and walls.

5.1. Heat transfer through the cavity

The isotherms, streamlines and heatlines of the cavitywithRa=106 for three different values of conductivity ratio (K=0, 1 and 50) are
shown in Fig. 2. For K=0, no isotherm and heatline were drawn in the horizontal walls since no heat transfer exists in the solid. For the
cavity with K=1, the temperature distribution in the horizontal walls is two dimensional. However, for cavity with K=50 temperature
distribution in the horizontal walls is almost linear and heat transfer seems one dimensional. The comparison of heatlines of cavities with
different K shows that the increase of thermal conductivity ratio enhances heat flux between the solid and fluid. It also increases heat
transfer through the solid walls. Temperature variation along the upper solid–fluid interface of the same cavity is illustrated in Fig. 3 for
Fig. 3. Temperature distribution along the upper solid–fluid interface a) Ra=106, b) Ra=103.



Fig. 4. Isotherms, streamlines and heatlines in the cavity with Ra=103 a) K=0, δθ=0.1, δψ=0.130, δH=0.185 b) K=1, δθ=0.1, δψ=0.118,
δH=0.22 (H=1.2 was added) c) K=50, δθ=0.1, δψ=0.118, δH=1.39 (H=5.3 and 5.8 were added).
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Fig. 5. Variation of
P
Nuf at X=0 vertical wall with thermal conductivity ratio.
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Ra=106 and Ra=103. As is seen from Fig. 3(a), for low conductivity ratio,K=1, the interface temperature behaves isothermally in most
of the region and it is close to the interface temperature of cavity with K=0, however, it becomes nearly linear for K=50.

The isotherms, streamlines and heatlines for the cavity with Ra=103 and for K=0, 1 and 50 are shown in Fig. 4. Temperature
distributions in the cavity and horizontal walls are considerably different than the case of Ra=106. The isotherms in the fluid region
as well as in the solid walls are nearly parallel to each other since convection heat transfer is poor in the entire fluid domain.
Temperature distribution in the horizontal walls is almost one dimensional for both K=1 and K=50. One dimensional heat transfer
throughout the solid walls can be observed from heatlines. Fig. 3(b) shows temperature distribution of the upper solid–fluid interface
of cavity with Ra=103. For three different values of conductivity ratio, the interface temperatures are close to each other. For the
cavity with K=50, a linear temperature distribution on the interface exists.

The variation of average Nu number of vertical isothermal wall at X=0 with thermal conductivity ratio is shown in Fig. 5. The
average Nu number decreases with the increase of thermal conductivity ratio; however the rate of decrease depends on Ra. For
Ra=106, it declines and then it almost remains constant for high values of K. The increase of K enhances heat transfer between the
horizontal walls and adjacent fluid which horizontally flows. In the upper region of cavity, a portion of heat of fluid which
horizontally moves is transferred to the horizontal wall before reaching to the cold vertical wall. In the lower region of cavity, fluid
which travels horizontally towards the hot vertical wall is heated by the lower horizontal wall. Thus,

P
Nuf decreases with increase of

K. For further increase of thermal conductivity ratio, the rate of heat transfer between the horizontal walls and fluid is not
considerably changed and as a result,

P
Nuf at the hot vertical wall does not vary with thermal conductivity ratio.

For the cavity with Ra=103, the value of average Nu number through the cavity is not considerably affected by thermal
conductivity ratio since convection heat transfer in the cavity is poor.
Fig. 6. The influence of thermal conductivity ratio on dimensionless heat transfer rate from lower and upper horizontal walls at X=0.
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5.2. Heat transfer through the horizontal walls

The effect of thermal conductivity on dimensionless heat transfer rate from upper and lower horizontal walls at X=0
surface is illustrated in Fig. 6. The value of K is started by 0.1 in Fig. 6, since there is no heat transfer in the horizontal walls
for the case of K=0. For Ra=103, the dimensionless heat transfer rate from the horizontal walls at X=0 is almost constant
because the convection heat transfer in the cavity is poor and heat transfer in the walls is one dimensional for different values
of K. It approaches to 0.2 which is the dimensionless heat transfer rate from the walls with completely one dimensional
conduction heat transfer. For the cavity with Ra=106 and for small values of conductivity ratio (e.g. K=1), the dimensionless
heat transfer rate decreases with increase of K and it also approaches to the same value of one dimensional heat conduction
(Qs

* =0.2).

6. Conclusion

For a square cavity with finite thickness horizontal walls, the influence of Ra number and thermal conductivity ratio
on heat transfer rate across the cavity and horizontal walls are numerically investigated. Based on the findings in this
study, following results are summarized:

1) Although the horizontal wall does not directly reduce temperature gradient across the cavity, it can affect heat
transfer rate through the cavity particularly in cavities with high values of Ra number and thermal conductivity ratio.

2) The increase of Ra number and conductivity ratio increase heat transfer between the wall and fluid on the solid–
fluid interface.

3) For the cavity with Ra=106 and low values of conductivity ratio, natural convection heat transfer from the cavity is
reduced with increase of conductivity ratio, however, heat transfer rate is almost constant for high values of thermal
conductivity ratio. For Ra=103, natural convection heat transfer across the cavity is not considerably influenced byK.

4) For small values of Ra number (Ra=103) or large values of conductivity ratio (K=50), conduction heat transfer in
the horizontal walls is almost one dimensional. For Ra=106 and small values of conductivity ratio, the
dimensionless heat transfer rate from the end of lower and upper walls decreases with the increase of thermal
conductivity ratio. It approaches to a constant 0.2 value for high values of conductivity ratio. For Ra=103, the
dimensionless heat transfer rate from the end of lower and upper horizontal walls is not influenced by conductivity
ratio and it is almost constant as 0.2.
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