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ABSTRACT

OPERATIONS ON PROPER CLASSES RELATED TO SUPPLEMENTS

The purpose of this study is to understand the properties of the operations +, o,
and * defined on classes of short exact sequences and apply them to the proper classes
related to supplements. The operation o on classes of short exact sequences is introduced
and it is proved that the class of extended weak supplements is the result of the operation
o applied to two classes one of which is the class of splitting short exact sequences. Using
the direct sum of proper classes defined by R. Alizade, G. Bilhan and A. Pancar, a direct
sum decomposition for quasi-splitting short exact sequences over the ring of integers is
obtained. Closures of classes of short exact sequences along with the one studied by C.
P. Walker, N. Hart and R. Alizade are defined over an integral domain. It is shown that
these classes are proper when the underlying class is proper and they are related to the
operation +. The closures of proper classes related to supplements are described in terms
of Ivanov classes. Closures for modules over an integral domain are also defined and it
is proved that submodules of torsion-free modules have unique closures. A closure for
classes of short exact sequences is defined over an associative ring with identity and it is
proved that this closure is proper when the underlying class is proper. Results shows that
the operation + and closures of splitting short exact sequences plays an important role on

the closures of proper classes.

v



OZET
TUMLEYENLERLE ILGILI OZ SINIFLAR UZERINDE ISLEMLER

Bu calismanin amaci kisa tam dizi siniflan iizerinde tanimlanmis +, o, ve *
islemlerinin 6zelliklerini anlamak ve bu iglemleri tiimleyenlerle ilgili 6z siniflara uygu-
lamaktir. Kisa tam dizi smiflar iizerinde o islemi tanimlanmig ve genisletilmis zayif
tiimleyenler sinifinin, o igleminin, biri par¢alanan kisa tam dizilerin sinifi olmak {iizere,
iki sinifa uygulanmasinin sonucu oldugu kanitlanmistir. R. Alizade, G. Bilhan ve A. Pan-
car tarafindan tanimlanan, 6z siniflarin dik toplami kullanilarak, tam sayilar halkasi iiz-
erinde yari-parcalanan kisa tam diziler sinifi icin bir dik toplam ayrigmasi elde edilmistir.
C. P. Walker, N. Hart ve R. Alizade tarafindan calisilan dahil olmak iizere kisa tam dizi
siniflarinin kapaniglar1 tamlik bolgeleri iizerinde tanimlanmigtir. Altinda yatan simif 6z
siif oldugunda, bu kapaniglarin 6z sinif oldugu ve + islemiyle iligkili oldugu goster-
ilmigtir. Tiimleyenlerle ilgili 6z siniflarin kapamsglar1 Ivanov simiflar1 cinsinden belir-
tilmistir. Tamlik bolgeleri tizerinde modiillerin kapaniglari da tanimlanmig ve burulmasiz
modiillerin altmodiillerinin kapaniglarinin tek oldugu kanitlanmistir. Birlesmeli ve birimli
halkalar tizerinde kisa tam dizi siniflar1 i¢in bir kapanis tanimlanmis ve altinda yatan simif
0z simif oldugunda bu kapanisin 6z simif oldugu kanitlanmigtir. Elde edilen sonuclar, +
isleminin ve parcalanan kisa tam diziler sinifinin kapaniglarinin, 6z siniflarin kapaniglari

tizerinde onemli rol oynadiklarin1 gostermistir.
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CHAPTER 1

INTRODUCTION

Throughout this work, R is an associative ring identity unless otherwise stated
and all modules are unital left R-modules. Restrictions on the ring R, if there are any, are
given at the beginning of the chapter or the section. We use Ext instead of Exty, when there
is no ambiguity. Definitions not given here can be found in the books (Wisbauer 1991,
Anderson and Fuller 1992, Hungerford 1974, Mac Lane 1963, Fuchs 1970).

In this thesis, we study the operations +, o and * on proper classes defined by A.
Pancar in (Pancar 1997) and apply them to the proper classes related to supplements.

In Chapter 2, we introduce some basic information about the alternative defini-
tion of the functor Ext and supplements in module theory. Extz(C,A) = Exty(C, A) can
be viewed as the class of short exact sequences starting with A and ending with C (see
(Fuchs 1970, §50)). With the aid of the sum called Baer sum, it turns out that Extz(C, A)
is a group for all R-modules A and C, and it is called the group of extensions of A by C.
Results on properties of the group of extensions can be found in the books (Fuchs 1970)
and (Mac Lane 1963). Supplement submodules and some generalizations were investi-
gated by R. Alizade, E. Biiylikasik, A. I. Generalov, D. Keskin,C. Lomp, P. Smith, R.
Tribak, H. Zoschinger and many others. The main results about supplements in module
theory can be found in the books (Wisbauer 1991, Ch. 8, §41) and (Clark et al. 2006, Ch.
4).

In Chapter 3, we give the definition of a proper class (see (Buchsbaum 1959) and
(Sklyarenko 1978)). The result (Nunke 1963, Theorem 1.1) that is used many times in
this thesis is also mentioned, and it is claimed that an e-functor # gives a proper class if
the composition of two epimorphisms (monomorphisms) from ¥ also belongs to ¥ . The
class Purez a4 of pure-exact sequences and the class Dz 4,4 Of torsion-splitting short ex-
act sequences are important examples of proper classes in the category of abelian groups.
The proper class generated by a class of short exact sequences is defined by A. Pancar
as the least proper class that contains the given class or equivalently the intersection of
proper classes that contains the given class (see (Pancar 1997)). If M is a given class
of R-Mod for an additive functor T(M, -) : R-Mod — Ab, the class of exact triples E
such that T (M, E) is exact forms a proper class. This result is helpful in the definition of

projectively and injectively generated proper classes. At the end of this part of the thesis,



we give two results from (Alizade 1985) which give the characterization of coprojectively
and coinjectively generated classes that are dual to the characterization of projectively and
injectively generated proper classes.

In Chapter 4, proper classes related to complements and supplements are studied.
The question if the composition of a subfunctor of the identity with the functor Ext gives
a proper class is answered with a counterexample as the composition of the functors Soc
and Ext does not give a proper class in the case of abelian groups. Following Zoschinger,
L B——~C——0 of Extx(C, A) is called k-exact if

a short exact sequence E : 0 A
Im f has a supplement in B, i.e. a minimal element in the set {V C B|V + Im f = B}.
The corresponding class of short exact sequences is denoted by S. The elements of the
class S8 C § are defined with an extra condition that V N Im f is bounded. Similarly, the
elements of the classes Small and ‘WS are defined with Im f being small in B and having
a weak supplement in B, that is a submodule U of B withIm f+U = Band Im fNU < B,
respectively. We showed that over a Noetherian integral domain of Krull dimension 1, the
class 8B is proper and it coincides with the class coinjectively generated by bounded
modules (see (Demirci 2008, Proposition 4.3)). Over a hereditary ring, the proper class
generated by the classes S, Small and ‘W.S coincides with the proper class ‘WS which
consists of all images of WS-elements of Ext(C’, A) under Ext(g, 1,) : Ext(C",A) —
Ext(C, A) for all homomorphisms g : C — C’ (see (Alizade et al. 2012, Corollary 3.13)).
It is shown in the same work that over a hereditary ring the class WS is coinjectively
generated by the class of small modules (see (Alizade et al. 2012, Proposition 4.13)). A
homomorphism g : C" — C is called coneat if for every decomposition g = 8o @, where
B is a small epimorphism, § is an isomorphism. In the case of abelian groups, coneat
homomorphisms give a necessary condition for the elements of the class Exts(C, A) to be
a subgroup of Ext(C, A).

In Chapter 5, the operations on proper classes are studied. The result of operation
+ is always a proper class while it need not be in the case of o, o and * in general. The
operations + and * are commutative and the result of operation * is always a subgroup of
Ext(C, A). Definition of the direct sum of two proper classes are given using the operation
+. An infinite direct sum decomposition is obtained for the class of quasi-splitting short
exact sequences over the ring of integers. In the case of abelian groups, the sum of the
proper classes projectively generated and coprojectively generated by a class of groups,
which is closed under direct sums, is the class Abs all short exact sequences, provided
that the projectively generated class is projective. It is also proved that this sum is di-

rect when the generating class of abelian groups consists of reduced abelian groups (see



(Alizade et al. 1997, Theorem 4)).

Chapter 6 is devoted to the study of closures of classes of short exact sequences.
In the case of abelian groups, the class P = {E|kE € P for some 0 # k € R} was studied
by C. P. Walker for = Split, by N. Hart for £ = Pure and P = D, and by R. Alizade
for P = Split, where S];lit was denoted by 7ext since ExtSI;ZiI(C,A) = T(Ext(C, A)), the
torsion part of Ext(C, A), and for every proper class P (see (Walker 1964), (Alizade 1986)
and (Hart 1974)). In the case of abelian groups, the operations +, o and * give the same
proper class when applied to the classes S ﬁlit and D (see (Pancar 1997, Theorem 4.2)).
A similar definition is used for modules over an integral domain R, and it is proved that
for R-modules M < N, M is the unique closure of M + T(N) in N, where T(N) is the
torsion part of N. For a class P of short exact sequences over an integral domain R and
for all 0 # r € R, the class P, = {E|'E € P for some nonnegative integer ¢}, which is a
closure of P, is proved to be proper when the underlying class is proper, and its relation
with the operation + is shown. The class i(M, ) for classes M and J of R-modules is
introduced for an integral domain R as the least proper class of short exact sequences for
which every module from M is coprojective and every module from J is coinjective (see
(Ivanov 1978), (Alizade 1986)). The relation between the class i(M, ) and the closures
of the classes SB and WS is proved. The class r'® for the class , which is included in
the class  when P is proper, is introduced over a principal ideal domain R for O # r € R
and for every nonnegative integer ¢. It is proved that r'# is proper when the class P
is proper and $, = P. In the second section of this chapter, a closure f’g for a class
% is introduced for a compatible pair of classes ¥ and G of homomorphisms over an
associative ring with an identity element (see § 6.2), and it is proved to be proper when
the underlying class P is proper. A relation between the class f’g_ and the operation + is

also given at the end of this section.



CHAPTER 2

PRELIMINARIES

This Chapter will consist of preliminary information about the group of extensions
by short exact sequences and supplements in module theory. One can find further informa-
tion and missing proofs in the books (Fuchs 1970), (Vermani 2003) and (Mac Lane 1963)
about the group of extensions, in the books (Anderson and Fuller 1992), (Kasch 1982)
and (Wisbauer 1991) about supplements and module theory.

2.1. Extensions as Short Exact Sequences

Given the R-modules A and C, the extension B of A by C can be visualized as a

short exact sequence

C 0, 2.1)

where u is a monomorphism and v is an epimorphism with kernel u(A). Then there is a
category & in which the objects are the short exact sequences and a morphism between
two short exact sequences E and E’ is defined as a triple («, 8, v) of module homomor-

phisms such that the diagram

E:0 A B c 0
l lﬁ ly 2.2)
E’:0 At Yo 0

has commutative squares.

The extensions E and E” with A = A’, C = C’ are said to be equivalent, denoted
by E = E’, if there is a morphism (14, 5, 1¢), where S : B — B’ is an isomorphism.

If A is a fixed R-module, for a homomorphismy : C” — C, to the extension E in

(2.2), there is a pullback square



ﬂl iy 2.3)

for some B’, 8 and v’. By properties of pullback, v’ is epic (since v is epic), and Ker v’ =
Kerv = A, hence there is a monomorphismu’ : A — B’ (i.e. u’a = (ua, 0) € B’ if B’ is

defined to be a submodule of B @ C’) such that the diagram

Ey : 0 A B’ C’ 0
bl @4
E 0 A—LtsBp—LsC 0

with exact rows and pullback right square commutes. The top row is an extension of A by
C’ which we denote by Ey. Notice that y* = (14,8, v) is a morphism Ey — E in &.
Next let C be fixed and for a given @ : A — A’, let B’ be defined by the pushout

square

H v

A B—'>C—>0.
la lﬁ (2.5)
A

’
’ H ’
—_—

Here p’ 1s a monomorphism, and if B’ is defined as the quotient module (A’ ® B)/H
where H is the submodule of A @ B consisting of elements of the form (u(a), — a(a)) for

a € A, thenv : B” — C defined by v'((a’, b) + H) = v(b) for (a’, b) € A’ @ B, makes

the diagram

lﬁ (2.6)
oF - 0— A’ B




with exact rows commutative. The bottom row of this diagram is an extension of A’ by C
which we denote by «E. Here . = (@, B, 1¢) is a morphism E — aE in &

Witha: A — A’ and y : C’ — C, we have the important associative law

a(Ey) = (aE)y. 2.7)

In order to describe the group operation in the language of short exact sequences,
we make use of the diagonal map A; : g — (g, g) and the codiagonal map Vg : (g1, g2) —

g1 + g» of amodule G. If we understand by the direct sum of two extensions

E, 0 A, s B s 0 (i=1,2) (2.8)
the extension
E,0F :0——A 04 "B oB 2 C,eC,——0, (2.9)

then we have :

Theorem 2.1 ((Mac Lane 1963), Ch. III, Theorem 2.1) For given R-modules A and C,
the set Extg(C, A) of all congruence classes of extensions of A by C is an abelian group
under the binary operation which assigns to the congruence classes of extensions E, and

E,, the congruence class of the extension

Ei +E; = V4A(E; @ Ey)Ac. (2.10)

The class of the split extension 0——A——A & C——=C——=0 is the zero element of
this group, while the inverse of any E is the extension (—1,)E. For homomorphisms « :

A— A" andy : C' — C, one has

Q’(El + Ez) = G’El + CL’EQ, (El + Ez)’)/ = El’)/ + Ez’}/, (211)

(a1 + @)E = o E + 3B, E(y1 +y2) = Eyi + Ey». (2.12)



The equivalences in (2.11) and (2.12) express the fact that @, : E — «aE and

v* : E — Ey are group homomorphisms

a, : Extg(C,A) — Extg(C,A"), v* 1 Extg(C,A) — Extz(C’, A), (2.13)

and that (CZ] + ay), = (Q])* + (a’g)* and (’)/1 + ’)/2)* = (’)/1)* + (’}/2)* foray, ay : A — A’,
Y1, 72: ¢ — C.

Lemma 2.1 (see (Mac Lane 1963), Ch. III, Lemma 1.6) Exty is an additive bifunctor
on R-Mod x R-Mod to Ab which is contravariant in the first and covariant in the second

variable.

For the rest of this work, we will use Ext instead of Extj, and we will denote the
equivalence class of the short exact sequence E by just E. Since we are working on the
category of left R-modules, we will not use any subscript to indicate the category we are

dealing with unless it is necessary.

2.2. Supplements and Supplemented Modules

This section includes definitions and some results about supplements and supple-
mented modules. See (Wisbauer 1991, Ch. 8, §41) for more information about supple-
ments and supplemented modules.

Let U be a submodule of an R-module M. If there exists a submodule V of M
minimal with respect to the property M = U + V then V is called a supplement of U in M.

A submodule K of an R-module M is called superfluous or small in M, written
K < M, i, for every submodule L C M, the equality K + L = M implies L = M. The

following lemma is used frequently while studying supplements.

Lemma 2.2 V is a supplement of U in M ifand only if U +V =M and UNV <« V.

The properties of supplements are given in the next proposition.

Proposition 2.1 ((Wisbauer 1991),41.1) Let U, V C M and V be a supplement of U in
M.

1. If W+V =M for some W C U, then V is a supplement of W.

2. If M is finitely generated, then V is also finitely generated.



3. If U is a maximal submodule of M, then V is cyclic and U NV = RadV is a (the
unique) maximal submodule of V.

4. If K < M, then V is a supplement of U + K.

S5.If K < M, thenVNK < VandRadV =V N Rad M.

6. If Rad M < M, then U is contained in a maximal submodule of M.

7.If LC U, then (V + L)/L is a supplement of U/L in M| L.

8. IfRadM < MorRadM C U and p : M — M/ Rad M is the canonical epimorphism,
then M/ Rad M = p(U) & p(V).

Let M be a module. If every submodule of M has a supplement in M, then M is
called a supplemented module. Artinian modules and semisimple modules are examples
of supplemented modules. The ring Z of integers as a module over itself is an example to
show that every module need not be supplemented.

For the properties of supplemented modules, we have the following proposition

from the book (Wisbauer 1991).

Proposition 2.2 ((Wisbauer 1991), 41.2) Let M be an R-module.

1. Let U and V be submodules of M such that U is supplemented and U + V have a
supplement in M, then V has a supplement in M.

2. If M = M, + M, with M\ and M, supplemented, then M is also supplemented.

3. If M is supplemented, then M/ Rad M is semisimple.



CHAPTER 3

PROPER CLASSES

3.1. Proper Classes

In this part of the thesis, the definition of proper classes along with some important
examples already known will be given.
Let # be a class of short exact sequences of R-modules and R-module homomor-

phisms. If a short exact sequence

B—%-C 0 3.1

belongs to P, then f is said to be a P-monomorphism, and g is said to be a P-epimorphism
(both are said to be P-proper, and the short exact sequence is said to be a P-proper short
exact sequence.). The class # is said to be proper (in the sense of Buchsbaum) if it
satisfies the following conditions (see (Buchsbaum 1959), (Mac Lane 1963, Ch. 12, §4)
and (Sklyarenko 1978, Introduction)):

P-1) If a short exact sequence E is in P, then P contains every short exact sequence

isomorphic to E .
P-2) ¥ contains all splitting short exact sequences.

P-3) The composite of two $-monomorphisms is a -monomorphism if this composite

is defined.

P-3’) The composite of two P-epimorphisms is a $-epimorphism if this composite is

defined.

P-4) If g and f are monomorphisms, and g o f is a -monomorphism, then f is a

P-monomorphism.

P-4’) If g and f are epimorphisms, and g o f is a -epimorphism, then g is a
P-epimorphism.



One of the most important examples for proper classes in abelian groups is
Purezaoq- It s the class of all short exact sequences (3.1) of abelian groups and abelian
group homomorphisms such that Im(f) is a pure subgroup of B, where a subgroup A of a
group B is pure in B if A N nB = nA for all integers n (see (Fuchs 1970, §26-30) for the
important notion of purity in abelian groups). The short exact sequences in Purez .4 are
called pure-exact sequences of abelian groups. The corresponding subgroup of Ext(C, A)
is denoted by Pext(C,A). The following Theorem gives the structure of Pext(C,A) in
terms of subgroups of Ext(C, A).

Theorem 3.1 (see (Fuchs 1970), Theorem 53.3) For all abelian groups A and C,
Pext(C, A) coincides with the first Ulm subgroup of Ext(C, A), i.e.

Pext(C,A) = Ext(C,A)" = ﬂ nExt(C, A). (3.2)

nezZ*

The smallest proper class of R-modules consists only of splitting short exact se-
quences of R-modules which we denote by Split. The largest proper class of R-modules
consists of all short exact sequences of R-modules which we denote by Abs (absolute
purity ).

A subfunctor ¥ of Ext such that ¥(C, A) is a subgroup of Ext(C, A) is called an
e-functor (see (Butler and Horrocks 1961)). By (Nunke 1963, Theorem 1.1), an e-functor
F of Ext gives a proper class if it satisfies one of the properties P-3) and P-3’). This result
enables us to define a proper class in terms of subfunctors of Ext.

For a proper class # of R-modules, call a submodule A of a module B a
P-submodule of B, if the inclusion monomorphism iy : A — B, is(a) = a,a € A, is a
P-monomorphism.

Let T(M,-) : R-Mod — Ab be an additive functor (covariant or contravariant),
left or right exact and depending on an R-module M. If M is a given class of modules
of this category, we denote by #~!(M) the class P of short exact sequences E such that
T (M, E) is exact for all M € M.

The following Lemma can be found in (Sklyarenko 1978) and for a proof see

(Demirci 2008, Lemma 3.1).

Lemma 3.1 P = (M) is a proper class.
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Let #(#) be the class of all modules M for which the triples T(M, E) are exact
for all E € P. As we can take the functors Hom or ® for 7, #(#) and ¢~'() leads us to
projectively, injectively or flatly generated proper classes.

Over an integral domain R, a short exact sequence

E:O0 A B C 0 is called torsion-splitting if Et splits for the injection

7 : T(C) — C. The class of torsion-splitting short exact sequences will be denoted by
D as it was in (Pancar 1997). If C is torsion-free, or if E is splitting, then E is trivially
torsion-splitting. More information about torsion-splitting exact sequences can be found

in (Fuchs 1970, §58). We give one of the important results here.

Proposition 3.1 ((Fuchs 1970), 58.3) In the case of abelian groups, the exact sequence
E:0 A B C 0 is torsion-splitting if and only if it is an element of the

maximal divisible subgroup of Ext(C, A).

Let & be a class of short exact sequences. The smallest proper class containing &
is said to be generated by & and denoted by (&) (see (Pancar 1997)).
Since the intersection of any family of proper classes is proper, for a class & of

short exact sequences
(&) = ﬂ {P :&EC PP is aproper class}. (3.3)

For more information about proper classes generated by a class of short exact

sequences see (Pancar 1997).

3.2. Objects of a Proper Class

Take a short exact sequence

B—f~C—>0 (3.4)

of R-modules and R-module homomorphisms.
An R-module M is said to be projective with respect to the short exact sequence E,

or with respect to the epimorphism g if any of the following equivalent conditions holds:
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1. every diagram

N . Ty (3.5)

where the first row is £ and y : M — C is an R-module homomorphism can
be embedded in a commutative diagram by choosing an R-module homomorphism
¥ : M — B; that is, for every homomorphism y : M — C, there exits a homo-

morphism y : M — B suchthat goy =y.

2. The sequence
Hom(M,E): 0— Hom(M,A)—_"~ Hom(M, B)—*"> Hom(M, C)—0

18 exact.

Dually, an R-module M is said to be injective with respect to the short exact sequence
E, or with respect to the monomorphism f if any of the following equivalent conditions

holds:

1. every diagram

i - (3.6)
¥

where the first row is £ and @ : A — M is an R-module homomorphism can
be embedded in a commutative diagram by choosing an R-module homomorphism

a : B — M; that is, for every homomorphism @« : A — M, there exists a

homomorphism @ : B— M suchthata o f = a.

12



2. The sequence

Hom(E, M): 0— Hom(C, M)—*—~ Hom(B, M)~ Hom(A, M)—>0

is exact.

An R-module M is said to be P-projective (resp. P-injective) if it is projective
(resp. injective) with respect to all short exact sequences in $. The relative projectiveness
(resp. injectiveness) of M is equivalent to the requirement that Ext;)(M, B) = 0, for every
R-module B (resp. Ext}D(A, M) = 0, for every R-module A). Denote all -projective (resp.
P-injective) modules by m(P) (resp. «(P)).

In a proper class P, there need not be a P-epimorphism from some #-projective
module to a given R-module A. For this reason, in general, it is not possible to define the
functor Ext;, by using the derived functor of the functor Hom. However, the alternative
definition of Ext;) may be used in this case.

For a proper class £ and R-modules A, C, denote by Ext;)(C, A) or shortly by
Extp(C, A), the equivalence classes of all short exact sequences in $ which start with A
and end with C. This turns out to be a subgroup of Ext(C, A) and a bifunctor Extp :
R-Mod x R-Mod — Ab is obtained which is a subfunctor of Ext.

A class P of R-modules is said to have enough projectives if for every module A we
can find a P-epimorhism from some $-projective module P to A. A class  of R-modules
is said to have enough injectives if for every module B we can find a -monomorphism
from B to some P-injective module J. A proper class £ of R-modules with enough pro-
jectives [enough injectives] is also said to be a projective proper class [resp. injective
proper class].

The following propositions give the relation between projective (resp. injective)
modules with respect to a class & of short exact sequences and with respect to the proper

class < & > generated by &.

Proposition 3.2 ((Pancar 1997), Propositions 2.3 and 2.4)
(a) m1(E) = n(< & >).

(b) U(E) =< E>).
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An R -module C is said to be P-coprojective if every short exact sequence of

R-modules and R-module homomorphisms of the form

E:0 A’ B’ C 0 (3.7

ending with C is in the proper class . An R-module A is said to be P-coinjective if every

short exact sequence of R-modules and R-module homomorphisms of the form

E:0 A B” C 0 (3.8)

starting with A is in the proper class P.

Using the subfunctor Exty of Ext, the P-projectives, P-injectives, P-coprojectives
and P-coinjectives are simply described in terms of the subgroup Exty(C, A) < Ext(C, A)
being 0 or the whole of Ext(C, A):

1. An R-module C is P-projective if and only if Extp(C, A) = 0 for all R-modules A.

2. An R-module C is P-coprojective if and only if Extp(C, A) = Ext(C, A) for all
R-modules A.

3. An R-module A is P-injective if and only if Extp(C, A) = 0 for all R-modules C.

4. An R-module A is P-coinjective if and only if Extp(C, A) = Ext(C, A) for all R-

modules C.

3.3. Projectively Generated Proper Classes

For a given class M of modules, denote by 7~!(M) the class of all short exact
sequences E of R-modules and R-module homomorphisms such that Hom(M, E) is exact
for all M € M, that is,

7' (M) = {E € Abs|Hom(M, E) is exact for all M € M}. 3.9)
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n'(M) is the largest proper class P for which each M € M is P-projective, and it is
called the proper class projectively generated by M.

Proof This is a consequence of Lemma 3.1. Take 7'(M, -) = Hom(M, -). O

Proposition 3.3 Let P be a proper class and M a class of modules. Then we have
1. P Cral(m®P)),
2. MCaa ' (M),
3. w(P) =z~ (x(P))),
4. 77'M) = nl (r(x~ 1 (M))).

For a proper class P, n~! (m(P)) is called the projective closure of P and it always

contains P.

3.4. Injectively Generated Proper Classes

For a given class M of modules, denote by (~'(M) the class of all short exact
sequences E of R-modules and R-module homomorphisms such that Hom(E, M) is exact
for all M € M, that is,

(M) = {E € Abs|Hom(E, M) is exact for all M € M}. (3.10)

t"(M) is the largest proper class P for which each M € M is P-injective which is called
the proper class injectively generated by M.

Proof This is a consequence of Lemma 3.1. Take T (M, -) = Hom(:, M). O

3.5. Coprojectively and Coinjectively Generated Proper Classes

Let M and J be classes of modules over some ring R. The smallest proper class
%(M) (resp. k(J)) for which all modules in M (resp. J) are coprojective (resp. coinjec-
tive) is said to be coprojectively (resp. coinjectively) generated by M (resp. ).
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Theorem 3.2 ((Alizade 1985), Theorem 1) Let M be a class of modules closed under

extensions. Consider the class R of exact triples, defined as:

Extg(C,A) = U Im{Ext(M, A) - Ext(C, A)} (3.11)

M,

over all M € M and all homomorphisms a : C — M. Then exact triples

0 A X C 0 belonging to Extg(C, A), form a proper class, and R coin-
cides with k(M).

Theorem 3.3 ((Alizade 1985), Theorem 2) Let L be a class of modules closed under

extensions. Consider the class R of exact triples, defined as:

Extg(C,A) = U Im{Ext(C, 1) - Bxt(C, A)} (3.12)
I,a

over all I € L and all homomorphisms « : I — A. Then exact triples

0 A X C 0 belonging to Extg(C, A), form a proper class, and R coin-
cides with k(L).

For more information about coprojectively and coinjectively generated proper
classes see (Alizade 1985) and (Alizade 1986).
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CHAPTER 4

PROPER CLASSES RELATED TO SUPPLEMENTS

In this part of the study, we will give definitions and some properties of the proper
classes related to supplements. One can find further information in (Alizade et al. 2012),
(Demirci 2008), (Erdogan 2004) and (Mermut 2004).

4.1. The Classes Compl, Suppl, Neat and Co-Neat

The class Compl consists of all short exact sequences

B—%.C 0 4.1)

such that Im f is a complement of some submodule K of B, thatis Im f N K = 0 and K is
maximal with respect to this property.
The class Neat consists of all short exact sequences 4.1 such that every simple

R-module is relative projective for it, denoted by
Neat = ﬂ_l{S € R-Mod | Sis simple}. 4.2)

The corresponding subgroup of Ext(C, A) is denoted by Next(C, A). Over the ring
of integers, we have the following result that gives the structure of Neatz 1,4 in terms of

the subgroups of Ext(C, A).

Corollary 4.1 ((Alizade et al. 2004), Corollary 4.3) For all abelian groups A and C, we

have Next(C,A) = ( pExt(C,A) = F(Ext(C,A)), where p ranges over the prime num-
P

bers, and F(Ext(C, A)) is the Frattini subgroup of Ext(C, A).

Since for an abelian group A, RadA = () pA, where p ranges over the prime

P
numbers, the question if the composition of a subfunctor of the identity with the functor
Ext gives a proper class arises. This question is answered by a counterexample in the case

of abelian groups.
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Let R be an integral domain. Let Socle be the class of short exact sequences
defined via the composition of the functors Soc and Ext, that is

E:0 A B C 0 € Socle if E € Soc(Ext(C, A)).

Proposition 4.1 Socle is not a proper class in the case of abelian groups.

Proof  Suppose that Socle is a proper class. The subgroup of Ext(Z/pZ,Z) generated

a

by the short exact sequence E : 0 Z Z Z|pZ —= 0 , where p is a prime
number and a(1) = p, is simple since pE is splitting. By (Misina and Skornjakov 1960,
Proposition 1.12), Z/pZ is Socle-coprojective. The short exact sequence

0 Z|pZ ! 7/ p*Z ——~17/pZ 0 where f(1+pZ) = p+p*Z and g(1+p*Z) =

1 + pZ belongs to Socle since it ends with Z/pZ. By (Misina and Skornjakov 1960,

Proposition 1.14), Z/p*Z is Socle-coprojective. However, the short exact sequence

E’":0 z-t-7 Z/p*Z ——= 0 , where B(1) = p?, does not belong to

Soc(Ext(Z/p*Z, Z)) since the subgroup of Ext(Z/p*Z,Z) generated by E’ is a p-group,
and pE’ # 0. This leads us to a contradiction. O

The class Suppl, consisting of all short exact sequences 4.1 such that Im f is
a supplement of some submodule K of B, is a proper class (see (Clark et al. 2006) or
(Erdogan 2004) for a proof). The properties of Suppl-coinjective and Sup pl-coprojective
modules are investigated in (Erdogan 2004).

Co-Neat is defined as a dual notion of Neat:
Co-Neat = L_I{M € R-Mod | Rad M = o}. (4.3)

We have the relations, Compl C Neat and Suppl C Co-Neat for an arbitrary ring

R. The following result shows a condition under which we have an equality.

Proposition 4.2 (Mermut 2004), Proposition 5.2.6) For a Dedekind domain R,

Suppl € CoNeat C Neat = Compl. (4.4)
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4.2. The «k-Elements of Ext(C,A)

Following Zoschinger we call a short exact sequence

E:0—-A-l-B %.c—~0 (4.5)

k-exact if Im f has a supplement in B. In this case we say that £ € Ext(C,A) is a «-
element, and the set of all k-elements of Ext(C, A) will be denoted by S. If Im f has a
supplement V in B with Im f N V bounded, then E € Ext(C, A) is called a S-element, and
the set of all B-elements of Ext(C, A) will be denoted by SB.

We denote by ‘WS the class of short exact sequences 4.5, where Im f has (is)
a weak supplement in B, i.e. there is a submodule K of B such that Imf + K = B
and Im f N K < B. We denote by Small the class of short exact sequences 4.5, where
Imf < B.

The k-elements need not form a proper class in general. For instance, let R = Z,
and consider the composition 5 o @ of the monomorphisms @ : 2Z — Z and 5 : Z — Q,
where « and S are the corresponding inclusions. Then we have
0—>2Z-%-Q—~Q/2Z—0 is a k-element, but 0—2Z—*~7—>7,/2Z—>0

is not a k-element as 2Z does not have a supplement in Z.

There are some cases that enables S8 to form a proper class. Furthermore, the

following result shows that S8 is coinjectively generated under the given condition.

Proposition 4.3 ((Demirci 2008), Proposition 4.3) Let R be a Noetherian integral do-
main of Krull dimension 1. Then SB = k(B). Hence SB is a proper class in this case.

Definition 4.1 A short exact sequence E : 0 A B C 0 is said to be ex-

tend weak supplement if there is a short exact sequence

E' :0—=A—"

B’ c’ 0 such that Im f has (is) a weak supplement in B’ and
there is a homomorphism g : C — C' such that E = g*(E’), i.e. there is commutative

diagram:

0—>A B c 0:E
L “5)
0—>A—'>p C’ 0:E".
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The class of all extend weak supplement short exact sequences will be denoted by ‘W' S.

Over a hereditary ring, it is shown in (Alizade et al. 2012) that ‘WS forms a proper

class. Moreover, the following result holds.

Corollary 4.2 ((Alizade et al. 2012), Corollary 3.13) (Small) = (S) = (WS) = WS.

Projective, injective and coinjective objects of the class ‘WS are investigated in
the same work, it is also shown that ‘WS is coinjectively generated. Let us remind that a
module M is called small if it is a small submodule of some module N, or equivalently it is

small in its injective hull (see (Leonard 1966) for more information about small modules).

Proposition 4.4 ((Alizade et al. 2012), Proposition 4.13) Over a hereditary ring WS =

k(Sm), where Sm is the class of all small modules.

4.3. Coneat-Homomorphisms

The main problem with the investigation of the k-elements in Ext(C, A) is that
they need not form a subgroup. The reason for this is the fact that, in general, for a
homomorphism g : C’ — C, the induced map g* : Ext(C,A) — Ext(C’, A) need not
preserve k-elements. The following results hold over the ring of integers.

A homomorphism g : C’ — C is called coneat if for every decomposition g =
[ o a, where 8 is a small epimorphism,  is an isomorphism.

Lemma 4.1 ((Zoschinger 1978), Lemma 2.2)

(a) An epimorphism g : C' — C is coneat if and only if Ker g is coclosed in C’, i.e.

for any submodule X of Ker g, Kerg/X < C’/X implies X = Ker g.

(b) A splitting monomorphism g : C' — C is coneat if and only if Coker g has no

small cover.

(c) If g = g2 o g1 is coneat, then g, is also coneat.

Theorem 4.1 ((Zoschinger 1978), Theorem 2.3) For a homomorphism g : C' — C,

the following are equivalent:
(i) gis coneat.

(ii) Ker g is coclosed in C’ and Im g O Soc C.
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(iii) g(C’[p]) = Clpl] for all prime numbers p.

(iv) If the diagram below is a pullback diagram and B is a small epimorphism, then B’

is also a small epimorphism.
g’l J{g “4.7)

The following result establishes a connection between coneat homomorphisms

and the x-elements of Ext(C, A).

Corollary 4.3 ((Zoschinger 1978), Corollary 1 after Theorem 2.3) If g : C' — C is

coneat, then g* : Ext(C,A) — Ext(C’, A) preserves k-elements.
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CHAPTER 5

OPERATIONS ON PROPER CLASSES

In this chapter, we will define some operations defined on proper classes and give
some results. More information can be found in (Pancar 1997).

In (Pancar 1997), the following operations are defined for the classes R and £:

) R+ L =(RUL),the sum of the classes R and .L,

ii) Ro.L, the class of short exact sequences whose monomorphisms are @ o § where a

is an R-monomorphism and £ is an £-monomorphism,

iii RoL, the class of short exact sequences whose epimorphisms are @ o 8 where « is

an R-epimorphism and S is an L-epimorphism,

iv) R = L, the class of short exact sequences defined by the formula

Extg.r(C,A) = Extg(C, A) + Ext,(C, A). S.D

From the definitions we have,

1. R+ L =L+ Ris aproper class,
2. R« L=LxR,
3. ReLCR+ L, RoLER+ Land R+ LS R+ L.

In general, RoL, RoL and R * L need not be proper classes, but if RoL (Ro L or
R * L) is a proper class, then R+ L =RoL (R+ L=RoLorR+ L =R L).

The following theorem gives a condition under which R * £ C Ro L.

Theorem 5.1 ((Pancar 1997), Theorem 3.1) If the class M of modules is closed under
extensions and submodules, then R « £ C Ro L for R = k(M) and for every proper class
L

Using the following proposition, it is possible to write a coprojectively generated
proper class as a composition of two classes one of which is the smallest proper class

Split. Moreover, the dual statement for which the proof is included also holds.
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Proposition 5.1 ((Pancar 1997), Proposition 3.1) If the class of modules M is closed
under submodules and extensions, then k(M) = EMoSplit, EM being the class of all

short exact sequences ending at modules from M.

Proposition 5.2 [f the class of modules M is closed under homomorphic images and
extensions, then k(M) = Splitoep, ep being the class of all short exact sequences
beginning with modules from M and Split being the class of all splitting short exact

sequences.

Proof LetE: 0 A B C 0 be a short exact sequence in k(M). Since
M is closed under extensions, by Theorem 3.3, there exist M € M, E; € Ext(C, M)
and a homomorphism @ : M — A such that £ = «.(E;). Since M is closed under
homomorphic images, M/ Kera € M. Therefore, @ can be taken as a monomorphism.

From the cohomology sequence

- Ext(C, M) —“~ Ext(C, A) 2~ Ext(C, X) —— - -- (5.2)

@ B

for 0 M A X 0, X = Cokera, we have E € Ima, = Kerg,. Then

in the following commutative diagram with exact rows and columns, S3.(E) € Split:

0 0
M=M
E: 0 A B C 0. (5.3)
:
a.(E) : 0 X B’ C 0
0 0
On the other hand, 0 M B B’ 0 € &p by the definition of &y,

therefore E € Splito ey,.
Conversely, since ep; C (ep) and Split C {(ep(), we have Splitoey C (ep) C

k(M). O
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We can relate the conclusion of this proposition with the class ‘WS using follow-

ing results.

Corollary 5.1 Over a hereditary ring R, WS = Splito &s,,, where Sm is the class of
small modules and €s,, is the class of all short exact sequences beginning with small

modules.

Proof It is easy to show that Sm is closed under homomorphic images and extensions.

By Proposition 5.2, k(Sm) = Split o €g,,. Proposition 4.4 completes the proof. O

The sum of proper classes is investigated in (Alizade et al. 1997) for the case of
abelian groups. The direct sum P®_L of proper classes # and L is defined, and an example

for a direct sum is given in the same work.

Theorem 5.2 ((Alizade et al. 1997), Theorem 1) If cl. is a class of groups closed under

direct sums such that n~'(cl.) is projective, then

7N (cl) + k(cl.) = Abs. (5.4)

If cl. is closed under direct products such that 1" (cl.) is injective, then

(el) + k(cl.) = Abs (5.5

Remark 5.1 ((Alizade et al. 1997), Remark after Theorem 1) Let 7F be the class of

all torsion free groups. Theorem 5.2 implies that

T TF)+D = Abs (5.6)

Definition 5.1 Proper Classes P and L are said to be disjoint if PN L = Split. A proper
class C is called a direct sum of proper classes P and L if C is a sum of disjoint classes
Pand L, thatisif C=P+ Land P N L = Split.

Theorem 5.3 ((Alizade et al. 1997), Theorem 4) Abs = 7' (red.) @%(red.), where red.

is the class of all reduced groups.
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The following theorem shows an example for which the operator * does not give

a proper class.

Theorem 5.4 ((Alizade et al. 1997), Theorem 5) 7~ !(red.) * %(red.) + Abs, and there-

fore n™!(red.) * %(red.) is not a proper class.
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CHAPTER 6

CLOSURE OF PROPER CLASSES

In this chapter, we will review some results on closure of proper classes and define
new ones.
In the first section, we will work on integral domains and in the second one the

rings we consider will be associative with an identity element unless otherwise stated.

6.1. The Classes # and P,

Let R be an integral domain throughout this section. For a class P of short exact
sequences of R-modules, we denote by P the class of short exact sequences

E:O A B C 0 of R-modules such that kE € P for some 0 # k € R

where k also denotes the multiplication homomorphism by k € R. Thus

P = {E|kE € P for some 0 # k € R}. 6.1)

For E € P, wehave 1 - £ = E € P, therefore P C P for every class P of short
exact sequences.

In case of abelian groups, the class ? was studied in (Walker 1964, Alizade 1986)
for # = Split, in (Hart 1974) for P = Pure and P = D, torsion splitting short ex-
act sequences and in (Alizade 1986) for = Split, where it was denoted by 7ext since
ExtS[;m(C, A) = T(Ext(C,A)) the torsion part of Ext(C, A) and for every proper class P.

The following result gives a general answer when R is an integral domain.

Theorem 6.1 ((Alizade et al. 2004), Theorem 3.1) For every proper class P of short ex-

act sequences of R-modules, the class P is proper.

The following result is an example that shows applying the operations +, * and o

can give the same class.
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Theorem 6.2 ((Pancar 1997), Theorem 4.2) Let R be the ring of integers. Then
D * Split = DoSplit = D + Split = D. (6.2)

So, every D-monomorphism is a composition of a Split-monomorphism and a D-mono-

morphism.

We can also consider M for R-modules M < N with the definition

A

M ={x € N | kx € M for some 0 # k € R}. (6.3)

The following result is shown in (Pancar 1997) for the case of abelian groups.

Proposition 6.1 ((Pancar 1997), Lemma 4.1) Let B, be the maximal divisible subgroup
and T (B) be the torsion part of a group B. Then

B;=B,+T(B) =B, +0. (6.4)

The submodule M of the R-module N can be used in finding closures. Let us first

define the closure of an R-module.

Definition 6.1 A submodule X of an R-module Z is closed in Z if X <Y < Zand X 1Y
implies Y = X. For R-modules M < X < N, X is called a closure of M in N if M < X and
X is closed in N.

Closure of a module need not be unique in general as the following example

shows.

Example 6.1 Let R be the ring of integers and S = {?—) € Q| (b,p) =(b,q) = 1}f0rprime
numbers p and q. Then pS and qS are both closures of the submodule pqS in S.

Proposition 6.2 Let M < N be R-modules, then M is the unique closure of M + T(N) in
N, where T(N) is the torsion part of N.

Proof Forxe M,rxe M < M + T(N) for some 0 # r € R, therefore M + T(N) < M.
If M < M’ for some M’ < N, then fory € M’, ky € M for some 0 # k € R which implies
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I(ky) € M for some O # [ € R. Since (lk)y = l(ky) e MforO # lk € R,y € M. Therefore,
M is closed.

Let N’ be another closure of M + T(N)in N. If z € N’, then sz € M + T(N) for
some 0 # s € R which shows that N’ < M. Since M + T(N) < N’ < M and N is closed
inN,N’=M. O

Corollary 6.1 Let N be a torsion-free R-module. Then for every submodule M of N, M

is the unique closure of M in N.

We have seen that # is a closure of the class # of short exact sequences and
is indeed a proper class when the underlying class ¥ is proper. It is possible to define
another closure of the class  that happens to be in between # and 9.

For a class P of short exact sequences of R-modules and 0 # r € R, we denote

by P, the class of short exact sequences E : 0 A B C 0 of R-modules
such that #E € P for some for some nonnegative integer ¢+ where r' also denotes the

multiplication homomorphism by #* € R. Thus

P, = {E| F'E € P for some nonnegative integer 7}. (6.5)

For E € P,wehave '’ -E = 1-E = E € P and clearly f’r Cc ?A’ therefore
P C P, C P for every class P of short exact sequences.
For a given proper class P, the following result gives us proper classes that are

contained in P.

Proposition 6.3 P, is a proper class for every proper class P and every 0 # r € R.

The proof of this result uses similar ideas used in the proof of (Alizade 1986,

Theorem 1).

Proof For any r € R, let r also denote the homomorphism multiplication by r.

Let E:0 A B C 0 € P, with F'E € P.

If f:A— A’ thenr'f.(E) = (r'" o fL)(E) = (f. o ") (E) = f.(r'"*(E)) € P since
Extyp is a subfunctor of Ext. Then f.(E) € P,.

Ifg:C’" — C,then r'g*"(E) = (r. o g")(E) = (g* o r')(E) = g"(r.(E)) € P since
Extp is a subfunctor of Ext. Then g*(E) € P

Let E':0 A B’ C 0 € P, with r*(E’) € P. Then r'**(E —

E")=r(r'E) — r'(r'E’) € P since P is a proper class.
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These arguments show that #, gives an e-functor. Using (Nunke 1963, Theorem
1.1), in order to show that P, is a proper class, it is enough to show that the composition
of two #,-epimorphisms is a #,-epimorphism.

Lete: B—> Cand 8 : C — D be #,-epimorphisms. Since

04

E, :0 A B C 0 € 73,, there is a nonnegative integer ¢ such that

r(E):0 A B’ C 0 € P. We can write the homomorphism 7' as

r' = xoy, where x : YA — A is the inclusion and y : A — r'A is the standard

epimorphism. Then we obtain the following commutative diagrams with exact rows and

columns:
0 0
0 0
E, 0 r'A A As 0
e e e
E5 . 0 A A] A2 0
Es 0 r'A B’ C 0
E 0 A B ‘ C 0 (6.6)
/ | 367 |
D —— D
0 0
0 0
E Es E, E,
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0 0
0 A AY A, 0
A Y Ay
Es: 0 r'A Al A, 0
E;: 0 A B” C 0
VANV Y
Eg:0 rA B’ C o  ©D
D D
S
D D
0 0
0 0
E; Eg E, E,

In the diagram (6.6), E4 = y.(Es), E¢ = y.(E}), his constructed using pushout, and
B — B’ and B’ — D are epimorphisms. The diagram (6.7) is constructed similarly.

Since E, € P,, there is a nonnegative integer s such that r**(E,) € P. Applying the
homomorphism r* to some part of the diagram (6.7), we obtain the following commutative

diagram:
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0 0
0 A AY Ay 0
v /
0 A AY A, 0
E;: 0 A B” C 0
v A
Ey:0 A B ] o ) 68)
n D g D
AT
D D
0 0
0 0
ri(Es) Ey ri(Ez) E,

In the diagram (6.8), the homomorphisms 7, 6§ and j are constructed using pull-
back.

Since E7 = x.(E¢) = x.(y«(E1)) = (x o y).(Ey) = ri(E)) € # and Extp is a
subfunctor of Ext, Ey = j*(E;) € P, thatisy : B — C’ is a P-epimorphism. 6 :
C’ — D s also a P-epimorphism. Then 7 = 6 o y is a P-epimorphism, and r**(Eg) € P.
Therefore E5 € 5?’,.

In the diagram (6.7), we have L = Cokerx = Coker f. Consider the short ex-

10

act sequence Ejg: 0 A A7 L 0. Since 'L = 0, the short exact

sequence r.(Ey) : 0 A Y L 0 is splitting. Consider the following

commutative diagram:
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0 0
0 A1 ‘ Y L 0
0 S
Ep:0 A [ AY L 0
0 X X’ L 0
S L W/
0 B’ B” L 0 (6.9)
D D
v
D D
0 0
0 0
E; Ey Eg Ei,

In the diagram (6.9), we have E|; = r'(E;) and E1, = (uor').(E3) = (vo f).(E3) =
v.(Eg) € Sb,, since Extp is a subfunctor of Ext. r'Ey is splitting, therefore E;; € 7'5,.
Then there is a nonnegative integer ¢ such that r/E|; € . We also know that E|; = r'Ej,
therefore r7*'E; € P and E; € P,.

Consider the diagram (6.6). We can write the homomorphism ' : A} — A; as
r' =y o ¢ where ¢ : A| —> r'A; is the standard epimorphism and ¢ : r¥A; — A is the
inclusion. Then 7|, = i, o ¢,. Leti: A| — r'A; be the epimorphism (note that / is also
an epimorphism). Then we have ¢.(E) = (i, o h.)(E) = i.(E3). Since E3 € P, and Extp is
a subfunctor of Ext, E = r'(E) = (Y. 0 ¢.)(E) € ?A’r. Then there is a nonnegative integer
p such that r»*'E € P, hence E € P.. O
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We have seen the direct sum of two proper classes in the previous chapter. We
say that the sum Z L; of proper classes is direct if £; m Z L; = Split for every j € I.
i€l i#]
iel
Since we are dealing with finite number of operations in the last equality, we can replace
this equality by £; ﬂ Z L; = Split for every finite index set F C [ with j ¢ F.
i#j
i€ F
Over the ring of integers, for every group A we have a decomposition of T (A) into

primary parts as T(A) = P T,(A). The following result holds when R = Z, and it gives
p prime
a direct sum decomposition for the class Split of splitting short exact sequences in terms

of proper classes.

Proposition 6.4 Over the ring of integers,
Split = ) Split,, (6.10)
p

where p ranges over all prime numbers.

The following theorem gives the relation between the class # and the operation +.

A similar result holds for the class Sbr.

Theorem 6.3 ((Alizade et al. 2004), Theorem 3.2) Let P be a proper class. Then
P + Split = P. (6.11)
Theorem 6.4 Let P be a proper class. Then for every 0 # r € R,
P + Split, = P,. (6.12)

The proof of this theorem uses similar ideas used in proving the previous one.

Proof LetE c P, thenE =1-E =/°-E € P,, therefore P C P,.Since Split C P for
every proper class, S pAlit C #. Combining these inclusions we obtain © + S ;;litr cP,.
Let us write P + Split, = £. We will show that P, C L.
Let E:0 A B C 0 € P,. Then there is a nonnegative inte-

ger ¢ such that #E € P. Let us write the endomorphism of multiplication by ' on A as
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r' = @ o, where B : A — r'A is the standard epimorphism and a : #A — A is the

inclusion.

Using the homomorphisms @ and 8 we obtain the following commutative dia-

grams with exact rows and columns (note that A[r'] = {a € A|r'a = 0}):

0 0
Alr'] Alr']
E:0 A B—t = 0 (6.13)
s
E’:0 HA—> > B’ C 0
0 0
0 0
E’':0 PA—2 B —2 >C 0
o)
FE:0 A—L—~>RB" C 0 (6.14)
A/rrA=——==A/r'A
0 0

A/r'A is annihilated by 7/, therefore it is S ﬁlit,—coprojective, and « is an £-mono-
morphism since Sﬁlit, C L. Since F'E € P C L, y is an L-monomorphism. Since L is a
proper class, pto 6 = y o is an L-monomorphism, and since Ext, is a subfunctor of Ext,
¢ 1s an L-monomorphism, hence E’ € L.

A[r'] is annihilated by ', therefore it is Sﬁlitr-coinjective, and 6 is an L-epimor-
phism since S ﬁlit, C L. Then u = 0 o 6 is an L-epimorphism since L is a proper class.

Hence E € Land P, C L. O
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In order to show the relation of the classes defined so far with the proper classes
related to supplements, let us introduce Ivanov classes and give some results over the ring

of integers (see (Ivanov 1978), (Alizade 1986)).

Definition 6.2 For the classes M and J of modules, the class i(M, ) of short exact
sequences is the least proper class for which every module from M is coprojective and

every module from J is coinjective.

Let M and g be classes of R-modules. The class i(M, ) is described in
(Ivanov 1978) when M and J are closed under extensions with M closed under submod-

ules, J closed under factor modules and satisfy the properties
(i) IfA<B,A €Y and B € M, then B/A € M,
(ii) fA<B,Be J and B/A € M,thenA € J.

In (Alizade 1986) these conditions are called Ivanov conditions, and there is given

a result related to the operation * defined in the previous chapter.

Proposition 6.5 ((Alizade 1986), Lemma 5) Let R be hereditary and the classes M and
J of R-modules satisfy the Ivanov conditions. Then

M, J) = k(M) * k(). (6.15)
Theorem 6.5 ((Alizade 1986), Theorem 2) For all classes M and g of abelian groups
iMT) = iMUB,JTUB), (6.16)

where B denotes the class of bounded abelian groups.
This result is also true for modules over an integral domain since its proof can

easily be modified. It is also possible to use the proof of this result and obtain another

closure of the class i(M, 7).

35



Theorem 6.6 Let R be an integral domain, M and J classes of R-modules. Then for
every0 #r €R,

M, J), = iMUB, T USB,), (6.17)

where B, denotes the class of R-modules bounded by a power of r.

Proof Leti(MU®B,,JUSB,) = L. Itisclear that i(M,J) € Land L C i(/\//(,\J)r
since every module from 8, is iM,T ),-coinjective and iM.T ),-coprojective. To show
that i(/\/4,\j), c L let E:0 A B C 0 € i(m)r. Then there

is a nonnegative integer ¢ such that ¥E € i(M, ). We can write the homomorphism

r':C — Casr = aof, where a : C — C is the inclusion and 8 : C — r'C
is the standard epimorphism. Applying these homomorphisms we obtain the following

commutative diagrams with exact rows and columns:

0 0
E’ 0 A—Csp — % s ic 0

: :
E:0 A——>B C 0 (6.18)
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PE): 00— A B"——C 0 (6.19)
n B
E':0 A—">p —T—>yC 0
0 0

In the diagram (6.19), B is an L-epimorphism since C[r’] € B, and ¢ is also an
L-epimorphism. Then o o = o £ is an L-epimorphism since £ is a proper class and
o is an L-epimorphism since Ext, is a subfunctor of Ext. Therefore, E’ € £ and ¢ is an
L-monomorphism.

In the diagram (6.18), 6 is an L-monomorphism since C/r'C € B,. Since L is a

proper class, @ = 6 o o is an L-monomorphism and E € L. O

Corollary 6.2 Let R be a Noetherian integral domain of Krull dimension 1, and 0 # r €
R. Then

SB= (BB
. (6.20)
S8, = i(8,,8),

where B is the class of bounded R-modules and B, is the class of R-modules bounded by

a power of r.

Proof By Proposition 4.3, 8B = k(8B) = i(0, B). Theorem 6.5 and Theorem 6.6 com-
plete the proof. O

Corollary 6.3 Let R be a Dedekind domain and 0 # r € R. Then

WS = i(B,Sm)
A (6.21)
WS, = (8,, Sm),
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where B is the class of bounded R-modules and B, is the class of R-modules bounded by

a power of r.

Proof By Proposition 4.4, WS = k(Sm) = i(0, Sm). By Theorem 6.5 and Theorem
6.6, we have WS = i(8,Sm U B) and WS, = i(B,,Sm U B,). Since over a Dedekind

domain R, B, C B C Sm for every 0 # r € R, the result follows. O

Until now, we have dealt with the classes that include the given class #. In
(Alizade et al. 2004), the existence of a class that is contained in the given class P is
given using the class # over a principal ideal domain. It is also possible to obtain a
similar result using the class P,.

Before we give the results, let us remind the following definition. Note also that
for a class P, by rP we mean the class rP = {E : E = rE’ for some E’ € P} defined in
(Alizade et al. 2004).

Definition 6.3 Let R be a principal deal domain. An element r of R is said to be divisible

by s € R (denoted as s|r) if r = r;s for some r; € R.

Theorem 6.7 ((Alizade et al. 2004), Theorem 4.2) Let R be a principal ideal domain.

>~ B d C 0 is divisible by a nonzero

A short exact sequence E : (0 A

element r € R if and only if a(sA) = a(A) N sB for every s € R dividing r.

This result is used to prove that for a proper class P, the class r# is proper under

an extra condition.

Theorem 6.8 ((Alizade et al. 2004), Theorem 4.4) Let R be a principal ideal domain.
Then for every proper class P with P = P, the class kP is proper for every k € R, .

With a slight change on the condition given, we obtain the following result for the

class P..

Theorem 6.9 Let R be a principal ideal domain. Then for every proper class P with
P, = P, the class r'P is proper for every 0 # r € R and every nonnegative integer .
Proof LetrE,r'E’ € Extyp(C,A), E,E’ € Extp(C,A)and f : A — A", g:C' — C
be homomorphisms.

Since Extp is a subfunctor of Ext, f.(g*(E)) € Extp(C’,A’), and then f.(g"(r'E)) =
r'f.(g"(E)) € Extyp.

Since Extp(C, A) is a subgroup of Ext(C,A), E — E’ € Extp(C,A). Then r'E —
r'E’ =r(E - E’) € Extup(C, A).
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These arguments show that Ext,«» gives an e-functor. Using (Nunke 1963, Theo-
rem 1.1), to show that +'? is a proper class, it is enough to show that the composition of
two r'P-monomorphisms is a 7'#-monomorphism.

Lete: A — Band 8 : B — C be r"P-monomorphisms. Let s € R and s|r'.
The sequences 0 A B X 0 and 0 B d C Y 0
are divisible by r' by definition of ##. By Theorem 4.2, a(sA) = a(A) N sB and
B(sB) = B(B) N sC. Then (B o a)(sA) = B(a(sA)) = B(@(A) N B) = (Bo a)(A) NB(sB) =
Boa)A) NB(B)N sC = (Boa)A) N sC since B is a monomorphism. By Theorem
42, E:0 A fea C Z 0 is divisible by 7/, that is E = r'E’ for some
E’ € Ext(C,A).

The monomorphisms @ and § are also P-monomorphisms, then the composition

@

B o a is a P-monomorphism, therefore £ € . Since P = ?A), and r'E’ € P, we have
E’ € P, =P. Hence E = FE’ € F'P. O

6.2. The Class S‘A)f_.

In the previous section, the classes # and 73, for the given class # of short exact
sequences are defined over an integral domain using the homomorphisms multiplication
by elements of R since multiplication by elements of R give homomorphisms when R is
an integral domain. We cannot use elements of R to obtain homomorphisms in order to
find a closure for the class $ when R is an associative ring with an identity element since
the multiplication by an element of R does not give a homomorphism when R is not com-
mutative. Therefore, we turn our attention to the classes of R-module homomorphisms.
Throughout this section, we will study modules over an associative ring R with an identity

element.

Definition 6.4 Let 7 and G be families of homomorphisms of R-modules. We say that
F is closed under pushout diagrams if for all homomorphisms f : A — B, f € ¥ and

a:A— A’, we have ' € F in the pushout diagram

f

_—

A B
l l . (6.22)
A P

G

J
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We say that G is closed under pullback diagrams if for all homomorphisms g : C — D,
geGandpB: D" — D, we have g’ € G in the pullback diagram

c—>Dp
T Tﬁ. (6.23)
P/ - > D/

8

Lemma 6.1 Let ¥ and G be families of homomorphisms of R-modules. Let F be closed
under pushout diagrams and G closed under pullback diagrams. Then the following hold.

(i) If f : A — A, belongs to F, then the homomorphisms f® 1, : AGA — A A
and 1, ® f :A®A — AD A, are also in F.

(ii) If f : A — B belongs to F, then the inclusion i : Im f — B (or the monomor-
phismi: A/ Ker f — B induced by f) is also in F.

(iii) If g : C; — C belongs to G, then the homomorphisms g® 1¢ : Ci,®eC — C®C
and1c@g:CoC, — C@®CarealsoinG.

(iv) If g : C — D belongs to G, then the canonical epimorphism t : C — C/Kerg
induced by g (or the epimorphism & : C — Im g induced by g) is also in G.

Proof (i) The diagram

A—>ADA
fl lf@u (6.24)
Al HvAl @A

with u(a) = (a,0) and v(a,) = (a;,0) for a,a’ € A, a; € A, is commutative. Suppose that
there are homomorphisms x : A® A — Pandy : A} — P for some R-module P such
that xou = yo f. Define the homomorphismz : A;®@A — P by z((a;, a)) = y(a;)+x((0, a))
for (a;,a) € A; ® A. Then in the diagram
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(6.25)

we have x = zo (f®1,4) and y = zov. Uniqueness of z follows from the commutativity of
the diagram (6.25), therefore the diagram (6.24) is a pushout diagram. Hence f & 14, € ¥
by given condition on ¥ .

Similarly, one can show that 1, & f € F.
(if) The diagram

A—' B

f’l (6.26)
Im f —B

with f’(a) = f(a) and i being the inclusion is commutative. Suppose that there are homo-
morphisms x : B— Pand y: Im f — P for some R-module P such that xo f =y o f".
Define the homomorphism z : B — P by z(b) = x(b) for b € B. Then in the diagram

(6.27)

we have x = zo lgand y = zo f’. Uniqueness of z follows from the commutativity of the
diagram (6.27), therefore the diagram (6.26) is a pushout diagram. Hence i : Im f — B

is in ¥ by given condition on ¥ .
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(iii) The diagram

CeC——C
g@lcT Tg (6.28)
Cl ® C v4> Cl

with u((c, d)) = ¢ and v((cy, €)) = ¢y forc, d, e € C, ¢y € Cy is commutative. Suppose
that there are homomorphisms x : P — C @ C and y : P — C, for some R-module P
suchthatuox=goy. Letu' : C®C — C, u'((c, d)) = d for c, d € C, be the standard
epimorphism and define the homomorphism z : P — C; ® C by z(p) = (y(p), (1’ o x)(p))
for p € P. Then in the diagram

(6.29)

we have x = (g® 1¢) ozand y = vo z. Uniqueness of z follows from the commutativity of
the diagram (6.29), therefore the diagram (6.28) is a pullback diagram. Hence (g®1¢) € G
by given condition on G.

Similarly, one can show that (10 ® g) € G.
(iv) The diagram

8

C D
Tg’ (6.30)
C——=C/Kerg

with g’(c+Ker g) = g(c) and 7 being the canonical epimorphism is commutative. Suppose
that there are homomorphisms x : P — Cand y : P — C/ Ker g for some R-module P
such that g o x = g’ o y. Define the homomorphism z : P — C by z(p) = x(p) for p € P.

Then in the diagram
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D

1

C—>C/Kerg (6.31)

we have x = I¢c oz and y = m o z. Uniqueness of z follows from the commutativity of
the diagram (6.31), therefore the diagram (6.30) is a pullback diagram. Hence 7 : C —
C/ Ker g is in G by given condition on G. O

Definition 6.5 Let R be an associative ring with identity. Let ¥ and G be nonempty
Sfamilies of homomorphisms of R-modules, and P a class of short exact sequences. We
say that the pair (¥, G) is compatible for the class P if for every short exact sequence E,
there is f € F such that f.(E) € P if and only if there is g € G such that g*(E) € P with

one (or both) of the following conditions satisfied:
(i) F is closed under compositions and pushout diagrams,
(ii) G is closed under compositions and pullback diagrams.

For a class P of short exact sequences and a compatible pair (¥, G) for P, we

define the class f’i as

RS
@
I

{E|f.(E) € P for some f € F} 6.32)

{E|g"(E) € P for some g € G}.

Theorem 6.10 For every proper class P of short exact sequences and every compatible
pair (F, G) for P, the class SAD? is proper.
Proof Let E:0—A B——C—=0 € %Y with fi.(E), g;(E) € P for f; :
A— A, fieFandg :C, —C,g €6.

If f:A— A’ then gi(f(E)) = (g} 0 f)(E) = (fe 0 g))(E) = f.(g1(E)) € P since
Extp is a subfunctor of Ext. Then f.(E) € @g. since g, € G.

Ifg: C" — C, then fi.(g"(E)) = (fi. 0 gNE) = (&" o fi)(E) = &' (fi(E)) € P
since Extp is a subfunctor of Ext. Then g*(E) € f’g since f; € F.
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These arguments show that Extze is a subfunctor of Ext.
2

At this point, we separate the proof into two parts because of the conditions on ¥

and G.

In the first case, let F be closed under compositions and pushout diagrams. Let
E:0—>A——>B——C—0, E':0—=A—>B’ C——=0 € PY with
fis(E)y e Pfor fi : A — Ay, fi € F and fLu(E') e Pfor f, : A — Ay, fo € F, say
fie(E): 0 A B, C 0 and
H(E'):0 As B, C 0 . We have the commutative diagrams

0—=A®A—Ba®B’ CeoC 0
ﬁ@lAl l (6.33)
0—=A ®A——=B | ®B’ CeoC 0
and

0—A ®9A——B B’ —Co®C—=0
1A1@f2l i (6.34)
0— A ®A)—=B ®B,—CodC—=0

with exact rows.

By Lemma 6.1, fi®1, and 14, @, are in ¥ . Since ¥ is closed under compositions,
we have (14,®f2)o(fi®14) € F. Since P is a proper class, [(14,® f2)o(fi®14)].(EBE’) €
P with (14, ® f5) o (f; ® 1) € F. Therefore, (E®E") € PY.

These arguments show that f’g is an e-functor. Using (Nunke 1963, Theorem 1.1),
in order to show that Sbi is a proper class, it is enough to show that the composition of
two @g.—epimorphisms isa @i—epimorphism.

Let E;:0 A B C 0 and

E;,:0 A, LNyg) b D 0 e f’g Then there are homomorphisms f: A —

A’ feFandg: D' — D, g € G such that f.(E,) € P and g"(E,) € . We have the

a

following commutative diagrams with exact rows and columns:
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(6.35)

V

Bl

Al

7

Ay

E,

E,

E;
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0 0
E, 0 A’ Ay’ Az 0
171717
E;: 0 A’ Ay’ A 0
E;: 0

AN
N\
N

|
=
@

D/  E— D/
D D

0 0
0 0
E3 Eg E, E9

In the diagram (6.35), Es = f.(E)) € P, E4 = f.(Es) = f.(y*(E))) = y*(f.(E}))
since Extp is a subfunctor of Ext, and f; € ¥ since f is constructed using pushout.

In the diagram (6.36), Eg = g"(E»), E7 = g|(E¢) € . Thenu : B” — C’ and
v:C’ — D’ are P-epimorphisms. Since P is a proper class, v o u is a P-epimorphism
and Eg € P. g°(E;3) = Eg and g € G implies E5 € ?A’g sothereis , : A" — A", L eTF
for some R-module A; " such that f,.(E;) € P.

Then (f> o f1).(E) = fo.(f1.(E)) = fo.(E3) € P and (f; 0 fi) € F since fi, L €F,
and ¥ is closed under compositions. Hence E € @f,.

For the second case, let G be closed under compositions and pullback diagrams.

Let E:0—=A B—>C——=0, E':0—>A——>B’ C—=0¢€PY
with gj(E) e Pforg, : C;, — C, g1 € Gand g5(E’) € Plor g, : C, — C, g, € G, say
8(E):0 A B, C 0 and
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&(E"):0 A B, C, 0 . We have the commutative diagrams

0—>A®A——>B&B ——>CodC—>0
T Tgl@lc (6.37)
0—>A®A——>B &B —>C,&C—>0

and

0—A®@A——B &@B ——=C,&C——>0
T Tlcl@gz (6.38)
0—A9A——B B, —Ci®(C,—=0

with exact rows.

By Lemma 6.1, g;®1¢ and 1¢,®g; are in G. Since G is closed under compositions,
(g1®1c)o(le, ®g2) € G. Since P is a proper class, [(g1 @ 1) o (¢, ®g)]"(EBE’) € P
with (g ® 1¢) o (1¢, ® g2) € G. Therefore, (E® E’) € PY.

These arguments show that ?A)g is an e-functor. Using (Nunke 1963, Theorem 1.1),
in order to show that 755% is a proper class, it is enough to show that the composition of
two ?A’g—monomorphisms isa f)g—monomorphism.

Let E;:0 A—2>B—1>C 0 and
E,:0 B d D G 0 € 75? Then there are homomorphisms f : A —

A, feFandg: G — G, g € Gsuch that f.(E|) € P and g*(E;) € $. We have the

following commutative diagrams with exact rows and columns:
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(6.39)

0

b
D’

Es

Es

E,

E,
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0 0
E; 0 A’ B’ C 0
E1 :0 A B ¥ C 0
Esg : 0 A’ D” F’ 0
E;:0 A D’ F 0 (6.40)
/G, /G,
G’ G’
0 0
0 0
E4 E9 E6 E6

In the diagram (6.39), Ey = g"(E2) € P, E¢ = g'(Es) = &' (y.(E2) = 7.(g"(E»))
since Extygi is a subfunctor of Ext, and g, € G since g, is constructed using pullback.

In the diagram (6.40), E; = f.(Ey), Ey = f1.(E4) € P. Thenu : A” — B’ and
v: B’ — D" are P-monomorphisms. Since % is a proper class, v o u is a
P-monomorphism and Eg € P. f.(E;) = Eg and f € F implies E3 € 75?, so there is
8 :C’ — F’, g, € G for some R-module C’ such that g5(E3) € P.

Then (g1 0 £2)"(E) = g5(87(E)) = g5(E3) € P and (g1 0 g2) € G since g1, g2 € G
and G is closed under compositions. Hence E € ?A’g O

A similar result obtained for the classes # and %, in the previous section also

holds for the class ?A’g_ under some extra conditions on the classes ¥ and G.

Theorem 6.11 Let P be a proper class and (¥, G) a compatible pair for . Moreover,
let the inclusions iy : Ker f — A belong to ¥ forall f : A — A’ € F for R-modules
A, A" if F is closed under pushout diagrams, and the epimorphisms n, : C — C/Img
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belong to G for all g : C" — C € G for R-modules C,C’ if G is closed under pullback

diagrams. Then we have

P + Splity. = P9 (6.41)

Proof First we will show that P C fog Let £:0 A B C 0 €®P.
For the first case, let ¥ be closed under pushout diagrams. Since ¥ is nonempty, there is
a homomorphisms 2 : X — X’ in ¥ for some R-modules X and X’. Then in the pushout

diagram

o x

i (6.42)
P

e

(=]
-

S

—_—
h'

we have i’ € ¥ since ¥ is closed under pushout diagrams. Since Extp is a subfunctor of
Ext, h,(E) € P, therefore E € f)g and P C f’g

For the second case, let G be closed under pullback diagrams. Since G is nonempty, there
is a homomorphisms w : Y — Y in G for some R-modules Y and Y’. Then in the

pullback diagram

Y —=7Y
T To (6.43)

P'TC

we have w’ € G since G is closed under pullback diagrams. Since Extyp is a subfunctor of
Ext, w/(E) € P, therefore E € @g and P C SAD?.. These arguments show that $ C 73?,.
Since Split C P for every proper class P, S ﬁliti C ?A’g_ Combining these inclusions we
obtain P + Split; < P5.

Letus write P + S ﬁlitg = L. We will show that f)g cL.

At this point, we separate the proof into two parts because of the conditions on ¥
and G.

In the first case, let ¥ be closed under compositions and pushout diagrams. Let

E:O0 A B C 0 € @g Then there is a homomorphism f : A —

50



A’, f € F for some R-module A’ such that f,(E) € . We can write the homomorphism f
as f =io f’,where f' : A — Im f is the epimorphism induced by f and i : Im f — A"’
is the inclusion.

Using the homomorphisms f” and i, we obtain the following commutative dia-

grams with exact rows and columns:

E:0 A B——~C 0 (6.44)
E':0 mf-—* ~p - .¢c 0
0 0
0 0
E':0 mf—* ~p -2 ¢ 0
i A
f(E): 0 A’ z B” C 0
(6.45)
A JImf——A"/Im f

E,

We have i.(E’) = f.(E) € P, then v is a P-monomorphism. Since P C L, v is an
L-monomorphism. Since i € ¥ by Lemma 6.1 and i.(E;) € Split by (Mac Lane 1963,
Ch. 3, Proposition 1.7), i is a Sﬁlitg-monomorphism. Since Sﬁliti C L, iis an £L-

monomorphism. Then A o u = v oiis an £-monomorphism since £ is a proper class by
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definition, and u is an £-monomorphism since Ext, is a subfunctor of Ext. Therefore
is an L-epimorphism.

Since iy : Kerf — Aand f : A — A’ belong to ¥, f o iy is in F since F
is closed under compositions. Therefore, Ker f is Sﬁliti—coinjective and a is a Sﬁliti—
epimorphism, and « is an L-epimorphism since Sﬁlitfp € L. Theny = Boais an
L-epimorphism since £ is a proper class by definition. Hence £ € £ and f’g c L.

For the second case, let G be closed under compositions and pullback diagrams.
Let E:0 A B C 0 € SAD% Then there is a homomorphism g :
C’' — C, g € G for some R-module C’ such that g*(E) € . We can write the ho-

momorphism g as g = g’ o j, where g’ : Img — C is the inclusion and j : C’ — Img
is the epimorphism induced by g.
Using the homomorphisms j and g’, we obtain the following commutative dia-

grams with exact rows and columns:

0 0
E’':0 A—2L B — 7 .Img 0
E:0 A—' B C 0 (6.46)
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X X
g(E): 0 A B s’ 0
w j (6.47)
E’' 0 A—t~B —%-Img 0
0 0
E,

We have g"”"(E’) = g"(E) € P, then ¢ is a P-epimorphism. Since P € L, 6 is an L-
epimorphism. Since j € G by Lemma 6.1 and j*(E,) € Split by (Mac Lane 1963, Ch. 3,
Proposition 1.7), jis a Sﬁlitg—epimorphism. Since Sﬁlitf— C L, jis an L-epimorphism.
Then ocow = joo is an L-epimorphism since L is a proper class by definition, and o is an
L-epimorphism since Ext, is a subfunctor of Ext. Therefore 6 is an £-monomorphism.

Since r, : C — C/Imgand g : C’ — C belong to G, m, o gisin G since G is
closed under compositions. Therefore, C/Im g is S];litf_-—coprojective and £ is a Sﬁlitf_-—
monomorphism, and ¢ is an L-monomorphism since S ﬁliti C L. Thennp =£&o08isan

L-monomorphism since L is a proper class by definition. Hence E € £ and ‘r?’f_. c/L. 0O
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CHAPTER 7

CONCLUSIONS

In this thesis we applied the operations defined on classes of short exact sequences
to the classes related to supplements. We showed that the class of extended weak supple-
ments is the result of the operation o applied to two classes one of which is the class of
splitting short exact sequences.

We have introduced closures for a class of short exact sequences, which are proved
to be proper when the underlying class is proper, and investigated their relation with
the proper classes related to supplements and the operations mentioned. We have given
a direct sum decomposition for the class Split of quasi-splitting short exact sequences
over the ring of integers in terms of proper classes. We have found a relation between a
proper class and its closure using the operation +. We have introduced Ivanov classes and
described the closures of proper classes S8 and WS in terms of Ivanov classes under
some restrictions on the ring concerned. For a given class # of short exact sequences over
an integral domain, we have also defined other classes which are proper and included in
the class  when % is proper.

A closure of submodules of a module over an integral domain is defined using a
similar definition for modules over an integral domain (see (Pancar 1997)). Using this
definition, we have proved the uniqueness of closures for submodules of a torsion-free
module over an integral domain.

We have defined a closure for a class of short exact sequences over an associa-
tive ring with an identity element using classes of homomorphisms, and proved that this
closure is proper when the underlying class is proper. We have also proved a result that
relates the closure to the underlying class, under some conditions on the classes of homo-
morphisms used in defining the closure.

Results we have proved shows that the operation + and closures of splitting short
exact sequences plays an important role on the closures of proper classes defined in this

work.
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