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ABSTRACT

QUANTUM CONTROL AND GENERATION OF QUANTUM ENTANGLEMENT

In this thesis, the generation of entanglement is studied in a controlled environ-
ment. The model system of interest includes a cavity field interacting with a pair of atoms.
The cavity field is heavily damped and it is pumped in order to maintain a steady state
field population. Thus, we can eliminate the cavity field adiabatically and obtain the mas-
ter equation describing only the qubits evolution in time. At first, this system is analyzed
in the steady state, without making any measurement on the photons leaking through the
cavity walls. In this way, the ideal physical parameter set for maximum entanglement in
this model is investigated. In the second step, we assume a direct measurement on the
leaking cavity photons, and observe the evolution of entanglement in a quantum trajec-
tories approach. We simulate quantum trajectories approach by applying Monte Carlo
method. The amount of entanglement is obtained as a function of time and number of

photon detections.
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OZET
KUANTUM KONTROL VE KUANTUM DOLANIKLIGIN OLUSTURULMASI

Bu tezde, dolanikligin olusturulmasi kontrollii bir cevrede calistimustir. Ilgilenilen
model system kavite alani ile etkilesen bir ¢ift atomdan olgsmaktadir. Kavite alani, kararh
durum alan populasyonunun elde edilmesi i¢in siddetli bir sekilde soniimlenmekte ve
pompalanmaktadir. Bu nedenle, kavite alanin1 adyabatik olarak eleyebiliriz ve sadece
kiibitlerin zamanda gelisimini ifade eden yogunluk operatoriinii elde edebiliriz. Oncelikle
ilgilenilen system, kavite duvarlarindan si1zan fotonlar iizerinde hicbir dl¢cliim yapilmaksizin,
kararli durumda analiz edilmistir. Bu sekilde, bu sistemdeki maksimum dolaniklik i¢in
gerekli ideal fiziksel parametreler belirlenmistir. Ikinci asamada, kaviteden s1zan fotonlar
tizerinde dogrudan ol¢iimler yapildigini varsayiyoruz ve dolanikligin gelisimini kuantum
yoOriinge yaklasimi iizerinden gozlemliyoruz. Kuantum yoriinge yaklasimini Monte Carlo
yontemi ile simiile etmekteyiz. Dolaniklik miktari, zamanin ve gozlenen foton sayisinin

bir fonksiyonu olarak elde edilmistir.
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CHAPTER 1

INTRODUCTION

In classical information theory, the basic unit is bit which takes just two possible
value as 0 and 1. In quantum mechanics, the corresponding basic unit is called quantum
bit or qubit [16],[14]. It describes the state of a simple quantum system as |¢)) = a |1) +
b |0), for a? + b? = 1. It can be shown on a Bloch sphere,

[0}

Figure 1.1. Bloch sphere

When we measure |¢/), we can find the probabilities of finding |¢) in state |1) or
|0) separately. But, if there are two or more systems, there can be states which cannot
observe separately. For example, for a state as follows,

1

+
=—(1)®]0)x£|1)®|0 1.1
6% = (D @10) £11) @ |0)) (L.1)

These are one kind of the Bell states (also known as EPR states or EPR pairs).
When we apply measurement The details about entangled states are studied in the first

chapter.



In 1935, A. Einstein, B. Podolski and N.Rosen proposed an experiment with en-
tangled particles [9]. They argued this experiment would demonstrate that quantum me-
chanics was an incomplete theory, because the "hidden variables’, the values you need to
specify the state of a physical system, didn’t be considered in quantum mechanics [4].
In 1964 J.S. Bell showed [2] with a similar experiment that quantum mechanics make
predictions that are incompatible with the existence of hidden variables[4]. The measure-
ment correlations in the Bell states are stronger than could ever exist between classical
systems [14]. It is about the nature of the quantum measurement.

Quantum measurements disturbs the state of a quantum system. If we want to
observe a system, the disturbing is a disadvantage. But to generate quantum entanglement,
we can turn this into an advantage. We can effect the initial system to obtain a system
with a ratio of entanglement we want to obtain by affecting on the system with quantum
measurement. We can observe the change in the amount of entanglement according to the
time which measurement applied on the system and how many times the measurement
applied.

In this work, the application quantum control and the generation of an entangle-
ment is studied on an open quantum system.

An open quantum system consists of a reservoir, it is also called environment
or bath, and a system inside of it. The reservoir contains many degrees of freedom, so
it is a difficulty to work on the system interacting with it. The difficulty comes from
separating the degree of freedoms of reservoir and system[8]. The total Hamiltonian of

open quantum systems can be define as,

Htotal = Hsystem + Hreservoir + Hinteraction (12)

When we used the density operator, the degrees of reservoir can be trace out the

density operator of reservoir and we only work on the system and interaction part.

ﬁtotal (t) = ﬁsyst@m (t) ® ﬁreservoir(t) (13)

In this way, the time-evolutions of the system can be examined by writing master equation.
In this thesis, we study the dynamics of a system in cavity environment and to observe
this dynamics, we study the derivation of master equation to be able to observe the time
evolution of our system in the second part of the second chapter.

In the second chapter, we studied basic facts and structure of the system in which

we interest.



In the third chapter, we described the details of the model system we use. We
examined how the entanglement of the system evolve in time and according to the detec-
tion number. To examine these relations, we simulate the system by using Monte Carlo
method on quantum trajectories approach as explained in the the third chapter.

There are different measures can be used to define the amount of entanglement like
the concurrence, entanglement of formation, entanglement of distillation, relative entropy
of entanglement and negativity. They have been proposed for the purpose of the amount
of entanglement. We use concurrence method as the measure of entanglement.

Finally, by taking concurrence as the measure of entanglement, the relation of
entanglement and measurement is studied. Also there is a part about what we have been

studying and what we will study following the subject of this thesis.



CHAPTER 2

BASIC INFORMATIONS

In this chapter, we will explain the basic concepts we have used in our work.

2.1. Quantum Entanglement

Quantum entanglement is the quantum mechanical property that Schrodinger singed
out many decades ago as the “characteristic trait of quantum mechanics”[19] and that has

been studied extensively in connection with Bell’s inequality[2],[26].

2.1.1. Quantum States

To define entanglement in a detailed way, we have to define the variation of quan-
tum states. For example, entanglement can be defined for both pure states and mixed
states. Also, we interest in a quantum system with two objects and this kind of systems
are called bipartite systems (The state written about the interaction of two objects is called

bipartite state.).

2.1.1.1. Pure and Mixed States

A pure quantum state is a state which can be described by a single ket vector, or as
a sum of basis states. The expectation value (a) of a measurement Aona pure quantum
state is given by

(@) = @A) =3 a;loa) (i) = ailles)]” =D aplar) (@1

7 7 7

For this example, we can write the density operator of the pure state [));

:apu’r‘e = ‘¢> <¢| (22)



A mixed quantum state is a statistical distribution of pure states. For example; the

ensemble average of A for a mixed state can be written as,

s

where |1),) is a pure state. The density operator for this mixed state is;

Pmized = Y Ds [ths) (s - (2.4)

2.1.1.2. Bipartite Systems

In most general definition, bipartite systems are the systems with two objects. We
work on a system with two qubits, so the basic structure of the bipartite systems are very

important. The decomposition of a bipartite state can be shown as following[7];

e Pure state decomposition: For H = H, ® Hp,

) = Z Crm M) 4 X M) 5 (2.5)

n,m=0

e Mixed state decomposition:

p=> i) (il (2.6)

]

2.1.1.3. Separable and Entangled States

We will study the subject of entanglement by using the basic properties of bipartite

systems. The states of bipartite systems can be study under two title[7];

e Pure and bipartite states:
For v € Hj ® Hp, if there exist two vectors 1 € H, and po € Hpg such that
[) = |p1) @ |pa), 1 is a separable state. Otherwise it is an entangled state. As



an example of the pure and bipartite entangled state, Bell states can be given in Eq.
(2.7) and Eq. (2.8),

|D*) = +1,1)) 2.7

\/—|00)

|U*) = ) £ 11,0)) (2.8)

(10,1
\/_
e Mixed and bipartite states:

For p = pa ® pp, p can be written as a mixture of states. A state is separable if
> pilai, bi) {ai, bil
%

where p; > 0. Otherwise it is an entangled state. As an example of the mixed and

bipartite entangled state is,

5= 5(1@7) (@ +]o7) (@)

2.1.2. Entropy of Entanglement

To analyze the entanglement in bipartite states, we will use the Schmidt decom-
position(SD). For |uy) is orthonormal basis in H4 and |vy) is orthonormal basis in Hp,

we can write a state as,

Wy = > i fug, i) (2.9)

kdp<da,dp
The reason is that the matrix C can be written as C' = UDV', where U and V are isome-

tries and D is a diagonal positive element[7]. This way of writing C' is called singular
decomposition with positive elements. This way of writing C' is called ’singular decom-
position’, and it is valid for any matrix [10]. The U and V' can be found by diagonalizing
CC' and CTC respectively. The matrix D can be found by taking the square root of the
resulting diagonal matrix, which coincides in both cases. The diagonal elements of D, d,

are called Schmidt coefficients[7].

e In case one of the Schmidt coefficients about the state in which we interest is one

and the rest are zero, we have a product state. Otherwise, the state is entangled.

e The SD is also very useful to determine the reduced density operators for subspaces

A and B alone.



The reduced density operators of the subspaces A and B can be written by using

Schmidt decomposition as follows,

pa=Trp(v)( de lug) (ug| | (2.10)

pp = Tra(lv) Z d |or) (vx] . (2.11)

Entanglement is related to the mixedness of the reduced density operators. So, we
can introduce a measure of entanglement by using any measure of mixedness of a state.

As a measure of mixedness the von Neumann entropy can be used,

S(p) = —Tr[p logs(p)] (2.12)

Thus, we can define the entropy of entanglement of a state for

W)= > dilurw)

k,dp<da,dp

as follows,
E(W) = =Tr[paloga(pa)] = =Tr[pp log2(ps)) Zd2l092 (d2). (2.13)

Another way detecting entanglement is using partial transposition. Given p, we

can always write it in terms of an orthonormal basis {||n, m)}, as
p=>_ lik) (.1l (2.14)
1,7:k,1

We define its partial transpose with respect to A in the basis {|n)},

P =" 1i k) (i1l (2.15)

i,7;k,1

For example, for a density matrix as follows[21],

pir p2 O 0
pa1 p2 O 0
0 0 p33 pau

(2.16)

>
Il

0 0  paz pas



The partial transpose matrix can be written as

pii pa3 0 0
Ty _ | P31 P22 0 0

p 2.17)
0 0 p33 p2a
| 0 0 P12 ,044_
whose eigenvalues are,
1
{wi} :{E(Pn + paz £ /(11 + p22)? + 4(|psal® — p11p22)),
1 2 2
§(p11 + paz £/ (p33 + paa)? + 4(p12]? — psspas)) } (2.18)

There are two roots which can be negative. However,they cannot be negative simultane-

ously. Because, there must be the inequality,

|psal — /P11p22 > 0, (2.19)
implies that
|p12] — /P33pas < 0, (2.20)

and vice versa. So, eigenvalues take negative values for entangled states.



2.1.3. Measures of Entanglement

Most common measures of entanglement are as follows;

e Entanglement of formation: The most basic of these measures is the entanglement
of formation, which is intended to quantify the resources needed to create a given
entangled state[3]. The entanglement of formation for a state p is defined as the
average entanglement of the pure states of the decomposition, minimized all over

decompositions of p,

E(p) =min > p;E(:). 2.21)

e Fidelity: The fidelity with a maximally entangled state,
~ o > 2
F(p) = maz|(®*|Ua @ Vpli)| (2.22)

where the maximization is with respect to the unitary operators U and V. It mea-
sures in a sense how close we are to a maximally entangled state: U and V' just

correspond to a basis change. [7]

e Negativity: Another measure of entanglement is negativity, which is based on the

Peres-Horodecki [15, 11] criterion and it is defined by the formula
N(p) = maz(||hatrho™|| — 1) (2.23)

where p’4 is partial transpose operator. Here, the partial transpose means trans-

portation with respect to the system in subspace A[21].

e Concurrence: Concurrence is associated with the entanglement of formation, but
it is a good measure of entanglement for the bipartite systems. The concurrence

introduced by Wooters[26] is defined as[21],
C(ﬁ) = ma:p(O, )\1 — )\2 — )\3 — )\4) (224)
where \; are the eigenvalues of matrix R = pp. Here p is,

p=6,86,0°6,%0, (2.25)



2.1.3.1. Concurrence

Concurrence is the form of entanglement of formation, which can only apply on
bipartite systems. It makes use of what called the "spin flip” transformation. Spin flip
transformation is a function applicable to states of an arbitrary number of qubits. For a

pure state of a single qubit, the spin flip is defined by
9) = 1) (2.26)

where [¢)*) is the complex conjugate of |¢)) when it is expressed in a fixed basis such as
1), ]4), and &, expressed in the same basis is the Pauli matrix[26]. For spin-1/2 parti-

cle, this is the standard time reversal operation and reverses the direction of spins [17, 26].

To perform a spin flip on n qubits, the transformation given in Eq. (2.26) must be

applied. For example, for a general state of p of two qubits, the spin flip state is
p=0,Q0,p°0,® 7, (2.27)

As the measure of entanglement, we use concurrence method. So, the calculation

of concurrence is basically[26] as follows,

e First, we calculate p = 0, ® o,p* 0, ® 0y,
e Then we calculate R = pp

e As the eigenvalues of R are \; for i=1,2,3,4 while \;’s line in decreasing order. The

concurrence becomes,

C(ﬁ) = TTLCLQE{O, )\1 - )\2 — )\3 — /\4} (228)

10



2.2. Open Quantum Systems

For a closed quantum system, the time derivation of the density operator can be

define in Heisenberg picture as[17],

op -

o5 = 3.0 (2.29)
where p is the density operator about the system and H is the Hamiltonian of the system.
But for an open quantum system, terms about the interaction have to be added into this
relation. So, the time derivation of the density operator can be written as[25],

op_ 1

5 = h[ﬁ,p] + 3 [2L;pLt — {L1L;, p}]. (2.30)

J
where p is the density operator about the system and H is the Hamiltonian of the system.

The relation in Eq. (2.30) is called as the *'master equation’.

2.2.1. Master Equation

The main objective is to describe the time evolution of an open system with a
differential equation which properly describes non-unitary behaviour. This description is
provided by master equation , which can be written most generally in the Lindblad[12]
form as,

9p Ly s PRt 7t A = ps
o = pl 0+ > [2LipLl — {LIL;, p}] = Lp, (2.31)
J
where {Z,)} = &y + §# denotes an anticommutator, H is the system’s Hamiltonian
which is a Hermitian operator representing the coherent part of the dynamics, and ﬁj are
the operators representing the coupling of the system to the environment.
For D[L;|p = [2L;pL} — {LL;, p}]. it can be written as
ap i

o ~ R+ DI 232)

11



2.2.2. Derivation of Master Equation on an Example

In order to derive a master equation for a system, one begins with a system-
environment model Hamiltonian , and then makes the Born and Markov approximations
in order to determine j}j. We will show this process on an example which consists a two

level atom interacting with thermal radiation as the environment.

2.2.2.1. Two Level Atom Interacting with an Electric Field

The Hamiltonian for the system of interest;
Hy = Tawey |e) (€] = hweySy S (2.33)

The Hamiltonian for the electric field which effect the system of interest is;

- g 1
Hp =Y hwy(a] \aux + =) (2.34)

2
kA

And the definition of the interaction between the system and the electric field is
Hipp = —d-E~ —(e[d-EM |g) S, — (e|d-E7 |g) S_ (2.35)

where S, = |g) (e| and S_ = |e) (g|

For the usual expansion of electromagnetic field,

21k ,
E™) (x) = —iz \/ ﬂvwk Erer i ne > (2.36)
K\

when we put the electromagnetic field definition in the interaction Hamiltonian

equation, we find;

Hip = M(FS, + F'S_) (2.37)

where

, [2mhwy (e| & - d|g) Vi
F=_— E ’ = E —z 2.38
] 2 v 5 Qi \ L 7 Q) ( )

Vi, 1s the dipole interaction energy of the atom with a single photon.

12



In order to remove the trivial free evolution of the atom and the field from our

problem we will transform into the “interaction picture” via the unitary operator,

UD (1, 1) = exp{—%(HA + Hp)(ts — 1)} (2.39)

For t; = 0 and ¢, = ¢, the transformation operator is

UD(t,0) =UD(t) = exp{—,%(HA + Hp)(t)} (2.40)
According to this transformation, the density operator in interaction picture be-

comes
pg;l@) = (U(I))T(tv O)ptotalU(I) (tv 0) (241)

In the same way,

HiM () = (UO) HieU D = HED @S (1) + O ()57 (1)) (2.42)

while

Vi
FO@) = =2a (B (2.43)
I,

A1) = ape™ (2.44)
SO (1) = &, e tweat (2.45)

Using these definitions and the Liouville equation in the Schrédinger picture, we

arrive at the Liouville equation in the interaction picture.

. l
Protat(1) = = HL (), P (1) (2.46)

If we integrate this equation from ¢ to (¢t + 6t),

; t+At

I I ¢ I I

it 4 80 = 000~ 3 [ DAL 247
t

This can be expand to a series solution. If this series is terminated at some point,
a perturbation solution will be obtained. Since the coupling between the system and

reservoir is assumed to be weak, we will expand it only up to second order

13



I 1
pgozal(t + At) :pgozal(t)
i [T (D
— ﬁ/ dt [Hznt (t )7 ptotal(t )]
t

1 t+At t/
dt’/ At [H (), [H (1), pl (D] (2:48)
t

) int
h J;

We will drop superscript (I), because all of the calculations will be in interaction
picture.
We want to work on the dynamics of the reduced density matrix of atom alone, so

we can trace over the modes of the electromagnetic field

pa(t + At) =Trr(p(t)iota(t + At))

=pa(t)

- /t dt' [Hins (), pa(t) ® pr(t)]

1 t+At 4
o dt’/ dt" [Hint (1), [Hing (1), pa(t) @ pr(t)] (2.49)
t t
Here we have used the fact that at the initial time the atom and field are uncorre-
lated so that the total density matrix is a product of the two subsystems. Substituting the
relation for H;,;(t) in (2.42), we arrive at the following expression by using the cyclic

property of the trace [T'r(ABC) = Tr(CAB) = Tr(BCA)],

Tra(F()pr(®)FH(#)) = Tra(FHE)F()pr(t) = (F()'F(1)) (2.50)

14



palt + At) — / (S (t), pa )W) + [S_ (1), pa®)EH () )

(t’)5+( "palt) = Sy(t")pa®)S_ (")) (FH (") F(t")r
+ (S+(t )S_(t")pa(t) = S_(1")pa(®)S¢ () (F(E)F (")) r
+ H.c.}

t-+AL
/ ar / "

X {(S+(E)S+(t")pa(t) = S (") pa(t) S+ (E)(F () F (")) r
(S—(t)S_(t")pa(t) = S_(t")pa(t)S_(E)(F X )F (")) r
L He) 2.51)

If we use the definition of F'(¢), we can see some terms will vanish

Vi iy
(F(t'))r = %e‘“"kt (ax\)p =0 (2.52)
kA
Similarly
/ I — Vk)\ —iwg (¢ +t")
(FEYF(t"Nr=) —= e (g \)r =0 (2.53)
kA
Also
T ot Vk?/\ iwi (' +t") /T )2
FHOEF )R =) 5™ ((ay ) )R =0 (2.54)
k,\

2.2.2.2. Correlation Function and Markov Approximation

The terms (FT(¢)F (")) and (F(t')FT(t")) g are known as reservoir correlation

function. For example,

Kt ") = (FI()F(t"))r (2.55)

Physically this measures how an excitation of the reservoir at time ¢’ is correlated

with the excitation at ¢t”.
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Here some properties of K[8];

e Stationery correlations

For a reservoir describing thermal equilibrium the correlations should not depend
on any origin of time. This is if we ask how an excitation at ' is correlated with an

excitation at t” = ¢’ + 7, the result only depend on the time difference 7,

KUt =Kt —t")=(F{t —t")F(0)r (2.56)

Time reversal

From the properties of stationary and the Hermitian conjugate we have

K" —t)=(FIt"\F{'))r = K*({t' — ") (2.57)

Thus, the real part of K is symmetric in its argument: Re(K(—7)) = Re(K (7))

For sufficiently large values of |7|, the correlation function should approach zero.
The characteristic temporal width 7, is known as correlation time. Physically, it sets
the scale of time over which the reservoir relaxes back to thermal equilibrium given
some excitation. It can be said that the correlation time is as a time scale over which
the reservoir has “memory”. After this time the reservoir is back to equilibrium and

effectively has no memory that there was any excitation.

One can also define a spectral density of the correlation function by as the Fourier
transform
S(w) = /dTK(T)@in (2.58)

The bandwidth of the reservoir, Awg, given by the characteristic width of S(w), is

related to the correlation time by the usual Fourier duality

1
AQUR

(2.59)

Te

As Awgr — o0, (i.e. the reservoir is “white noise”), the correlation time 7. — 0.

The real part of the correlation function

Re(K (7)) ~ §(7) (2.60)
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Thus a ”white noise” reservoir has no memory; it instantaneously relaxes to its
equilibrium value. In general, the correlation time will be very small, but not exactly

Z€10.

The other important time scale in the problem is the time for the system to relax
to the equilibrium as it dissipates energy to the reservoir. If we call this rate of
relaxation I', then it will generally be the case that I' < Awg, or equivalently
7. < 1/I'. Furthermore, this inequality is generally be the case that the reservoir
correlation time is effectively zero when compared with the system decay time .
We want to study the evolution of the reduced density matrix for the system alone,
which changes on a time scale 1/T". Thus we want to look on time scales At < 1/T.
On the other hand, this time scale may still be very large compared to the reservoir

correlation. Therefore, we have

T. < At < 1/T (2.61)

Stated alternatively, we want to study the dynamics of the reduced density matrix
for the system “coarse-grained” over the reservoir correlation time. In this way we
approximate the reservoir as it has no memory. So it is “delta-correlated”. Such an
approximation is known Markov approximation. This approximation will allow
us to take the time-reversible equations of motion into irreversible equation which

give rise to dissipation.

2.2.2.3. Master Equation in the Markov Approximation

With our characterization of the correlation function for the reservoir forcing func-
tion, we make the following change of variables so that, only time differences ap-

pear

For 7 = t" — ' and £ = t” — ¢, the Jacobian for the change of area element for out

two dimensional integral is

6(577—) % 38;/ 0 1
—> = = (et = det =1 2.62
semly &m] o
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To get the limits of integration, we must change the two dimension integration

region from the (', ¢”) plane to the (7, ) plane. Thus,

t+AL t’ At At
/ dt’ / dt’ — / d¢ / dr (2.63)
t t 0 0

The equation for the reduced density operator for the atom in these new variables

becomes

At At
pa(t+ At) — pa(t) :—/0 df/o dr

X {(S-S1palt) = Sypa(t)S_)(F'(0)F(7))r
+(S1S_palt) = S_pa(t)Sy ) (F(0)FH(7))r
+Hel) (2.64)

Now we can apply the Markov approximation. According to the discussion above,
the integrand will be non-negligible only for times 7 smaller than correlation time.
As we are course graining the dynamics on time scales At > ¢, the upper limit of
integration over 7 is effectively infinity, (At — oo, 7 integral). On the other hand,
the coarse grained time step is chosen to be much more smaller than the rate at p 4
changes, as it is effectively a differential. By using the Markov approximation we

have

doa

dt =(=S5-S¢pa(t) +S+PA(75)S—)/OOO dr e (F1(0)F(7))r

(=55 pa(t) + 5_pa(t)S,) / " dr e (FO)FY(r))p

+ H.c. (2.65)

2.2.2.4. Fluctuation-Dissipation Theorem

It is left to evaluate the Fourier transforms of the correlation functions. [1] Substi-

tuting for the reservoir forcing F'(¢), in Eq. (2.10), gives
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o VieaVie o i(w—weg)T
/ dre™es™ (FY(0)F(1))g = Z k’/\T(aLAakg,\QR/ dr e (Wk—weq)
0 0

KK/, N

(2.66)

For (aL/\akr,,\/>R = Ti(wxk) Ok x Oans

[ee} 2 o0
/ dT@iw&gT<FT(O)F(7))R—Z|V2’;| A () / dr e—imeuen)™ (2. 67)
0 ) 0

The next step is obtaining equations of motions to let the reservoir consist of an

uncountable finite numbers (i.e. continuous) number of degrees of freedom.

Under this approximation the sum over reservoir modes goes to an integral over the

density modes D(wy),

- i Vi ’ = ~ —t(Wk—Weg)T

/0 dr ™ (FY0)F(1))r =Y / dwk‘ ‘g;‘ D(wy)7i(wy) /0 dr e~ H(WK—weq)
A

(2.68)

It can integrate over 7. In order to do this, we add convergence factor €7, and then

take the limit as ¢ — O,

00 , A 1
li d —i(Wk—Weg—1E)T _ li
Zme—m/o TE ng_}Oi(wk “weg) T e
li 2
= lim.
-0 (W — Weg)? + €2
. Wk — We
— 3l g 2.69
1 lime._y (0 — 100g)? + 2 (2.69)
For the real part,
lim c §(wie — wey) (2.70)
= — We .
T Wy — Weg)? + €2 « I
And for the imaginary part,
. Wy — We 1
jim, s —p(—1 ) 21
e (Wi — Weg)? + €2 Wk — Weg 70
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The principle part, the part define with P, allows one to exclude the singularity at
x=0, thus,

/ dr e "W)™ — 16 (wy — Wey) — ZP<—> (2.72)
0

Wk — Weg

Eq. (2.68) becomes,

/O T ar e (FT(0)F (7)) :% > %lvx(weg) > D(weq)Ti(weg)

¢ [Va(wne) |? _
— <P ———=——0D 2.7
n /dwk Pt — hweg (wk)n(wk) (2.73)
. For
27 9
> 72 Valwe) PD(weg) =T (2.74)
A
" [Va(wi) |?
Vi (wk _
g / dwk hUJk - hergD(wk)n(wk) - 5Elgi9ht (275)

It can be written in a simpler form as

/ dr e (F1(0)F(r)) = ;nT — %5Ei-ght (2.76)
0

In the same way, for (F(0)FT(7)), by using the relation of annihilation-creation

operators of thermal reservoir, (ay WL’, wir = (M(wk) + 1)0kw0x s

e . 1 )
/0 dr e =T (F(0)FT (7)) = 37T+ 30 Eiig (2.77)
Here, 5Eﬁght = 5Eiqight + 0 Eyqeuum- Also, it can be taken as 5Ef;ght — 0 Ejignt.
As a result,
el W pa] — 5 TS = 54, pa} + 5+ TpasS-
r
=5 @+ D{=5:5-, pa} + =L (@ +1)S_paSs, (2.78)
while,
HII4 = (hweg — 5Elight)S+S— + (5Elight + 5Evacuum)S_S+ (279)

In this way, we obtained master equation for a two state atom in an electric field.
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2.3. Quantum Jumps and Evolution of a Quantum System

e)
‘ detector
laser photon
= —
8)

Figure 2.1. Quantum Jump. Here, measurement means quantum jump. This measure-
ment includes information about the system.

The quantum jump is basically the effectively instantaneous transition of an atom
from one state to another[23]. It was shown by Carmichael that quantum jumps are an
implicit part of standard photodetection theory[6]. During transitions from a state to an-
other, photons are emmited and absorbed. These photons contain the knowledge about the
system. When we make measurement on an emmited photon, we can obtain information
about the state of the system. So we have to interested in a quantum measurement on the
system to obtain the definition of quantum jump.

The evolution of an isolated quantum system in the absence of measurement is

Markovian[25],

[t + dt)) = U(dt) [9(t)) = e 4(t) (2.80)
where H is the Hamiltonian. The evolution of the system for an infinitesimal dt

can be describe with a finite differential,

[¥(t +dt)) —
dt

ltmai—o

() _ ‘¢<t)> — GH(t) [0(t)) = finite (2.81)

So, the evolution of p becomes
Pt +dt) — p()

dt
In this limit, we can measure the system. The state matrix can be written in the

= p(t) = finite (2.82)

limae—o

average of the possible results

pt+dt) = M](dt)p(t) M(dt) (2.83)
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If we can define a M, time evolution operator as,

Mo(dt) =1 — (R/2 + iH)dt (2.84)

The system in which we interest has interaction with the environment. So, there is an
additional term with R operator in the time evolution operator.
For,
M (dt) Mo(dt) = 1 — Rdt # 1 (2.85)

Even M, have to be a Hermitian operator, it does not satisfy the completeness
condition in this structure. So, there is two option:(i)ﬁ’ operator must be a zero operator,or
(ii) if R is not a zero operator, it can be define in terms of another operator

If we consider the relation ), M (dt)M;(dt) = 1, we can define a operator as
M, (dt),

M, (dt) = Vaté (2.86)

R becomes

R = dtéte (2.87)

Here, M, (dt) is about detections of photon. It defines a quantum jump.
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2.4. Quantum Trajectory Approach

For ¢ = /va, we can write that[25],

Jp =cpél
(eley =Tr[Tp(1)] (2.88)

where ¢ is the quantum jump operator and J is the quantum jump superoperator. If we
denote the number of photodetections up to time t by N,(t), there is two meaning of
dN (t). dN is either zero or one, because it is in an infinitesimal time. The other means
of dN is that it is identical with the probability of detecting a photon. These definitions
of dN are about the properties of the stochastic process.
If dN(t) = 1, the state vector changes under the effect of jump operator. Under
the normalization,
(et iy — —RER@) i) .59
iy VEID

If dN(t) = 0, the state vector changes with the time-evolution operator. It can be

normalized as,

Nlo(dt) [o(1))
V (VB (dt) Mo ) (1)
SIS ks sl LD UG
VA= 82 i) (1 - 52 — iF))dt) (1)

~ 1 — il + %éfa - <%aﬁé>](t> (1)) (2.90)

[Yo(t +dt)) = ()

So, the time derivation of the state becomes,

GEOGE

——uff)] () 2.91)

d|ip) = [dN(t)( )+ 1 —dN(t)]dt( . ;

¢
(ete(t))
This equation is a non-linear stochastic Schrodinger equation and a solution of this equa-
tion is a quantum trajectory for the system.
If dt is so small as there can be only one photodetection happen in each time step,

dN has only two possible value as 1 or 0. So,there are possibilities for d |¢)
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o If dN(t) =0,

aJ) = [dt(@zﬂ Ll H)] (1) 292)
The term about quantum jump will be vanish and just the term about time-evolution
operator will affect the state of the system.

o If dN(t) =1, R

C
dly) = <\/W)

The term about time-evolution will be vanish and the system collapse into a state

[¥(2)) (2.93)

by the effect of the measurement operator (quantum jump operator).

If this process continues for an exact time as ¢, where ¢ >> dt, we obtain the

Dyson expantion for the superoperators[5],
R 0t tm t2 . o L
p(t) =) / dt / dtp1... / Aty S(t —tn) TSt — 1) ... TS(t1)p(0) (2.94)
/0 0 0

where S (t) = (£~ can be defined according to the notation of Srinivas and Davies[20].

This process called ’quantum trajectories approach’.
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CHAPTER 3

CAVITY QED ON A MODAL SYSTEM

We are taking two atoms with two states, it means two qubits, as our model sys-
tem. These two qubits are interacting with each other by the cavity field. The steps of

application are as follows,
(a) Defining master equation of the system in Lindblad form
(b) Eliminating cavity field adiabatically

(c) Using the master equation to define the time evolution of the system and the jump

operators to be able to use Quantum Trajectory Approach
(d) Defining the initial state (as the steady state of the system)

(e) Applying Monte Carlo Method on the Quantum Trajectories Approach

{p o)

Figure 3.1. A cavity system with two qubits which are pumped with a cavity field.

3.1. Quadrature Measurement-Atomic Mode and Cavity Mode

We can take one of the quadrature modes as atomic mode which just responsible
from transferring between exited and ground states for two qubits because of it cannot
escape from the cavity[22]. The other quadrature mode will be responsible from the

photon modes (it is called “’cavity mode”) distributed through cavity.
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According to the following relations between the qubits

+ A+ | At
JT =07 + 05
n - R
JT = J, £1J,

for
~ ~ N
0~ = 04+ 10y

By using the dipole approximation, the definition of the interaction Hamiltonian becomes

similar to the quadrature modes’ and it can be written as
H, nt — hg J, a:Y

where

A

Y = [(Be_iwkt + BTeiwkt)/Q]
When we put Y in the equation,

A

H = L emisnt 4 Jretsnt)emisnt 4 i

N

If we apply the the rotating-wave approximation in the Jaynes-Cummings model,

lwe — wa| << Wi + Wy

i,, = g[j*iﬂ + Jt) (3.1)

where b describes the cavity mode and g is the coupling constant between the
qubits and cavity.

The possible states for the two qubit system are,

1
B =lehile)s,  12)=—=(ghles +lehilg)n). 13) =g 9
as the triplet states (j=1) and

1

14) ﬂ(\gh [€)2 = [€)119)2)

as the singlet state(j=0). This latter subspace will not change under any of trans-

formations we perform.
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3.2. Adiabatic Elimination of the Cavity Mode

In our model, we assume the system is pumped with a laser whose mode is set to
be same with the cavity mode. We can add a term to Hamiltonian to show the effect of

pumping on the system;
M:guwhhﬁa——@m—w) (3.2)

For two-qubit system, if cavity mode is heavily damped, it can be eliminated adi-
abatically from the master equation. [22] For a system like this, a density operator w is

given as follows:

) 1 . . . .
w:—?M—N@}wafw+fwm+%D@W+WDWM+%MWDG&
where D[X]w = X1 X — %uﬁfﬁf( - %XTXZD

A displacement operator for the cavity field can be written as;
Dy = e*®-D, (3.4)

where ;1 = a/7,.
By applying the displacement operator, the effect of the cavity field can be par-
tially derive out from the master equation. After similarity transformation the density

becomes;

o = DjwD, (3.5)
a:4§§mﬁ+JvﬁngW%+j%ﬂ+%mmw+w9wﬁmw®uj@@m
p
P 51
0= LD 22[J b+ J b +~D[J |0 (3.7)

where L0 includes only the terms about atomic modes.
Since the amplitude of b is small, © needs to be carried out to small photon num-

bers. Therefore;
6= p010) (0 + p1 [1) (0] + Hoc)) + po 1) (1] + (por [2) (0] + Hoe) + O(N)  (3.8)

where A is a very small number.

We can obtain the values of p; by using the steady state parameters.
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Steady state is the situation of the system when the system is stable (stationery) in
time. In this situation, there is any transition between states.

From the master equation , we can write down the equation of motion for the
components of the three by three density matrix of the state of the system, taking into
account that 7'r(p) = 1 and that p is Hermitian[18].

For Eq.(3.7) and Eq.(3.8), if the terms greater than second order are neglected, the

equations of motions for the components of the density matrix can be written as,

po = Loo = iS [T pr+ plT ]+ /2, (3.9)

pr= Lot = iS [ po+ V(I = (J7)ph) = Lo, (3.10)
po = Loy = i [T pl + o1 (T = 2, (3.11)
dy= Loy — ig[\/i]—pl] — b, (3.12)

The density terms p; and pf, are about transitions. As before, steady state is a

stable state, so the time derivatives of transition terms must be zero,

p=0 = p1=—iL(Tpo—J psl, (3.13)
Tp
-/ . g _
Po=0 = p=—1 Jp1. (3.14)
’ \/5%
By using these relations, the Eq. (3.9) and Eq. (3.11) can be written as
2
fo= Lo = LI T po+pd T =TT o= pu T T 4 e (B9)
¢
pa = Lps + V—U_POJJr — I pJ ]+ /P2 (3.16)
p

By considering 7r(p) = 1 = pg + pe, if we add Eq.(3.15) and Eq.(3.16),

. A 2 A
p=Lp+ LDl (3.17)
Tp
The coefficient g? /v, describes the strength of collective damping of the two-qubit

and the cavity mode, b, and will be called ~.
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We can obtain the following master equation
p=—io~[(J" + 7). 0l + nDlolp+%Dlealp+ DI Np - (B.18)

This is the super-fluorescence master equation. For v > 7,7, the equation

becomes

p=—is—[(J" +J),pl++DlJ ]p. (3.19)
If we take a = %

p=—ial(J" +.J7),pl + gD ]p. (3.20)

This is the master equation we used to simulate our modal system.

3.3. Defining Quantum Trajectory of the System

I TN TN NN NN NN NN N NN N I ) ]
Y L D D DL L L L L L L L L L
ot ot ot ot ot ot ot ot ot ot ot ot ot ot ot

Figure 3.2. 6t time steps from t=0 to t.

J J J J
—1 :: -t
B m—) 5 = = ——)
S(fo - fl) (TLZ - 7‘1) S(fg — fz) S(fm_ fm-l)

Figure 3.3. A quantum trajectory from t=0 to t. S(¢; — ;) is the superoperator about
time-evolution of the system and 7 is the superoperator about the quantum
jumps

For the general definition of the master equation, the relation about the quantum

trajectories approach is given as,

:i:/otdtm/otmdtml---/othtl St =) TS(tm — tm-1)...TS(t1)p(0).

(3.21)
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Here, the final form of the master equation about our system is given as Eq. (3.20),

p=—ial(J* +J7),pl + DI )p. (3.22)

According the master equation, the operators about the system can be written to define

the quantum trajectory about our system.
e The quantum jump superoperator about the system is,
JTp=9gJ"pJ" (3.23)
So the quantum jump operator about the system can be written as,

ey =g 1) (3.24)

e In the same way, the superoperator defining time-evolution without quantum jump
is;

S(t)p = N(t)pNT(t). (3.25)
So, time-evolution operator about the system can be written as;

N(#) [¢) = exp K.—a(ﬁ +J7) - %g’j+j) t] ) (3.26)
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3.4. The Steady State as the Initial State of the System

We defined the initial state as the steady state of our system and applied the quan-

tum trajectories approach after that point.

concurrence

4] 0z 04 06 0g 1
alg

Figure 3.4. concurrence versus a/g’ for steady state of the system of interest.

Initially we make calculations for the steady state of the system. For

p=—ial(J*+ 7).+ g DI )p.
A relation between concurrence and the ratio of the pumping rate to the damping rate
as in the Figure 3.4. As it can be seen from the graph, while the rate of pumping on
the system increasing, the entanglement of the system goes to zero at a ratio a/g’ ~ 1.
It can be explain with the Hermitian and anti-Hermitian’s terms of the density of the
system’s states. While the ratio of the pumping increase, the probability of anti-Hermitian
terms decrease. The probability of the states of the system stock into the states about the

Hermitian terms. So, amount of the entanglement of the system goes to zero.
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3.5. Application of the Monte Carlo Method

One can simulate the ’trajectory” of the atom initially in the excited state by a
deterministic decay by the non-Hermitian Hamiltonian, followed by a quantum jump.
Averaging over many realization of this random event gives the solution. This method
is known as the “quantum Monte Carlo wave function simulation” and very useful for
extremely large problems when there are too many matrix elements to solve for using
more traditional techniques [8],[13].

We can use an operator as ¢ = \/Ej ~. Then, the probability to detect a photon in

the time interval [t, t 4 0t], given the previous detection history can be written as follows,

pedt = Tr[T pe(t)]dt (3.27)

as expected. Using a numerical solution with a finite time step J¢, one generates a

random number r on the unit interval ,evolves the state forward according to

random
number

probability
0 0 of jump 1
L 2
l [:-lllh;lhﬂlt\'

probabilitiy
of jump of no-jump

Figure 3.5. The case a photodetection is recorded.

pe(t 4 0t) = T pe(t)dt if r < poot

in which case a photodetection is recorded to have occurred in the interval [¢ + d¢], or

random

number

probability
0 of jump 0 1

probabilitiy i probability
of jump of no-jump

Figure 3.6. The case no photodetection is recorded.

~

Be(t + 6t) = S(58)pu(t) if r>p.ot

when no photon is detected. (p. : the unnormalized density operator)
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For
S(6t)p = N(6t)pNT( deltat) (3.28)
. |
N(dt) = exp Tia(J +J7) - 59 J'J ) ot (3.29)
l
By using this method and taking small steps of time, we can simulate the trajectory
of the system as a random walk. So we obtain a statistical change and take the average

behaviour of the system under direct detections.

The results of the simulation are as follows,
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3.6. Results

In this section,we will study the details of the graphs of the data which obtained

the simulation of our system.
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Figure 3.7. The change at the probability of jump defined by using random numbers
basically and the number of jumps accounted and the measurement time.
In our notation, we take a measurement time ¢ which is much more longer
than the time step d¢. Here, the definite variables in the master equation
are taken as ¢’ = 0.1 a and 0t = 0.0025¢

The detected photons are increasing in time. In beginning, there are a few photons
escaping from the cavity, but the probability of photodetection is quite high. When we
continue to measure, we can see more photons with detection probabilities getting lower.

According to this graph, the photodetection number has a Gaussian-like distiribu-
tion. By using general equations, we can calculate the mean value and the variance of

photodetection about the system.
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Figure 3.8. The mean value of photodetection number and the standard variation of
photodetection number

To calculate the mean value of photodetection at each time step, we use the fol-
lowing equation,

n(t) = Znipi(t)a (3.30)

where ¢ is the number of detection, n; is the number of detected photons in that time
step and p; is the probability to detect these photons. In the same way, the variance of

photodetection can be calculated as,

o? = (n2—7n?), (3.31)
and the standard variation of the photodetection,

o=Vn2 -7z (3.32)

The results of the calculations of mean value and standard variation are shown in the
graph. The mean value and the variation of the photodetection is increase linearly with

time. But, the standard variation of the detections change proportional to /%.
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Figure 3.9. The change at the amount of the entanglement in terms of concurrence
with the number of jumps accounted and the measurement time. In our
notation, we take a measurement time ¢ which is much more longer than
the time step dt. Here, the definite variables in the master equation are
taken as ¢’ = 0.1 a and 6t = 0.0025¢

The counts about the time-evolution without making jump is increasing with time.
When more photons counted, we can obtain more entangled states of the system. It is an
expected result, because the system is getting more entangled in time under the effect of
the pumping field.

For some values of the time of measurement and photodetections, the value of the
concurrence of the system is even become 1. We couldn’t find a regular distribution about
concurrence. This must be examined in a more detailed way.

Using the data about the graph, we can obtain the system with the amount of

entanglement that we want by setting the variables gives that amount of entanglement.
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Figure 3.10. The change at the probability of jump defined by using random numbers
basically and the number of jumps accounted and the measurement time.
In our notation, we take a measurement time ¢ which is much more longer
than the time step ot. Here, the definite variables in the master equation
are taken as ¢’ = 0.5 a and 0t = 0.0025¢
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Figure 3.11. The change at the amount of the entanglement in terms of concurrence
with the number of jumps accounted and the measurement time. In our
notation, we take a measurement time ¢ which is much more longer than
the time step dt. Here, the definite variables in the master equation are
taken as ¢’ = 0.5 a and dt = 0.0025t¢.
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CHAPTER 4

CONCLUSION

In this thesis, we studied the generation of quantum entanglement and the effect
of quantum measurements on an open quantum system. We used a cavity with two qubits
as our system. These qubits interacts with each other by means of the cavity field. The
system is also pumped with a field which has the same strength with the cavity field. We
simulate direct measurements on the system.

We made observations on the leaking photons which contains the information of
the state. The repeated measurements on the system and the Hamiltonian of the system
gives us the master equation of it. By applying adiabatic elimination on the master equa-
tion, we derived out the terms about the cavity field. In this way, we obtained a relation
which indicates only the the atomic terms(the terms about the atomic states). This relation
is in the same form with the basic construction of the master equation, so we could easily
write the time-evolution operator and quantum jump operator about the system.

By using the master equation with only atomic terms, we simulated quantum tra-
jectories approach with Monte Carlo method. We appointed random numbers for each
infinitesimal time steps of the quantum trajectory about the final form of the master equa-
tion. As using the steady state as initial state, we took the evolution of the state for each
time intervals and normalized it in each running of the simulation. We repeated these
runnings and took the average of the result of the runnings. In this way, we obtained a
general picture about the state of our system.

We used “concurrence” method to measure the amount of entanglement. After
calculating concurrence, we obtained the data to plot the relation of the amount of entan-
glement with time and detection numbers. Also we have plotted the relation between the
quantum jump probability of our system changing with time and detection number.

According the graphs, we can see that the evolution of entanglement and the re-
lations with the other parameters are as expected. The system becomes more entangled
as long as we pump the cavity field and it has a direct relation between the jump number.

Because, the jumps contains the information of interaction between two qubits.

38



Initially we have taken a steady state, but it changed under the effect of direct
measurement. According to the relation between detected photons and entanglement, we
can say that the amount of entanglement can be controlled by making measurements on
the relevant system. By using the relations between time and measurement number, we

see that we can obtain an entangled state with the entanglement ration as we want.
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APPENDIX A

THE PROPERTIES OF THE DISPLACEMENT OPERATOR

The displacement operator for the cavity field is,
D, = oh(b1—b)
where p1 = a /7.
Here, some properties of the displacement operator Dj:

For the Hermitian of Db, these relations can be written,

A A

Dj(p) = et = emn=0 = Py (—p),

EZDb(u) — (610 p=n(b'=b) _ ]

The similarity transformation for b 18,

DZ bDy = b1 =b) fo—n(b'=b)

The similarity transformation for b 1s,

D;rj)ff)b — oh(bT=D) i o= (6T )

:BT+M.

The interaction with the vacuum state gives,
= Dy(b+ u) |0)

So,

b|0) = 1]0).

(A.1)

(A.2)

(A.3)

(A.4)

(A.S)

(A.6)

(A.7)
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APPENDIX B

QUADRATURE MEASUREMENT

We take a cavity with two modes; one of them is inside of the cavity and cannot
escape from the walls of the cavity, and the other mode is escaping from cavity but it is

heavily damped. These two modes can define with an interaction Hamiltonian as follows

Hiny = hxX1Y3 (B.1)

where Xl — (aefiwat + aTeiwat)/Q and Yl — (befiwkt + bTeiw’“t)/Q,

H,, = h%(ae—iwat + afetwat) (pemtwnt | pieiunty (B.2)

According to the rotating wave approximation of Jaynes-Cummings model[14];

|we — we| << wg + wy (B.3)

The interaction Hamiltonian becomes
H,, = h% [abt + a'd] (B.4)

The density operator for both modes obeys the following master equation[24]:

W =L, —ix|[X1Y:, W] + %(QbWbT — VW — W) = LW (B.5)

We assume that mode b is heavily damped, so it has a few photons are slaved to

mode a. This allow the dynamics of mode b to be eliminated adiabatically.

ek 1 (B.6)

’ <£0> ’N ‘X<X1> ‘
g g
Now, we can expand W in powers of ¢:

W = po®0), (0] + (p1 @ [1), (O] + H.c.) +p2 @[1),, (1] + (pr @ |2),, (0] + H.c.) + O(€’)
B.7)

Substituting W into the master equation gives
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pPo = Lopo — %[lel — Pl X1] +ps (B.8)

p1 = Lop1 — Zg[leo + \/§X1/02' — paXq] — %m + 70(64) (B.9)
p2 = Lopa — Zg[lei +—=p1Xi] = ypa +7O(e) (B.10)

P2 = Lopo — %[\/ﬁ)ﬁm] + vpayO(eh) (B.11)

The off-diagonal elements p; and po can be adiabatically eliminated by slaving

them to the on-diagonal elements py and po. Putting por = 0 gives

Py — z‘%vxlpl +O(e) = O(e) (B.12)

Substituting this into the equation of p; and putting p; = 0
pL— i%[leg — 02 X1] + O() = O(e) (B.13)
Substituting this into the equation of py and py gives

2

po = Lopo — %[X%po — X1p2 X1 + po X7 — X1p2X1] + 7p2 (B.14)
X2
p2 = Lops + %[leoXl — X12,02 + Xipo X1 — ,02X12] — VP2 (B.15)

The reduced density operator for mode a consist only diagonal terms p = Tr,(W) =

po + p2 + O(e*). So, the master equation of the system becomes

2
p=Lop— %[Xl, X1, ] = Lap (B.16)
Under the adiabatic assumption, p, can also be slaved to pg, giving

2
ps = %leoxl +O(S) = O(e) (B.17)

Thus, to leading order the density operator for mode a is

2
p = pot %leOXl (B.18)
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So,
2

Po=pP— %lexl

Substituting this expression into py, por and ps yields the following expression for

the density operator W for modes a and b

W =(p = 55 %1X0) @100, 0]+ (-2 X108 1) 0] + F.c)
X2
V292

A photodetection in the output field of mode b is determined by the superoperator
J, defined by

Xip®|2), (0| + Hec)+O()  (B.19)

2
+ %lexl ® 1), (1] + (-

TIW = bW

To determine the effect of this on mode a, we trace over mode b using W we have

derived. In this way, it can be found that

2

Try(TW) = X;lexl = Jup (B.20)

In the same way,

Try[((£ = T)W)] = Tre[ LW — %[XlYl, W] — %(b*bw + Wbib)] (B.21)

According to these, we can write a definition of quantum trajectories just by using

mode a as X; = (a +a')/2.
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