
Applied Mathematics and Computation 217 (2011) 6013–6017
Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate/amc
Analytic investigation of the (2 + 1)-dimensional Schwarzian
Korteweg–de Vries equation for traveling wave solutions
_Ismail Aslan
Department of Mathematics, Izmir Institute of Technology, Urla, _Izmir 35430, Turkey
a r t i c l e i n f o

Keywords:
Exp-function method
Extended (G0/G)-expansion method
Schwarzian Korteweg–de Vries equation
Traveling wave solutions
Solitary waves
0096-3003/$ - see front matter � 2011 Elsevier Inc
doi:10.1016/j.amc.2010.12.115

E-mail address: ismailaslan@iyte.edu.tr
a b s t r a c t

By means of the two distinct methods, the Exp-function method and the extended (G0/G)-
expansion method, we successfully performed an analytic study on the (2 + 1)-dimensional
Schwarzian Korteweg–de Vries equation. We exhibited its further closed form traveling
wave solutions which reduce to solitary and periodic waves. New rational solutions are
also revealed.
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1. Introduction

The Korteweg–de Vries (KdV) equation [1] has been a milestone in the study of nonlinear science since it possess a wealth
of interesting and crucial properties. The fact that many integrable equations [2] are originated from the KdV equation is well
known. The most fundamental one, within the class of KdV related equations, is the Schwarzian Korteweg–de Vries equation
(SKdV) [3]
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Several generalizations and extensions of Eq. (1) appeared in the literature. One model, in the context of integrable (2 + 1)-
dimensional equations, is
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where @�1
x f ¼

R
fdx. Eq. (2) is called (2 + 1)-dimensional Schwarzian Korteweg–de Vries ((2 + 1)-D SKdV) equation. Toda and

Yu [4] proved the integrability of (2) in the sense of the Weiss–Tabor–Carnevale Painlevé expansion. By means of the trans-
formations W ¼ /x; / ¼ expðgÞ; u ¼ gx; v ¼ gt , Eq. (2) can be converted into a coupled nonlinear system in local form as
4u2vx � 4uuxv þ u2uxxz � uuxxuz � 3uuxuxz þ 3u2
x uz � u4uz ¼ 0;ut � vx ¼ 0: ð3Þ
It is remarkable that the system (3) is related to the Ablowitz–Kaup–Newell–Segur (AKNS) equation via a Miura transforma-
tion [5]. As a result, being of great interest in both mathematics and physics, a great deal of research work has been invested
for SKdV type equations [6–13].

Our objective in this study, by using two of the most recent expansion methods, is to perform an analytic study on the
system (3) in order to derive as widest families of solutions as possible. Our preference is the Exp-function method [14]
and an extended version of the (G0/G)-expansion method [15]. Both methods have the capabilities of providing not only more
. All rights reserved.

http://dx.doi.org/10.1016/j.amc.2010.12.115
mailto:ismailaslan@iyte.edu.tr
http://dx.doi.org/10.1016/j.amc.2010.12.115
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


6014 _I. Aslan / Applied Mathematics and Computation 217 (2011) 6013–6017
general forms of solutions but also periodic and solitary waves. The rest of this paper is organized as follows. In Section 2, we
describe the Exp-function and the extended (G0/G)-expansion methods for solving NEEs. In Section 3, we illustrate our pro-
cedures in detail with the system (3). Finally, a conclusion is given in Section 4.

2. Methodology

In this section, we briefly highlight the main features of the Exp-function and the extended (G0/G)-expansion methods
[16–28]. Let us consider a PDE for u(x,z, t) in the form
Pðu;ut ;ux;uz;utt ;utx;utz;uxx;uxz; uzz; . . .Þ ¼ 0; ð4Þ
where P is a polynomial in its arguments. By the transformation uðx; z; tÞ ¼ UðnÞ, n ¼ kxþmzþ nt, where k, m and n are non-
zero arbitrary constants, Eq. (4) can be reduced into an ODE of the form
QðU;U0;U00; . . .Þ ¼ 0 ð5Þ
where primes denote derivatives with respect to n. We consider two distinct approaches to Eq. (5):

2.1. The Exp-function method

We assume that Eq. (5) admits traveling wave solutions of the form
UðnÞ ¼ ac expðcnÞ þ � � � þ a�d expð�dnÞ
bp expðpnÞ þ � � � þ b�q expð�qnÞ ; ð6Þ
where c, d, p and q are unknown positive integers determined by the homogeneous balance principle, ai and bj are unknown
constants. Substituting (6) into Eq. (5) leads to a system of nonlinear algebraic equations for ai, bj, k, m and n. Finally, sub-
stitution of the system’s solutions into (6) gives traveling wave solutions to Eq. (4).

2.2. The extended (G0/G)-expansion method

We initially predict the structure of the solution U = U(n) to Eq. (5) in the finite series form
U ¼
Xn

i¼�n

ai
G0

G

� �i

; G00 þ kG0 þ lG ¼ 0; ð7Þ
where G = G(n) and primes denote derivatives with respect to n; ai, k and l are constants to be specified later. The positive
integer n can be determined by the homogeneous balance method. Substituting (7) into Eq. (5) yields a system of nonlinear
algebraic equations for ai, k, l, k, m and n. Finally, substitution of the system’s solutions into (7) gives traveling wave solu-
tions to Eq. (4).

3. Analysis

By means of the wave transformation u(x,z, t) = U(n), v(x,z, t) = V(n), n = kx + mz + nt, where k, m and n are constants, the
system (3) turns into
3k2mðU0Þ3 �mU4U0 � 4k2mUU0U00 þ k2mU2U000 � 4kUU0V þ 4kU2V 0 ¼ 0; nU0 � kV 0 ¼ 0; ð8Þ
where primes denote derivatives with respect to n. Integrating the second equation of (8) once and solving the resulting
expression for V, we get V = (n/k)U + C, where C is an integration constant. Hence, the first equation of (8) becomes
3k2mðU0Þ3 �mU4U0 � 4k2mUU0U00 þ k2mU2U000 � 4kCUU0 ¼ 0: ð9Þ
3.1. Using the Exp-function method

We consider the ansatz (6) for the solution of Eq. (9). Balancing the terms ðU0Þ3 and U4U0 leads to p = c and q = d. Now, we
consider the case p = c = 1 and d = q = 1. Thus, the solution of Eq. (9) can be expressed as
UðnÞ ¼ a1 expðnÞ þ a0 þ a�1 expð�nÞ
b1 expðnÞ þ b0 þ b�1 expð�nÞ : ð10Þ
Substituting (10) into Eq. (9), we get the generalized solitary wave solutions to the system (3):
u�1 ðx; z; tÞ ¼
k2 exp kxþmzþ ntð Þ

�a0 � k b0 þ expðkxþmzþ ntÞð Þ ; v�1 ðx; z; tÞ ¼
kn exp kxþmzþ ntð Þ

�a0 � k b0 þ expðkxþmzþ ntÞð Þ ; ð11Þ
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u2ðx; z; tÞ ¼
4k2a0 exp kxþmzþ ntð Þ

�a2
0 þ k2 b0 þ 2 expðkxþmzþ ntÞð Þ2

; v2ðx; z; tÞ ¼
4kna0 exp kxþmzþ ntð Þ

�a2
0 þ k2 b0 þ 2 exp kxþmzþ ntð Þð Þ2

; ð12Þ

u�3 ðx; z; tÞ ¼
2ka�1

�a�1 þ 2k exp 2 kxþmzþ ntð Þð Þ ; v�3 x; z; tð Þ ¼ 2na�1

�a�1 þ 2k exp 2 kxþmzþ ntð Þð Þ ; ð13Þ

u�4 ðx; z; tÞ ¼
ka0

�a0 þ k exp kxþmzþ ntð Þ ; v�4 x; z; tð Þ ¼ na0

�a0 þ k exp kxþmzþ ntð Þ ; ð14Þ
where a0, b0, k, m, n are arbitrary constants. Here and henceforth, the signs (±) or (�) are ordered vertically.

Remark 1. By setting special values to the arbitrary parameters, we can construct formal solitary and periodic wave
solutions to (3). As a special example, if we let a0 ¼ ð�1� b0Þk in the (�) branch of (11) then we get formal solitary waves to
(3) as
u5ðx; z; tÞ ¼ �
k
2

1þ tanh
1
2
ðkxþmzþ ntÞ

� �
; v5 x; z; tð Þ ¼ �n

2
1þ tanh

1
2
ðkxþmzþ ntÞ

� �
; ð15Þ

u6ðx; z; tÞ ¼ �
k
2

1þ coth
1
2
ðkxþmzþ ntÞ

� �
; v6 x; z; tð Þ ¼ �n

2
1þ coth

1
2
ðkxþmzþ ntÞ

� �
; ð16Þ
where k, m, n are arbitrary constants.
Moreover, if k, m, n are imaginary numbers in the complex variation n ¼ kxþmzþ nt, say k ¼ iK, m ¼ iM, n ¼ iN, i2 ¼ �1,

then using the transformation
expð�nÞ ¼ expð�iðKxþMzþ NtÞÞ ¼ cosðKxþMzþ NtÞ � i sinðKxþMzþ NtÞ; ð17Þ
we can obtain periodic solutions. For example, taking (17) into consideration, (12) becomes
u7ðx;z;tÞ¼
4K2a0

2iK�a0� iKb0ð Þsin KxþMzþNt
2

� �
þð2K� ia0þKb0Þcos KxþMzþNt

2

� �� �
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2

� �
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2
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2

� �
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Now, letting ‘‘b0 ¼ 0; a0 ¼ �2K ’’ or ‘‘b0 ¼ 0; a0 ¼ �2iK ’’ in (18) gives periodic solutions to (3) as
u�8 ðx; z; tÞ ¼ �
K

cos KxþMzþ Ntð Þ ; v�8 ðx; z; tÞ ¼ �
N

cos KxþMzþ Ntð Þ ; ð19Þ

u�9 ðx; z; tÞ ¼ �
K

sin KxþMzþ Ntð Þ ; v�9 ðx; z; tÞ ¼ �
N

sin KxþMzþ Ntð Þ ; ð20Þ
where K, M and N are arbitrary constants.
3.2. Using the extended (G0/G)-expansion method

Now, we assume that the solution of Eq. (9) can be expressed as the ansatz (7). By the homogeneous balance principle, we
determine that n ¼ 1: Hence, we look for solutions to Eq. (9) in the form
U ¼ a0 þ a1
G0

G

� �
þ a�1

G0

G

� ��1

; G00 þ kG0 þ lG ¼ 0: ð21Þ
Substituting (21) into Eq. (9), we get the traveling wave solutions to the system (3):
u�10ðx; z; tÞ ¼ �k wðx; z; tÞ þ l
w x; z; tð Þ

� �
; v�10ðx; z; tÞ ¼ �n wðx; z; tÞ þ l

wðx; z; tÞ

� �
; ð22Þ

u�11ðx; z; tÞ ¼ �k wðx; z; tÞ � i
ffiffiffiffi
l
pð Þ; v�11ðx; z; tÞ ¼ �nðwðx; z; tÞ � i

ffiffiffiffi
l
p Þ; ð23Þ

u�12ðx; z; tÞ ¼ kðwðx; z; tÞ � i
ffiffiffiffi
l
p Þ; v�12ðx; z; tÞ ¼ nðwðx; z; tÞ � i

ffiffiffiffi
l
p Þ; ð24Þ

u�13ðx; z; tÞ ¼ k wðx; z; tÞ � l
w x; z; tð Þ

� �
� 2ik

ffiffiffiffi
l
p

; v�13ðx; z; tÞ ¼ n wðx; z; tÞ � l
w x; z; tð Þ

� �
� 2ik

ffiffiffiffi
l
p

; ð25Þ

u�14ðx; z; tÞ ¼ �k wðx; z; tÞ � l
w x; z; tð Þ

� �
� 2ik

ffiffiffiffi
l
p

; v�14ðx; z; tÞ ¼ �n wðx; z; tÞ � l
w x; z; tð Þ

� �
� 2ik

ffiffiffiffi
l
p

; ð26Þ

u�15ðx; z; tÞ ¼ k �i
ffiffiffiffi
l
p � l

w x; z; tð Þ

� �
; v�15ðx; z; tÞ ¼ n �i

ffiffiffiffi
l
p � l

w x; z; tð Þ

� �
; ð27Þ

u�16ðx; z; tÞ ¼ k �i
ffiffiffiffi
l
p þ l

w x; z; tð Þ

� �
; v�16ðx; z; tÞ ¼ n �i

ffiffiffiffi
l
p þ l

w x; z; tð Þ

� �
; ð28Þ
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u�17ðx; z; tÞ ¼ �k wðx; z; tÞ þ l
w x; z; tð Þ

� �
þ 2k

ffiffiffiffi
l
p

; v�17ðx; z; tÞ ¼ �n wðx; z; tÞ þ l
w x; z; tð Þ

� �
þ 2n

ffiffiffiffi
l
p � 4k2ml3=2; ð29Þ

u�18ðx; z; tÞ ¼ �k wðx; z; tÞ þ l
w x; z; tð Þ

� �
� 2k

ffiffiffiffi
l
p

; v�18ðx; z; tÞ ¼ �n wðx; z; tÞ þ l
w x; z; tð Þ

� �
� 2n

ffiffiffiffi
l
p þ 4k2ml3=2; ð30Þ
where the function wðx; z; tÞ is defined as
wðx; z; tÞ ¼ ffiffiffiffiffiffiffi�l
p C1 cosh

ffiffiffiffiffiffiffi�lp
kxþmzþ ntð Þ þ C2 sinh

ffiffiffiffiffiffiffi�lp ðkxþmzþ ntÞ
C1 sinh

ffiffiffiffiffiffiffi�lp ðkxþmzþ ntÞ þ C2 cosh
ffiffiffiffiffiffiffi�lp ðkxþmzþ ntÞ

� �
; l < 0; ð31Þ

wðx; z; tÞ ¼ ffiffiffiffi
l
p C2 cos

ffiffiffiffilp kxþmzþ ntð Þ � C1 sin
ffiffiffiffilp ðkxþmzþ ntÞ

C1 cos
ffiffiffiffilp ðkxþmzþ ntÞ þ C2 sin

ffiffiffiffilp ðkxþmzþ ntÞ

� �
; l > 0; ð32Þ

wðx; z; tÞ ¼ C1

C1 kxþmzþ ntð Þ þ C2
; l ¼ 0 ð33Þ
in which C1, C2, k, m, n and l are arbitrary constants.

Remark 2. By substituting (31)–(33) into the solution functions (22)–(30), we can construct three types of solutions to the
system (3); hyperbolic, trigonometric, and rational. Moreover, assigning special values to the arbitrary parameters C1 and C2

gives solitary and periodic wave solutions. For instance, if one takes C2 – 0 and C2
1 < C2

2 in (31) and (32) then the function
w x; z; tð Þ becomes
wðx; z; tÞ ¼ ffiffiffiffiffiffiffi�l
p

tanh
ffiffiffiffiffiffiffi�l
p ðkxþmzþ ntÞ þ tanh�1ðC1=C2Þ
	 


; l < 0; ð34Þ

wðx; z; tÞ ¼ ffiffiffiffi
l
p

cot
ffiffiffiffi
l
p ðkxþmzþ ntÞ þ tan�1ðC1=C2Þ
� �

; l > 0; ð35Þ
so that (34) and (35) provides the desired solitary and periodic wave solutions to (3).
Remark 3. It is obvious that our results are wider than the ones in [29] and the rational solutions provided by (33) do not
appear in there.
Remark 4. Any of the existing techniques for solving NEEs can have some advantages and disadvantages. The Exp-function
and the extended (G0/G)-expansion methods are direct methods that usually give rise to families of solutions. However, non-
linear algebraic equations that we may need to perform to carry the techniques to completion may, for some nonlinear prob-
lems, be rather difficult. There is no a general formula for solutions of nonlinear equations. Although a nonlinear equation
may well have a solution involving an arbitrary parameter, there may also be other solutions. We attempted to derive as
many solutions to the system (3) as possible by our methods. The obtained solutions might make good physical sense in
applications.
4. Conclusion

Using the Exp-function and the extended (G0/G)-expansion methods, we reported further exact traveling wave solutions
to the (2 + 1)-D SKdV equation which admits physical significance in applications. Solitary and periodic waves are observed.
In fact, our methods are entirely algorithmic and involve a large amount of tedious calculations which can become virtually
unmanageable if attempted manually. However, the procedures do not require a large amount of CPU time with the aid of a
computer algebra system. We assured the correctness of the obtained solutions by putting them back into the original equa-
tion with the aid of MATHEMATICA, it provides an extra measure of confidence in the results. Hence, the power of the em-
ployed methods is confirmed.
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