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ABSTRACT 

NOVEL DESIGN METHODOLOGIES FOR TRANSFORMABLE 

DOUBLY-RULED SURFACE STRUCTURES 

Today architecture seeks for adaptable spaces ever than before to meet the 

changing functional, spatial or environmental needs. Thus, it necessitates developing 

adaptive structures that are capable of geometric transformations. For this purpose, a 

series of kinetic structures has been developed. The most impressive examples of these 

structures are deployable and transformable bar structures that have the ability to change 

their shapes from one configuration to another. Although many innovative designs have 

been proposed for these structures, only a few have been constructed at full-scale due to 

their complex mechanical systems and limited configurations in which they can carry 

loads. Moreover, most of the proposed structures are restricted to certain geometric forms 

such as singly-curved vaults or doubly-curved synclastic domes. Doubly-curved 

anticlastic structures have been rarely used despite their resistance to loads through their 

curvatures and ease of constructing their surfaces by ruled surface generation method. 

The primary objective of this dissertation is to propose novel methodologies to 

design deployable and transformable doubly-ruled surface structures by using novel 

structural mechanisms (SMs) which provide morphologically flexible, mechanically 

simple, structurally effective and architecturally viable solutions. For this purpose, a 

systematic procedure is developed which comprises geometric design, structural 

synthesis and structural design phases. First, the geometric properties of the doubly-ruled 

surfaces are thoroughly analyzed and their morphologies are investigated based on the 

generated parametric models. Second, novel SMs are constructed by means of structural 

synthesis in which transformation capabilities of the proposed SMs are discussed in detail. 

Finally, several case studies are proposed for the architectural applications of those SMs 

and a set of structural analyses is carried out at different configurations of the proposed 

structures to discuss their structural behavior under typical loading patterns. “Simulation 

and modeling” has been used as the main research method in the study which covers all 

mathematical models and computer simulations. 
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ÖZET 

BİÇİM DEĞİŞTİREBİLEN ÇİFT-EĞRİLİKLİ ÇİZEL YÜZEY 

STRÜKTÜRLER İÇİN YENİ TASARIM METODOLOJİLERİ 

Günümüz mimarisi değişen işlevsel, mekansal ve iklimsel ihtiyaçları 

karşılayabilecek adapte olabilen mekan arayışları içerisindedir. Bu nedenle, geometrik 

biçim değişikliklerine izin verebilen strüktürel sistemlerin geliştirilmesine gereksinim 

duyulmaktadır. Bu amaçla, bir dizi hareketli strüktür geliştirilmiştir. Bu strüktürlerin en 

etkin örnekleri yayılabilir ve biçim değiştirebilir çubuk strüktürlerdir. Bu strüktürler için 

pek çok yenilikçi tasarım önerilmesine rağmen mekanik sistemlerinin karmaşıklığı ve yük 

taşıyabileceği sınırlı konfigürasyonları nedeniyle sadece birkaçı inşa edilebilmiştir. 

Ayrıca, önerilen strüktürlerin çoğu tek eğrilikli tonozlar veya çift-eş eğrilikli kubbeler 

gibi belirli geometrik formlarla sınırlı kalmıştır. Yüklere karşı eğrilikleri boyunca direnç 

göstermelerine ve yüzeylerinin çizel yüzey türetme prensibiyle kolaylıkla 

oluşturulabilmelerine rağmen çift-ters eğrilikli strüktürler nadiren kullanılmıştır. 

Bu tezin temel amacı morfolojik esnekliği, mekanik yalınlığı, strüktürel etkinliği 

ve uygulanabilir mimari çözümleri sağlayacak strüktürel mekanizmaları kullanarak biçim 

değiştirebilen çizel yüzey strüktürler için yeni tasarım metodolojileri geliştirmektir. Bu 

amaçla, geometrik tasarım, yapısal sentez ve strüktürel tasarım aşamalarını kapsayan 

sistematik bir yöntem geliştirilmiştir. İlk olarak, çizel yüzeylerin geometrik özellikleri 

ayrıntılarıyla analiz edilmiş ve morfolojileri geliştirilen parametrik modeller üzerinden 

irdelenmiştir. İkinci olarak, şekil değiştirme kapasitelerinin detaylı olarak tartışıldığı 

yapısal sentezlerine göre yeni strüktürel mekanizmalar tasarlanmıştır. Son olarak 

geliştirilen strüktürel mekanizmaların birkaçı mimari uygulama için önerilmiş ve önerilen 

bu strüktürlerin farklı konfigürasyonlardaki yüklemeler altında davranışlarını tartışmak 

üzere yapısal analizleri gerçekleştirilmiştir. Tüm matematiksel modeller ve bilgisayar 

simülasyonlarını kapsayan “simülasyon ve modelleme” çalışmanın temel araştırma 

yöntemi olarak kullanılmıştır. 
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CHAPTER 1  

INTRODUCTION 

1.1. Motivation 

Adaptability plays an increasingly important role in today’s architecture due to 

the constantly changing activities and environment. It becomes necessary to develop 

adaptive structures to meet the requirements of adaptable spaces that have emerged in 

architecture. Therefore, today’s architecture pursues new kinetic and lightweight 

structures instead of the stability, steadiness and immobility of the past examples. Recent 

developments in technology have greatly influenced design techniques and opened up 

new dimensions for the construction of kinetic structures that are capable of large 

geometric transformations. 

Based on the concept of adaptability, different types of kinetic structures have 

been developed in response to changing functional, spatial or environmental needs. 

According to their structural systems based on the morphologic characteristics, these 

structures can be reviewed under four titles: bar structures, plate structures, strut-cable 

structures and membrane structures (Hanaor and Levy 2001). Bar structures are the most 

well-known and remarkable ones among the examples of kinetic structures which can 

offer viable solutions for architectural applications due to their structural and mechanical 

characteristics. 

Mainly used for temporary buildings, emergency shelters, exhibition halls, 

outdoor recreation facilities or sporting fields, bar structures have the ability to transform 

themselves into different geometric configurations according to the activity and user 

requirements or environmental conditions. Based on the transformation capabilities, these 

structures can be classified into two main groups such as deployable bar structures and 

transformable bar structures. Deployable bar structures can deploy from a compact 

configuration to a predetermined expanded form generally with single DoF (degrees-of-

freedom). On the other hand, transformable bar structures can transform into multiple 

forms with generally multi DoF (M-DoF). The flexibility on shape control not only 

facilitates multiple changes on the structures, but also may allow transporting the 
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structures from one location to another numerous times. As well as providing great 

advantage of ease of erection and dismantling compared to conventional structures, 

deployable and transformable bar structures may become self-standing structures and 

carry loads at fully deployed configurations. 

Since these structures are adaptive in terms of capability of changing their shapes 

and can offer flexible alternatives for architectural applications compared to those with 

conventional ones, many innovative examples have been proposed in recent years. The 

growing interest on these structures due to their aforementioned properties motivates to 

develop more adaptive and feasible solutions for further applications. 

1.2. Problem Definition 

Even though many concepts have been proposed for deployable and transformable 

bar structures, only a few have been constructed at full-scale for architectural applications 

due to the structural and mechanical complexity of their systems. This complexity arises 

from that most of the proposed structures are composed of scissor like elements (SLEs). 

Present solutions for deployable bar structures are insufficient to constitute real 

form flexibility since usually they can deploy only between two predefined geometries 

with single DoF. Moreover, they are limited to certain geometric forms such as singly-

curved vaults and doubly-curved synclastic domes. Doubly-curved anticlastic surfaces 

such as hyperboloid and hyperbolic paraboloid (hypar) have been rarely used for 

deployable bar structures although they are capable of resisting to various design loads 

through their curvatures when compared to singly-curved structures or doubly-curved 

synclastic structures. The main reasons behind not using such forms are the mathematical 

difficulty of dealing with non-linear geometric compatibility conditions and the 

complexity of their systems. In fact, anticlastic structures can be easily constructed by 

using simple straight bars rather than SLEs since their geometric forms can be generated 

by ruled surfaces. However, no systematic study has been conducted up to this date about 

utilizing the ruled surfaces to construct deployable structures. On the other hand, the 

current examples of transformable bar structures present flexible alternatives in terms of 

shape control, but they are not feasible due to the requirement of great number of actuators 

to control their systems and have limited configurations in which they can carry loads. 
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Since most of the deployable and transformable bar structures are composed of 

SLEs, they have complex systems in which numerous bars have to be interconnected by 

single joints to generate the desired geometric shapes. Thus, various connection details 

must be developed not only to construct new geometric shapes, but also to connect 

different numbers of bars in the same structure. Moreover, many studies cannot offer 

sufficient solutions in terms of the strength and stiffness of the structure. In addition, 

present solutions are not convenient for long span. Therefore, they may need some 

additional supporting elements underneath the structure in order to stabilize the structure 

to withstand the applied loads. Besides, when the structures expand, the structural 

members create a depth that decreases the usable interior volume. 

1.3. Objectives and Scope of the Study 

Due to the aforementioned deficiencies of the existing deployable and 

transformable bar structures, this study claims that there is a need to develop new design 

methodologies for such structures to reveal their potentials for meeting the criteria of 

simplicity in structural mechanism (SM), flexibility in form and efficiency in structural 

system. Considering the structural advantage of anticlastic structures and the ease of 

constructing their geometries by ruled surface generation method, this thesis primarily 

aims to develop novel methodologies to design deployable and transformable doubly-

ruled surface structures. Secondly, it aims to construct the doubly-ruled surface structures 

with novel SMs that require less number of bars and joints when compared to the current 

examples of deployable and transformable bar structures. Finally, it aims to develop 

adaptable structures for architectural applications which provide desired flexibility during 

the transformation process and desired strength and stiffness in the deployed 

configuration. 

In order to achieve these objectives, this thesis proposes novel design concepts 

and studies the geometric principles and kinematic properties of the proposed SMs for 

deployable hyperboloids, transformable hypars and transformable multi-hypars. Then, it 

applies these principles into case studies to produce morphologically flexible, 

mechanically simple, structurally effective and architecturally viable solutions. This 

process includes structural analyses of the proposed structures at different geometric 
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configurations to test whether they are able to carry the loads in a satisfactory manner 

under different cases. 

1.4. Methodology 

In the first phase, the study has presented a critical review of the previous work 

on deployable and transformable bar structures in order to understand their essential 

design principles, to discuss the strengths and weaknesses of their systems and to establish 

the reasons for doing the work in this dissertation. 

In the second phase, the study has focused on developing novel design 

methodologies for deployable and transformable doubly-ruled surface structures. 

“Simulation and Modeling” has been used as the main methodological approach which 

covers all mathematical models and computer simulations. Based on this approach, a 

general design methodology has been proposed for overall design process conducted in 

this thesis. Figure 1.1 illustrates the framework of the proposed design methodology used 

for deployable hyperboloids, transformable hypars and transformable multi-hypars. 

As given in Figure 1.1, the overall design process has been divided into three 

parts. The first part is the geometric design in which the geometric principles of the 

generated surfaces have been systematically analyzed with respect to the ruled surface 

generation method and the parametric models have been constructed in Grasshopper® (a 

graphical algorithm editor) to study the morphology of the doubly-ruled surfaces. The 

second part is the structural synthesis in which the structural mechanisms have been 

designed to achieve the desired geometric configurations and mechanical motions. This 

part deals with the type synthesis which refers to the determination of the kind of 

mechanism (types of links and joints) and the number synthesis which concerns the 

determination of the number and order of links and joints to obtain the desired DoF. To 

study transformation capabilities and possible configurations of the proposed SMs, 

computer simulations have been performed. For this purpose, Solidworks® and Catia® 

software have been used. The last part of the overall design process is the structural design 

in which the proposed structures have been analyzed at different configurations under 

service loads. To conduct the structural analysis, the loads affecting the structures such 

as wind and snow loads and the load case combinations in ultimate limit state (ULS) and 

serviceability limit state (SLS) have been determined in accordance with Turkish 
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Standards. Then, all the required parameters for the structural analysis such as element 

type and connectivity, material and section properties, boundary conditions, load cases 

and analysis tasks have been defined in Grasshopper. By using Geometry Gym plugin, 

the data created in Grasshopper has been transferred to Oasys GSA® (General Structural 

Analysis) software for detailed linear elastic structural analysis in which the strength of 

the structures in the ULS and the stiffness in the SLS have been tested. 

 

Figure 1.1. Flowchart of the proposed design methodology 

In the last phase of the study, two case studies have been proposed as architectural 

applications of the developed SMs in the thesis. This phase is integrated with the design 
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phase since it involves the geometric design, structural synthesis and structural design 

stages. 

1.5. Significance of the Study and Contributions 

This study lies on an interdisciplinary research area between the disciplines of 

architecture, structural engineering and mechanical engineering. With this study, an 

advance is made in the field of kinetic structures by proposing flexible and feasible 

alternatives for deployable and transformable doubly-ruled surface structures since none 

of the existing proposed structures is highly flexible in terms of geometrical 

configurations, simple in terms of mechanical system and feasible in terms of structural 

efficiency. This contribution is made in light of the proposed design methodologies within 

the thesis. 

This study is the first to develop a systematic procedure for the design of such 

doubly-ruled surface structures which comprises the geometric, kinematic and structural 

design phases. Thus, it will serve as a basis of reference for future studies in this field. It 

will not only provide a better and deeper understanding of such kinetic structures for 

architects, but also a guideline for engineers to produce further calculations on the 

proposed structures within this thesis and to develop lighter structures by optimizing those 

ones. Moreover, this study will also inspire the researchers to discover new applications 

of such systems in architecture or to develop similar SMs for the applications in different 

fields. 

1.6. Outline of the Thesis 

This thesis consists of seven chapters. 

Chapter 1 introduces the motivation, problem definition, objectives and scope, 

methodology, significance and contribution of the study. 

Chapter 2 reviews the previous work that is relevant to this dissertation and 

discusses major features of these systems regarding to their geometrical configurations, 

kinematic properties and structural efficiencies. The first part of the chapter is concerned 

with single DoF deployable bar structures that are reviewed under two sub-groups: first, 
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singly-curved and doubly-curved synclastic structures; second, doubly-curved anticlastic 

structures. The second part of the chapter focuses on M-DoF transformable bar structures. 

This chapter is finalized with in-depth discussion and conclusions. 

Chapter 3 firstly presents the geometric design principles of doubly-ruled 

hyperboloids and introduces a parametric model to generate different types of 

hyperboloids and to study the morphology. Then, it deals with developing SMs for 

deployable hyperboloids that can deploy from a closed configuration to an expanded 

form. For this purpose, it proposes two novel design methods with respect to the structural 

synthesis of the hyperboloid. Finally, it ends with discussion and conclusions. 

Chapter 4 focuses on the construction of 2-DoF SMs that are capable of 

transforming themselves from planar configuration to various hypar geometries. First of 

all, it investigates the geometric principles of the hypar with respect to the ruled surface 

generation method. Secondly, it presents a parametric model to obtain the desired hypar 

geometry. This is followed by structural synthesis of the hypar. Based on the kinematic 

studies, this chapter introduces two novel design methods to construct transformable 

hypars in which transformation capabilities and possible configurations of the developed 

SMs are discussed in detail. At the end, it presents discussion and conclusions. 

Chapter 5 gives a complete description of procedures for the design of 

transformable multi-hypars that are constructed by interconnecting several hypars. 

Similar to the design procedures described in Chapters 3 and 4, at first, geometric design 

principles of the multi-hypar surfaces that are generated by the ruled surface generation 

method are thoroughly analyzed. Then, the morphology of the multi-hypar surfaces are 

explored with respect to the constructed parametric model. Taking into account the 

structural synthesis procedure, M-DoF SMs are developed to construct different types of 

transformable multi-hypars. Finally, this chapter is ended with further discussion and 

conclusions. 

Chapter 6 is concerned with case studies in which the realization of the developed 

transformable SMs described in the previous chapters is presented. Two case studies are 

determined for the architectural applications of those SMs which serve as shelter 

structures. This chapter starts with the general approach for the structural analysis and 

design. After giving general description about the overall geometry and kinematic 

properties of the proposed structures, a set of structural analyses is carried out at different 

geometric configurations to validate the feasibility of those structures. According to the 
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results of the structural analyses, the strength and stiffness of the structures are discussed 

in detail. 

Chapter 7 concludes the study by summarizing main achievements of the research, 

evaluating main contributions and providing suggestions for future work in this field. 
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CHAPTER 2  

REVIEW OF PREVIOUS WORK 

In this chapter, a review of existing deployable and transformable bar structures 

developed by the main contributors is presented in order to establish the reasons for doing 

the work in this thesis and to reveal the originality and superiority of the proposed 

structures within the thesis over the existing ones. The main characteristics, 

transformation capabilities, advantages and deficiencies of the previous examples are 

discussed in terms of their geometric, kinematic and structural properties. 

The previous examples are categorized in two main groups as deployable bar 

structures and transformable bar structures. Deployable bar structures refer to single DoF 

structures that can be deployed from a small, closed or stowed configuration to a larger, 

open or expanded form. This group is investigated in two sub-groups which are classified 

by the geometric shape of the structures at fully deployed or half-deployed configurations. 

According to this classification, the first group is concerned with singly-curved structures 

and doubly-curved synclastic structures while the second group deals with doubly-curved 

anticlastic structures. On the other hand, transformable bar structures refer to multi DoF 

(M-DoF) structures that can be transformed into multiple alternative expanded forms. 

When compared to deployable bar structures, these structures provide more flexibility on 

shape control. 

2.1. Deployable Bar Structures 

Deployable bar structures are impressive examples of kinetic structures which 

have the ability to change their shapes according to changing circumstances. Their 

potential for compact storage and transportability has increased the interest on these 

structures. In recent years, numerous structures have been proposed in response to 

changing environmental conditions or functional requirements for different activities. 

In this section, the leading examples of the proposed deployable bar structures are 

examined which are classified according to their geometric shapes. Due to the fact that 
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the thesis focuses on doubly-curved anticlastic structures, those ones are distinguished 

from the singly-curved structures and doubly-curved synclastic structures. 

2.1.1. Deployable Singly-Curved Structures and Deployable Doubly-

Curved Synclastic Structures 

Pioneered by Spanish architect Emilo Pérez Piñero, different types of deployable 

bar structures have been developed by architects, engineers and researchers. Piñero was 

the first who built such a deployable structure composed of scissor like elements (SLEs) 

that was intended for a movable theatre (Piñero 1961a; 1961b) (Figure 2.1). Composed 

of rigid bars and cables, his particular model required to use some additional cables to 

lock the system and to provide the necessary stabilization after it had been folded.  

 

Figure 2.1. Movable theatre 
(Source: © Emilo Pérez Piñero Foundation) 

Due to the fact that such structures are like mechanisms, they are stress-free during 

the deployment, in the compact and deployed configurations, except for their own dead 

weight (Gantes 2001). Thus, locking devices such as additional cables or intermediate 

members between the nodes of the structure are required to achieve the stability after the 

structure has been deployed. However, such external mechanisms are acceptable for 

small-scale structures, not for large structures. 
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By using the principles of SLEs, Piñero (1962; 1965) proposed numerous 

structures including pavilions, retractable domes and structural systems for temporary 

enclosures. In Figure 2.2, his foldable reticular dome composed of 7 modules is shown. 

In his design, each module had ability to deploy from a compact bundle to an expanded 

form. However, they had to be deployed and stiffened on the ground and then lifted up 

and locked together to generate the dome shape (Belda 2013). When the modules were 

connected to each other, the system lost its deployment capability and became a static 

structure. Moreover, because he utilized eccentric connections in his design, these 

connections introduced moments at the joints which caused to use larger joints and 

heavier members. 

 

Figure 2.2. Foldable reticular dome 
(Source: © Emilo Pérez Piñero Foundation) 

Piñero’s designs led to other researchers to investigate similar structures to try to 

overcome the disadvantages that are inherent in his designs. For instance, Theodore 

Zeigler (1976) proposed a self-supported dome structure composed of SLEs in which 

additional members were not required for stabilization (Figure 2.3). However, it was 

discovered that the deformations had occurred in the structural members of the system 

during the deployment process. 

On the other hand, R.C. Clarke (1984) designed a deployable hemispherical dome 

that was composed of a novel spatial unit called trissor (Figure 2.4). Although specific 

configurations of his structure seemed to work fairly well, it allowed only limited 

geometric shapes and few applications. 
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Figure 2.3. Zeigler’s collapsible self-supported dome structure and its basic unit 
(Source: Gantes 2001) 

 

Figure 2.4. Clarke’s hemispherical dome and trissor unit 
(Source: Gantes 2001) 

The research on deployable bar structures was expanded by Félix Escrig. 

Geometric and deployability conditions of SLEs, the relation between the elements and 

the span of the structure were first presented by Escrig (1984; 1985). He demonstrated 

how three-dimensional structures could be obtained by intersecting SLEs in multiple 

directions on a grid (Figure 2.5) and how curvature could be introduced in such a grid by 

varying the location of the intermediate hinge of the SLEs. In collaboration with Jose 

Sanchéz and Juan Pérez Valcárcel, Escrig developed new spherical grid structures 

composed of two-way and three-way scissors and proposed several connection details for 

their designs (Escrig and Valcárcel 1986; 1987). Moreover, they have developed different 

types of deployable scissor structures including quadrilateral expandable umbrella, 

deployable polyhedral and compactly folded cylindrical, spherical and geodesic 

structures (Escrig and Valcárcel 1993; Escrig 2006). 
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Figure 2.5. Expandable space frame structure 
(Source: Escrig 1984) 

The most notable application of the scissor structures developed by Escrig (1996) 

was a deployable roof structure for a swimming pool in San Pablo Sports Center in 

Seville, Spain which consists of two identical rhomboid grid structures with spherical 

curvature. Consisted of grids of equal quadrilateral SLEs, the structure was covered with 

a thin fabric roof that was unfolded together with the structure from a compact 

configuration to an expanded form (Figure 2.6). 

 

Figure 2.6. Deployable roof structure composed of SLEs in Seville 
(Source: © Performance SL) 
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To stiffen the structure in the deployed configuration, diagonal elements were 

added to the system. It has been determined that membrane used in deployable structures 

are useful only in reduced span due to the fact that it may fail to contribute to structural 

strength and foul with multiple use (Robbin 1996). Thus, later, Escrig has developed a 

deployable vault structure with rigid plates as a part of mechanism in which the plates 

overlap one another. 

Travis Langbecker (1999) has extended the foldability conditions of SLEs 

developed by Escrig to determine the deployability of translational, cylindrical and 

spherical configurations of scissor structures and analyzed their kinematics. Furthermore, 

he has designed several models of singly-curved foldable barrel vaults and doubly-curved 

synclastic structures by using compatible SLEs (Langbecker 2001) (Figure 2.7). 

 

Figure 2.7. a) Doubly-curved synclastic structure; b) singly-curved foldable barrel vault 
(Source: Langbecker 2001) 

Charis Gantes (1996) has systematically investigated “snap-through” effect of the 

scissor structures which occurs at intermediate geometric configurations during the 

deployment process due to geometric incompatibilities between the member lengths 

(Gantes, Tsouknaki and Kyritsas 1998). Moreover, he has developed geometric design 

methodologies and determined deployability conditions for different types of scissor 

structures in order to achieve stable and stress-free states of such systems (Gantes, et al. 
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1993; Gantes, Connor and Logcher 1994). He has simulated arbitrarily curved bi-stable 

deployable arches to understand their response and to analyze their load bearing capacity 

during the deployment by using finite element modeling and found that the overall 

feasibility of the structures are for short to medium span and light loads (Gantes and 

Konitopoulou 2004) (Figure 2.8). 

 

Figure 2.8. Arbitrarily curved bi-stable deployable arch: a) undeformed shape; b) 
deformed shape (Source: Gantes and Konitopoulou 2004) 

Chuck Hoberman (1990) has made a considerable advance in the design of scissor 

structures when he discovered angulated element that is composed of two identical 

angulated bars connected to each other with a revolute (R) joint (Figure 2.9). The 

discovery of this element extended the range of application of single DoF scissor 

structures, because it allows the structure to deploy from its perimeter towards the center 

which provides creating a central opening at the center. Hoberman (1991) has created 

impressive examples of scissor structures by using the angulated elements. 

 

Figure 2.9. Angulated element 
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Expanding Geodesic Dome, Hoberman Arch, Expanding Sphere, Expanding 

Icosahedron and Iris Dome are some of his interesting designs. Having the same shape 

and triangulated pattern as Buckminster Fuller’s static geodesic dome, Hoberman’s 

Expanding Geodesic Dome expands from a 1.5m compact cluster to a 6m structural dome 

by pulling it outwards from its base (Figure 2.10). The Iris Dome is a lamella dome with 

a geometry of interlocking spirals which has the ability to retract radially towards the 

perimeter (Hoberman 1993) (Figure 2.11). Consisting of six concentric rings of angulated 

elements, rigid panels are used for cladding of the structure. Attached to the individual 

angulated elements, panels slide over one another. They are stacked upon each other in 

the open configuration while they form a continuous surface when the dome is closed. 

 

Figure 2.10. Expanding Geodesic Dome 
(Source: © Hoberman Associates) 

 

Figure 2.11. Iris Dome 
(Source: Hoberman 1993) 
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Hoberman’s pioneering idea on the angulated element led P. E. Kassabian, Zhong 

You and Sergio Pellegrino (1999) make further progress on scissor structures. They have 

discovered that the angulated elements in Hoberman’s design maintain a constant angle 

(β) during the deployment of the structure (Figure 2.12a) and thereof, these elements can 

be replaced with multi-angulated elements. Based on the principles of multi-angulated 

elements, they have developed a deployable structure which is mounted on pinned 

columns as shown in Figure 2.12b. 

 

Figure 2.12. Deployable structure composed of multi-angulated elements 
(Source: Kassabian, You and Pellegrino 1999) 

On the other hand, Tom Van Mele (2008) has proposed a deployable roof structure 

in the shape of barrel vault by using scissor arches composed of angulated elements to 

cover a tennis arena. He has integrated the scissor arches with membrane that is folded 

and unfolded together with the scissors from one configuration to another. Rather than 

using a single arch that is pinned at one end, the scissor arches are cut in half and two 

halves are pinned to spectator area that are connected at a central hinge in the closed 

configuration. However, due to the fact that deployable bar structures composed of SLEs 

are not convenient for long span, he has used a movable supporting structure and cables 

to provide structural resistance of the system against the service loads (Figure 2.13). 
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Figure 2.13. Deployable roof structure 
(Source: Van Mele 2008) 

Rather than using basic scissor units to generate curved structures, Matthias 

Rippmann has developed a new scissor unit which has various intermediate hinge points 

as shown in Figure 2.14. 

 

Figure 2.14. Scissor unit with various intermediate hinge points 
(Source: Rippmann 2008) 

Later, Rippmann has proposed a structure that can constitute different geometric 

shapes by switching the locations of the hinge points in his basic scissor unit (Rippmann 

2008) (Figure 2.15). Although it seems that the structure provides the form flexibility, in 

fact, the system has single DoF. Scissor units have to be dismantled first and then 

connected again from the beginning to obtain the desired shape configurations. 

Considering the deficiency that is inherent in his design, it can be claimed that it is not 

practical to use this structure for architectural applications. 
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Figure 2.15. Rippmann’s deployable structure 
(Source: Rippmann 2008) 

Apart from deployable bar structures composed of SLEs, Yan Chen (2003) has 

developed a structure composed of Bennett linkage. Discovered by G.T. Bennett (1903), 

Bennett linkage is a spatial overconstraint mechanism which has four links connected by 

R joints. The axes of R joints are neither parallel nor concurrent. Despite the fact that the 

mobility of the Bennett linkage equals to -2 according to general mobility criterion 

(Grübler 1883; Kutzbach 1929), it is movable with single DoF due to its special geometric 

properties. By introducing a new design method, Chen has devised a construction based 

on the Bennett linkage and developed a single DoF deployable structure that is composed 

of four square cross-section bars connected with hinges (Figure 2.16). The developed 

structure can be retracted to a bundle since the axes of the R joints are extended. 

 

Figure 2.16. Alternative form of Bennett Linkage 
(Source: Chen 2003) 
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By using mathematical tiling technique, Chen (2004; 2005) has constructed many 

types of deployable structures composed of Bennett linkage. In her designs, she has 

investigated the articulation of Bennett linkage between other loops to construct mobile 

spatial networks (Chen and Baker 2005) and developed a deployable singly-curved 

structure that can deploy into profiles of cylindrical surface as shown in Figure 2.17. 

 

Figure 2.17. Deployable arch structure composed of Bennett linkage 
(Source: Chen 2003) 

However, the structural system in her design becomes more complex as the 

number of loops in the network increases. Furthermore, the deployment capacity of the 

structure reduces in such a way that it is incapable of being flattened and cannot be 

compactly folded to a bundle as in the single Bennett linkage. These deficiencies restrict 

the applications of such deployable systems in architecture in terms of geometric 

capabilities and structural efficiency. 

2.1.2. Deployable Doubly-Curved Anticlastic Structures 

The structures that have the anticlastic shapes at the deployed configurations are 

mostly based on the principles of scissor structures. One of the developed examples 

belongs to Mohamad Al Khayar and Haresh Lalvani (1998) who have studied the 

applications of angulated elements to polygonal hyperboloids and proposed many types 

of deployable hyperboloids by using the regular and semi-regular tessellation methods 

(Figure 2.18). 
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Figure 2.18. Deployable polygonal hyperboloids 
(Source: Al Khayer and Lalvani 1998) 

Another example of deployable hyperboloid structure has been proposed by 

Koray Korkmaz (2005). He has developed an innovative spatial mechanism called 

“architectural umbrella” which transforms from a cylinder to a hyperboloid (Figure 2.19). 

The movements of the bars are provided by revolute and prismatic joints. 

 

Figure 2.19. Architectural Umbrella 
(Source: Korkmaz 2005) 

By using basic scissor units, Escrig and Sanchéz (2013) have proposed a 

deployable hyperboloid structure called fractal deployable umbrella. Due to the fact that 

this structure is composed of three segments of scissor units with different deployment 

angles, the eccentricity and the connections of different segments are problematic (Figure 

2.20). 
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Figure 2.20. Fractal deployable umbrella 
(Source: Escrig and Sanchéz 2013) 

Langbecker (2000) has developed several single DoF anticlastic structures in the 

shape of hyperbolic paraboloid (hypar) by using compatible translational scissor units 

(Figure 2.21). 

 

Figure 2.21. Doubly-curved anticlastic hypar structure 
(Source: Langbecker 2000) 

On the other hand, Hoberman has proposed two deployable anticlastic structures 

based on angulated elements. One of his interesting designs is the Expanding Helicoid 

built in 1998 (Figure 2.22). The surface of the structure has been generated from two 

spiral profiles similar to the double helix structure of DNA. Later, this structure was 

constructed as a kinetic sculpture to fill the spiral staircase at the center of Discovery 

World’s permanent biotech exhibit in Milwaukee. It expands and contracts from a cluster 

to a helical surface that is 12m tall and 3.6m wide when fully extended. 
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Figure 2.22. Expanding Helicoid 
(Source: © Hoberman Associates) 

Another interesting example of Hoberman’s design is his Expanding Hypar built 

in 1998 for a permanent exhibit at California Science Center (Figure 2.23). Although the 

idea of constructing such anticlastic structures by using the angulated elements made 

contribution to the field of deployable bar structures, none of them have been realized in 

architecture due to their complex mechanical and structural systems. 

 

Figure 2.23. Expanding Hypar 
(Source: © Hoberman Associates) 

All of the examples summarized above are limited to constant curvatures. This 

deficiency has led Polina Petrova to investigate more arbitrary doubly-curved structures. 

She has studied all principle kind of curvatures to design more arbitrary surfaces and to 

obtain necessary free forms for contemporary architecture. She has developed a design 
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methodology to generate arbitrary doubly-curved translational surfaces (Petrova 2008). 

By using rhombic scissor units, she has designed many anticlastic structures in which the 

shape and curvature of the surface can be set arbitrarily (Figure 2.24). Besides, she has 

proved the feasibility of such structures and developed prototypes. 

 

Figure 2.24. Arbitrary doubly-curved translational structures 
(Source: Petrova 2008) 

Recently, Kelvin Roover, Lara Alegra Mira and Niels De Temmerman (2013) 

have searched for new geometric shapes to reveal the potential applications of angulated 

elements to innovative geometries. Rather than using simply curved surfaces such as 

cylindrical or spherical shapes, they started studying with Hoberman’s Expanding 

Helicoid. They have developed a design method that any arbitrary continuous surface can 

be converted into an angulated scissor grid. After testing various surfaces and families of 

surfaces, they have developed a single DoF deployable catenoid structure (Figure 2.25). 

 

Figure 2.25. Deployable catenoid 
(Source: Roovers, Mira and Temmerman 2013) 
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2.2. Transformable Bar Structures 

Transformable bar structures are capable of various configuration alternatives. 

They have M-DoF that provide the structures to transform between more than two 

predefined geometries. Even though many examples have been proposed for deployable 

structures, there are a few examples for the transformable bar structures in the literature. 

Among the examples of the developed transformable structures, the leading one 

belongs to Thomas Heatherwick. In 2004, he has constructed a pedestrian rolling bridge 

to cross part of the Grand Union Canal in London (Figure 2.26). Consisting of eight 

sections hinged at the walkway level, the bridge has 12.9m long span. To provide an 

access route for both the residents and the boats in the inlet, the bridge was designed as a 

movable structure that can transform from a conventional straight bridge into a circular 

shape sitting on the bank of the canal. 

 

Figure 2.26. Rolling Bridge 
(Source: Heatherwick 2005) 

By using a series of hydraulic rams on either side integrated into the balustrade, 

the structure is opened or curled up until two ends of its segments touch and form a circle 

(Heatherwick 2005). The hand rails are extended upwards, as the rams open out of their 

vertical posts. The pivoted sections are drawn toward each other that create a slow curling 

motion. The system also allows to stop the bridge at any point along its transformation 

process. In fact, it is possible to create different geometric configurations since the 
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structure has 7-DoF. However, it is moved as shown in Figure 2.26 as if it has single 

DoF. 

Other important researchers in transformable bar structures are Fumihiro Inoue 

and his colleagues. They have proposed a M-DoF simple variable truss structure called 

variable geometry truss (VGT) that is composed of extendable and fixed members and 

hinges (Kurita, et al. 2001; Inoue et al. 2003). They have developed various truss shapes 

by controlling the lengths of the extendable members (actuators). As shown in Figure 

2.27, the structure in linear configuration can transform itself into different geometric 

shapes. For instance, it can change like a spring stretching when the actuators are 

extended simultaneously (Figure 2.27b) or it changes to a circular shape when the 

actuators are extended alternately (Figure 2.27c). Moreover, the structure can be changed 

into any intended shape when the actuators are extended optionally (Figure 2.27d). 

 

Figure 2.27. Transformation process of VGT 
(Source: Inoue 2009) 

By using basic mechanism of VGT, Inoue (2009) has designed a transformable 

arch structure in which VGT units are joined in series and pinned at each end. When the 

extendable members are situated at lower frame and the length of upper side members are 

fixed, the arch structure has a big wave change in its shape as seen in Figure 2.28a. In this 

case, the total length of upper frame is constant and the ends are fixed at an initial position. 

In contrast to first case, the extendable members are both at lower and upper frame in the 

second case in which the length of upper side member is changed by following the length 

of lower member and the ends are hold at their initial positions. The structure still 

provides several shape options which can be resulted in the shapes shown in Figure 2.28b. 
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Figure 2.28. Transformable arch structure with M-DoF VGT 
(Source: Inoue 2009) 

Later, Inoue has developed two movable roof structures composed of movable 

arches. In the first one, the roof is constructed by arranging arches in parallel that are 

connected to a base ring. By changing the length of flexible members in movable arches, 

two different configurations between (+) phase and (–) phase have been obtained (Figure 

2.29a). In the second one, he has developed an adaptive hemispherical dome structure 

composed of 10 sectors of cantilever type of VGT (Figure 2.29b). The dome structure can 

be opened in floral manner and each sector can change into an optional shape (Inoue 

2008; 2009). Inoue’s designs are distinctive and innovative in terms of flexibility on shape 

control, but they are not feasible since their systems require to use a large number of 

actuators (Akgün 2010). 

 

Figure 2.29. a) Movable roof structure; b) adaptive roof structure 
(Source: Inoue 2008) 
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Beside the aforementioned examples of transformable bar structures, Yenal 

Akgün (2010) has proposed transformable structures based on SLEs. He has developed 

three types of modified scissor-like element (M-SLE) in which additional R joints have 

been added on various locations of a bar (Figure 2.30a). Based on the M-SLEs, he has 

introduced new adaptable scissor structures which are capable of transforming themselves 

from rectilinear geometries to various curved shapes without changing the span. One of 

his designs is a 4-DoF planar scissor arch structure composed of M-SLEs and SLEs as 

shown in Figure 2.30b. The M-SLEs have been divided into sub-structures so that each 

sub-structure can transform without directly affecting the other sub-structures (Akgün et 

al. 2010). Due to independency of the sub-structures, he has created the desired flexibility. 

 

Figure 2.30. a) Three types of M-SLE; b) 4-DoF transformable scissor arch structure with 
2 M-SLEs (Source: Akgün 2010) 

Later, Akgün has proposed an adaptive roof structure for an exhibition hall by 

using six scissor arches. The proposed structure provides wide range of form flexibility 

by allowing the transformation from arch shapes to various curved ones. Sample shape 

configurations of the structure are shown in Figure 2.31. Although, the structure has been 

strengthened against horizontal loads and buckling by modifying the planar arch 
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structure, it still requires some additional support elements such as cables or cross struts 

against horizontal loads (Akgün et al. 2010). 

 

Figure 2.31. Adaptive roof structure composed of scissor arches 
(Source: Akgün 2010) 

Another transformable structure developed by Akgün is a 4-DoF spatial scissor 

structure that is composed of 25 spatial scissor-like elements (S-SLEs), 4 modified spatial 

scissor-like elements (MS-SLEs), 20 hybrid spatial scissor-like elements (HS-SLEs) and 

8 special SLEs (Figure 2.32) (Akgün et al. 2011). The basic SLEs types used in his design 

are given in Figure 2.33. These scissor units increase the transformation capacity of the 

structure and give a superiority over the current examples of spatial scissor structures. 

The span of the proposed structure is 14m in both x- and y-directions and it is connected 

to the ground at eight points. This adaptive structure can meet various shapes without 

changing the size of the covered area. However, it needs more actuators to be moved and 

fixed. Moreover, the stiffness and strength of the structure is reduced due to increased 

transformability. 
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Figure 2.32. Transformation process of scissor structure 
(Source: Akgün 2010) 

 

Figure 2.33. Basic scissor unit types 
(Source: Akgün 2010) 

2.3. Conclusion on Review of Previous Work 

This chapter has provided a critical review of the existing deployable and 

transformable bar structures by investigating the strengths and weaknesses of their 

systems. It has been demonstrated that deployable bar structures cannot offer real flexible 
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alternatives due to the fact that they can only deploy between two predefined geometries 

with single DoF. Although many impressive concepts have been proposed varying in 

size, geometry and retraction methods, few have been successfully constructed for 

architectural applications. The main reason is that most of them are composed of SLEs 

which is a complex structural system to generate the desired surface. In addition, it has 

been presented that deployable bar structures are limited to certain geometric forms such 

as singly-curved vaults and doubly-curved synclastic domes. Even though doubly-curved 

anticlastic surfaces have been used for deployable bar structures, they could not been 

realized in architecture since they require more complex mechanical systems than the 

singly-curved or doubly-curved synclastic structures. Furthermore, it has been shown that 

deployable bar structures require external stabilization after the structures reach their 

desired final configurations in order to carry the loads. Although there are some examples 

of these structures that are stress-free in the deployed configuration, the stresses induced 

in the members during and after deployment cause some structural problems such as 

decreasing in load bearing capacity and susceptibility to buckling. 

In contrast to deployable bar structures, M-DoF transformable bar structures 

provide form flexibility since they can transform between more than two predefined 

geometries. However, it has been demonstrated that many of the current solutions for 

these structures display fundamental problems due to mechanical complexity of their 

systems during the transformation process as in the deployable bar structures. Besides, it 

has been realized that these structures could not offer sufficient solutions in terms of the 

stiffness and strength of the structure. 

In fact, most of the structures proposed for both deployable and transformable bar 

structures have similar shortcomings as well as the aforementioned deficiencies. For 

instance, they are not convenient for long span and therefore they may require some 

additional supporting elements underneath the structure. Moreover, they are composed of 

various numbers of bars and joints which increase the complexity, weight and cost of the 

structures. Because numerous bars must be connected together at a single joint in many 

designs, geometric incompatibilities between the lengths of the bars may occur during the 

deployment or transformation process of the structures. Furthermore, different types of 

connection details must be developed to obtain different geometric shapes due to the fact 

that the joints used for a certain shape might not be appropriate for other ones. In addition, 

the structural members create a depth when the structures are expanded which decreases 

the usable interior volume. 
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As a result, it can be claimed that none of the existing design proposals is 

considered highly effective in terms of form flexibility, mechanical simplicity and 

structural efficiency. 

  



33 

CHAPTER 3  

DESIGN OF DEPLOYABLE HYPERBOLOIDS 

This chapter concentrates on developing deployable hyperboloids. Firstly, it 

systematically analyzes the geometric principles of the hyperboloids that are generated 

by using the ruled surface generation method. In order to study the morphology of the 

hyperboloid, a parametric model is constructed in Grasshopper® software. Many doubly-

ruled hyperboloids are generated from the parametric model by changing the input 

parameters. Then, two novel design methods are introduced to construct the deployable 

hyperboloids. It demonstrates that the deployment behavior of the hyperboloid is directly 

related to joint types that are used at the intersection points of the bars.  

In the first design method, it is proved that the deployable hyperboloids with 

single DoF can be constructed with only revolute (R) and spherical (S) joints in which the 

axes of the bars intersect. On the other hand, in the second design method, new joints 

types are proposed to construct the hyperboloids in which the axes of the bars are 

eccentric. According to the proposed joint types, deployment capabilities of the 

hyperboloids are discussed. 

3.1. Geometric Analysis of a Hyperboloid 

Hyperboloid of one sheet is a doubly-curved anticlastic surface which can be 

generated by using two different surface generation methods. In the first method, the 

surface is generated by revolving a hyperbola about a central axis (Figure 3.1a). In the 

second method, it is obtained by using the geometric design principles of ruled surfaces 

since the straight lines can be drawn on its surface (Wolfgang 2006). In this method, a 

straight line skewed at an angle is revolved about a vertical axis as shown in Figure 3.1b. 

The generated surface is called doubly-ruled hyperboloid surface. 
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Figure 3.1. a) Hyperboloid generated by hyperbola; b) hyperboloid generated by straight 
lines 

To define the doubly-ruled hyperboloid geometrically, the following key 

principles are pursued during the surface generation method. Firstly, two identical base 

curves (directrix 1 and directrix 2) with a radius of r that are spaced a distance h apart are 

drawn on two horizontal planes as shown in Figure 3.2a. Secondly, the base curves are 

divided into n equal parts. It should be noted that the minimum number of n is equal to 3, 

because a hyperboloid can be defined with at least three skew lines. 

 

Figure 3.2. Generation process of doubly ruled hyperboloid surface 

Given n, the segment angle (φ) of the base curves is calculated as 
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n




2
  (3.1) 

Then, the rotation angle of the skew lines (αk) on xy-plane is defined. αk must be less than 

1800, otherwise the generated surface becomes a cone. Therefore, the choice of αk is 

limited. Possible rotation angles can be found 

   kk
 (3.2) 

where k = 1,2,3,….n. For instance, n = 3 in triangular hyperboloid; therefore, the segment 

angle is calculated as φ = 2π / 3 = 1200 by Eq. (3.1). According to Eq. (3.2), it is found 

that there is only one possible rotation angle: α1 = 1x120 = 1200. Similarly, in tetragonal 

hyperboloid, n = 4, φ = 2π / 4 = 900 and the rotation angles is α1 = 1x90 = 900. 

While triangular and tetragonal hyperboloids have only one possible rotation 

angle, the hyperboloids having more than four divisions on the directrices provide more 

rotation angles. For instance, φ = 2π / 5 = 720 in pentagonal hyperboloid. Therefore, it is 

found that there are two possible rotation angles such as α1 = 1x72 = 720 and α2 = 2x72 = 

1440. Likewise, φ = 2π / 6 = 600 in hexagonal hyperboloid. Thus, α1 = 1x60 = 600 and α2 

= 2x60 = 1200. On the other hand, φ = 2π / 7 = 51.40 in heptagonal hyperboloid and it has 

three rotation angles: α1 = 1x51.4 = 51.40, α2 = 2x51.4 = 102.80 and α3 = 3x51.4 = 154.20. 

Similarly, φ = 2π / 8 = 450 in octagonal hyperboloid. Thus, α1 = 1x45 = 450, α2 = 2x45 = 

900 and α3 = 3x45 = 1350 and so forth. As the number of division increases, the 

hyperboloid will have more possible rotation angles. 

After calculating all possible rotation angles, one of them is selected to construct 

the hyperboloid. According to the chosen rotation angle, a skew line (l) is drawn from the 

ith node at the bottom base curve (ni) to the i+kth node at the top base curve (n'i+k). Then, 

the skew line that is placed along the perimeter of the two base curves is revolved around 

the z-axis with the chosen rotation angle as depicted in Figure 3.2b. Thereafter, the same 

skew line that is mirrored about the vertical axis is revolved with the same twist angle (β) 

(Figure 3.2c). It should be noted that the twist angle β is the same for all rotated skew 

lines. 

According to the parameters h, r and n, the unknown parameters of the 

hyperboloid are calculated. First of all, the xyz coordinates of the nodes are found. The 
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nodes at the bottom and top base curves are named as Xni , Yni , Zni and Xni', Yni', Zni' 

respectively (Figure 3.3). Because the bottom and top base curves are identical, the x and 

y coordinates of the aforementioned nodes are same, but the z coordinates are different. 

According to Figure 3.3, the xyz coordinates of the ith node (where i = 1, 2, 3,…,n) are as 

follows: 
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Figure 3.3. Construction parameters of hyperboloid: a) top view; b) 3D view 

After finding the xyz coordinates of the nodes, the parameter s is found with 

respect to the cosine rule for n'i O n'i+5 triangle in Figure 3.3a. Then, l and β are calculated 

according to the Pythagoras’ theorem for n'i ni+5 ni triangle in Figure 3.3b. 

  krs cos12 2   (3.4) 

 22 hsl   (3.5) 
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  sh /tan 1  (3.6) 

Revolving the skew lines around the z-axis exposes intersections between those 

lines and the base curves as shown in Figure 3.4. The number of intersections depends on 

the number of skew lines (ln) and αk. Thus, the crucial part of generating a hyperboloid is 

to find these unknown parameters. 

 

Figure 3.4. Illustration of intersection points between skew lines 

The parameter ln, the number of intersections on each skew line (Jl), the number 

of intermediate intersections on each skew line (Ji) and the total number of intersections 

on hyperboloid surface (Jh) can be found as 

 nln 2  (3.7) 

 12  kJ l
 (3.8) 

 2 li JJ  (3.9) 

 
lh JnJ   (3.10) 

where k is the factor of αk and n is the number of nodes at each base curve. For instance, 

in octagonal hyperboloid with a rotation angle of αk = α3 = 1350, the parameter k is equal 
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to 3. Therefore, Jl = 2x3+1= 7, Ji = 7-2 = 5 and Jh = 8x7 = 56. When αk = α4 = 1800, the 

generated surface becomes a cone. Thus, the parameter Jl is always equal to 3. In this 

case, Jh should be calculated according to Eq. (3.11): 

 12  nJ h
 (3.11) 

To calculate the coordinates of the nodes at intermediate intersections, the 

equations for the skew lines should be defined. Since the coordinates of the nodes at 

bottom and top base curves are given by Eq. (3.3), a general formula can be written for 

two intersecting skew lines in Figure 3.5: 
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Figure 3.5. Two intersecting skew lines in space 

By using Eq. (3.12), two equations are written for the first and second lines respectively. 
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Since two skew lines intersect at a single point, the coordinates of the intersection 

point are same for those lines. By equating Eq. (3.13) to Eq. (3.14) and then eliminating 

the parameter t, the coordinates of the ith intersection point can be found. Due to the 

curvature of the hyperboloid, the distances between intersection points (di) are not 

identical. di can be calculated by 

 222 )()()(
111 iiiiii JJJJJJi zzyyxxd 


 (3.15) 

3.2. Parametric Modeling: Morphology of Hyperboloid 

To generate different types of hyperboloids and to study the morphology, a 

parametric model is constructed using Grasshopper (a graphical algorithm editor) plugin 

to Rhinoceros® software (Figure 3.6). The parametric model is established by defining a 

set of variables (independent parameters) and expressions (relations between parameters) 

in Grasshopper. The basic geometrical principles and conditions of the hyperboloid 

surface are embedded in the parametric model. The parameters of h, r, n and αk are defined 

as input parameters in the model which are adjustable variables and can be easily changed 

to generate the desired hyperboloid surface. With respect to given input parameters, the 

unknown parameters such as l, β, Jl , Ji , Jh , di and the xyz coordinates of the nodes can be 

obtained from the parametric model. 

 

Figure 3.6. Parametric model of hyperboloid generated in Grasshopper 
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The parametric model enables rapid exploration of different types of hyperboloid 

by changing the input parameters. For instance, h or r can be adjusted to define the size 

of the hyperboloid. Figure 3.7 illustrates the process of changing the parameter of r in 

which the base curves have same radius. 

 

Figure 3.7. Decagonal hyperboloid generated by changing r 

In addition to the hyperboloids generated with identical base curves, it is possible 

to obtain hyperboloids with different radii of base curves. As shown in Figure 3.8, the 

radius of the bottom base curve (rb) or the radius of the top base curve (rt) can be changed. 

In Figure 3.8a, rt is kept constant and rb is changed. On the contrary, rb is kept constant 

and rt is changed in Figure 3.8b. 

 

Figure 3.8. Decagonal hyperboloid: a) generated by changing rb; b) generated by 
changing rt 
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Similarly, the curvature of the surface can be changed by increasing or decreasing 

the value for αk. If αk is increased, the number of intersections between the skew lines 

increases as well (Figure 3.9a-e). However, when αk = 1800, all the lines intersect at a 

single mid-point and a conical surface is obtained as shown in Figure 3.9f. 

 

Figure 3.9. Dodecagonal hyperboloid generated by changing the αk: a) Ji = 1; b) Ji = 3;  
c) Ji = 5; d) Ji = 7; e) Ji = 9; f) Ji = 1 

By means of aforementioned surface generation method, different types of 

hyperboloids are generated. In Table 3.1 some basic types of the generated hyperboloids 

with their construction parameters are given. 

Table 3.1. Types of doubly-ruled hyperboloids 

 

(cont. on next page) 
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Table 3.1 (cont.) 

 

(cont. on next page) 
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Table 3.1 (cont.) 
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3.3. Construction of Deployable Doubly-Ruled Hyperboloids: 

Structural Synthesis 

Hyperboloid is a quadric surface (Pottmann and Wallner 2001) and generating the 

hyperboloid using the ruled surface generation method introduces sub-quadric surfaces 

between the intersection points (Figure 3.10a). Therefore, at first, it is investigated the 

possibility of constructing deployable hyperboloids by using the Bennett linkage since it 

defines a quadric surface with its straight links (Baker 2004; 2007) (Figure 3.10b). 

 

Figure 3.10. a) Doubly-ruled hyperboloid; b) Bennett linkage 

Obeying the geometric design principles of the Bennett linkage, the end links of 

the linkage are extended as depicted in Figure 3.11b. By mirroring the first linkage about 

z-axis, two Bennett loops are connected to each other at their end nodes by revolute (R) 

joints. In this manner, a new intermediate Bennett loop is introduced at the middle. 

 

Figure 3.11. Construction of hyperboloid with Bennett Linkages 
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Then, new Bennett loops are created by following the same procedure (Figure 

3.11c). By connecting different numbers of Bennett loops to each other, different types 

of structural mechanisms (SMs) are constructed. To investigate the deployment behavior 

of those SMs, they are modeled in SolidWorks® and Catia® software. In Figure 3.12, two 

of the modelled hyperboloids are seen. 

 

Figure 3.12. a) SM composed of four Bennett linkages; b) SM composed of four loops; c) 
pentagonal hyperboloid; d) SM composed of five Bennett linkages; e) SM 
composed of five loops; f) hexagonal hyperboloid 

It is realized that the SMs can deploy into cylindrical shape when the end links 

stand free. However, they become static structures and do not allow any movement when 

the end links of the Bennett linkage are connected to each other. This argument is proved 

by calculating the mobility of the system, also called DoF, according the mobility formula 

proposed by Alizade (2010) which is used for multi-loop mechanisms. 

 p
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where j is the number of joints, fi is the relative joint motion, L is the number of 

independent loops, λ is the DoF of space where the mechanism operates (λ = 2,3,4,5,6), 
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q is the number of excessive elements (link, joints or loops) and jp is the number of passive 

joints. L is calculated using Euler’s formula: 

 1 ljL  (3.17) 

where, l is the number of links. It should be noted that L does not depend on the type of 

joint, the DoF of the space or the DoF of the mechanism. 

The Bennett linkage operates in λ = 3; therefore λ is taken as 3 for each Bennett 

loop when calculating the mobility of the SMs. For the SM composed of four Bennett 

linkages in Figure 3.12a, the mobility of the system is M = 13-3x4 = 1. If one of the end 

links is eliminated and then the other end link is connected to the system as depicted in 

Figure 3.12b, the mobility of the system becomes M = 12-3x4 = 0. On the other hand, if 

the eliminated link is added again to the system as shown in Figure 3.12c, it is found that 

M = 15-3x6 = -3. Similarly, the SM composed of five Bennett linkages in Figure 3.12d, 

M = 16-3x5 = 1. When one link is eliminated and then end link is connected to the system 

(Figure 3.12e), M = 15-3x5 = 0; and when the eliminated link is added to the system 

(Figure 3.12f), M = 18-3x7 = -3. This results show that when M is positive, the system is 

a mechanism in which the links have relative motion. If M is exactly zero, it is a rigid 

structure; therefore, the system cannot move and if M is negative, it is a preloaded 

structure that has no motion. 

According to aforementioned arguments, it can be claimed that it is not possible 

to construct a deployable hyperboloid by connecting Bennett linkages that are composed 

of only R joints. Thus, it is necessary to develop new design solutions. For this purpose, 

two novel design methods are proposed to construct deployable hyperboloids. 

3.3.1. 1st Design Method 

To construct a deployable hyperboloid, first, it is investigated whether or not the 

bar lengths between intersection points change during the deployment. For this purpose, 

an octagonal hyperboloid with Ji = 3 is analyzed. Figure 3.13 shows three different 

configurations of the octagonal hyperboloid which are defined for the analysis. With 

respect to the given parameter l = 5.38m, the parameters r and h for the configurations 1, 

2 and 3 are r1 = 2m, h1 = 5m, r2 = 3m, h2 = 3.87m, r3 = 4m and h3 = 1m, respectively. 
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Figure 3.13. Three different deployed configurations of octagonal hyperboloid 

The xyz coordinates of the top and bottom nodes on the bar1, bar2, bar3 and bar4 

are calculated according to Eq. (3.3) for configuration 1 (Figure 3.13a). The values are 

given in Table 3.2. Then, line equations for the straight bars are written to find the 

coordinates of the intermediate nodes. According to Eqs. (3.13) and (3.14), the parametric 

equations of the bar1 and bar2 are as follows: 
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Table 3.2. xyz coordinates of the top and bottom nodes in configuration 1 

Bars bar1 bar2 bar3 bar4 

Nodes n6 n8' n7 n5' n8 n6' n1 n7' 

co
o

rd
in

a
te

s x -1.41  1.41  0 -2  1.41 -1.41 2  0 

y -1.41 -1.41 -2  0 -1.41 -1.41 0 -2 

z  0 5  0  5  0  5 0  5 

 

By equating x, y and z coordinates of the node J1 on bar1 to bar2, J1 is found 

(Table 3.3). The xyz coordinates of J2 and J3 are also found by repeating the same 

procedure for the combinations of bar1-bar3 and bar1-bar4 (Table 3.3). According to Eq. 

(3.15), the distances between the intersection points are calculated as dn6J1 = 1.68, dJ1J2 = 

1.18, dJ2J3 = 1.18 and dJ3n8' = 1.68. 

Table 3.3. xyz coordinates of the intermediate nodes 

Nodes J1 J2 J3 

Coordinates x y z x y z x y z 

Configuration 1 -0.58 -1.41 1.46 0 -1.41 2.50 0.58 -1.41 3.53 

Configuration 2 -0.87 -2.12 1.13 0 -2.12 1.93 0.87 -2.12 2.73 

Configuration 3 -1.17 -2.82 0.29 0 -2.82 0.50 1.17 -2.82 0.70 

 

The next step is to calculate the aforementioned distances for configuration 2 

(Figure 3.13b) and configuration 3 (Figure 3.13c). Note that the length of the straight bars 

is same for all configurations. The calculation method used for configuration 1 is applied 

to configurations 2 and 3. The coordinates of the nodes J1, J2 and J3 in those 

configurations are given in Table 3.3. 

Finally, the distances between the desired intersection points are calculated 

according to Eq. (3.15). As in configuration 1, it is found that dn6J1 = 1.68, dJ1J2 = 1.18, 

dJ2J3 = 1.18 and dJ3n8' = 1.68 in configurations 2 and 3. The result shows that the distance 

between the intersection points do not change during the deployment process. Therefore, 

it can be claimed that deployable hyperboloids can be easily constructed by the joints that 

have only rotational motion. 
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After proving with a numerical example that the lengths of the bars between the 

intersection points remain constant during the deployment process, the first design 

method is introduced in which a novel SM composed of only R and spherical (S) joints is 

developed. In this method, the axes of the bars intersect at a single point; therefore, the 

center of rotation is same for two intersecting bars. R joints are used at mid-intersections 

and S joints are used at top, bottom and intermediate intersections of the concurrent bars 

as illustrated in Figure 3.14. Because the S joint has 3-DoF due to three rotational motions 

about the intersecting rotation axes, it allows the hyperboloid to deploy from one 

configuration to another. 

 

Figure 3.14. Illustration of the joint types at intersection points 

To validate the aforementioned argument, many types of hyperboloids with 

constant bar length (l) are modeled in SolidWorks and Catia software and then motion 

analysis are performed. The distances between the intersection points are checked in 

every configuration. The result indicates that the only changing parameters during the 

deployment process are r and h.  

Thereafter, the mobility of the constructed models is investigated. For this 

purpose, at first, the loops on the hyperboloid surface are analyzed. As shown in Figure 

3.15, the hyperboloid has top, bottom and surface loops. The number of the loops depends 

on the type of the hyperboloid. Because the bottom loop is considered as a dependent 

loop, only the top and surface loops are taken into account in the mobility formula. 

However, the top and surface loops have different λ. 
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Figure 3.15. Illustration of the loops on hyperboloid surface 

Based on the experimental study on models, it is found that the top loop belongs 

to λt = 6 system that describes three rotational and three translational active motion while 

the surface loops belong to either λs = 5 system that describes three rotational and two 

translational active motion or λs = 4 system that describes three rotational and one 

translational active motion in subspace with respect to xyz axis respectively. If the bars 

have only one intermediate intersection (Ji = 1) at the middle, λs = 5. But, if Ji > 1, λ for 

the surface loops is λs = 4. On that condition, the system has some excessive joints. To 

calculate the excessive joints of the hyperboloid (q), a new formula is introduced. 

   1 tsiJnq   (3.18) 

where n is the number of nodes on the base curve, Ji is the number of intermediate 

intersections on the link, λs is the DoF of the independent surface loops and λt is the DoF 

of the independent top loop. With respect to Eq. (3.19), q is calculated for different types 

of hyperboloids. For instance, for the hyperboloids in which each bar has 5 intersections, 

the number of intermediate intersection on each bar is found as Ji  = 5-2 = 3 according to 

Eq. (3.9). Due to Ji > 1, λs = 4 for the surface loops and λt = 6 for the top loop. The number 

of excessive joint is written as q = n.(3-4)+6+1 = 7-n. For the hyperboloids in which each 

bar has 7 intersections, Ji = 7-2 = 5, λs = 4, λt = 6 and q = n.(5-4)+6+1 = 7+n; for 9 

intersections, Ji = 9-2 = 7, λs = 4, λt = 6 and q = n.(7-4)+6+1 = 7+3n; for 11 intersections, 

Ji  = 11-2 = 9, λs = 4, λt = 6 and q = n.(9-4)+6+1 = 7+5n; for 13 intersections, Ji = 13-2 = 
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11, λs = 4, λt = 6 and q = n.(11-4)+6+1 = 7+7n and so forth. Similar approach can be 

applied to any type of hyperboloid. 

After calculating the parameter q for different types of hyperboloids, the 

constructed models in Solidworks and Catia software are analyzed in terms of the 

mobility of their systems. It is found that the triangular hyperboloid deploys with single 

DoF while the other hyperboloids with Ji = 1 deploy with multi-DoF (M-DoF). This 

argument is proved by calculating the mobility of the hyperboloids according to Eq. 

(3.16). The system parameters of the hyperboloids are given in Table 3.4. 

Table 3.4. System parameters of the hyperboloids with Ji = 1 

Type n ln j ∑fi L λs λt jp q 

Triangular 

hyperboloid 

3 6 9 21 4 5 5 0 0 

Tetragonal 

hyperboloid 

4 8 12 28 5 5 6 0 0 

Pentagonal 

hyperboloid 

5 10 15 35 6 5 6 0 0 

Hexagonal 

hyperboloid 

6 12 18 42 7 5 6 0 0 

 

According to Table 3.4, the mobility of the triangular hyperboloid (Figure 3.16a) 

is calculated as M = 21-[(5x3)+(5x1)]+0-0 = 1. The system can deploy from a closed 

configuration to an expanded one as shown in Figure 3.17. 

 

Figure 3.16. Hyperboloids with Ji = 1: a) triangular hyperboloid; b) tetragonal 
hyperboloid; c) pentagonal hyperboloid; d) hexagonal hyperboloid 
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Figure 3.17. Deployment process of single DoF triangular hyperboloid 

In tetragonal hyperboloid (Figure 3.16b), M = 28-[(5x4)+(6x1)]+0-0 = 2. Because 

the tetragonal hyperboloid has 2-DoF, it can deploy both x and y-directions independently 

as illustrated in Figure 3.18. Similarly, in pentagonal hyperboloid (Figure 3.16c), the 

mobility of the system is equal to M = 35-[(5x5)+(6x1)]+0-0 = 4. Likewise, with respect 

to the system parameters given in Table 3.4, the mobility of the hexagonal hyperboloid 

(Figure 3.16d) is M = 42-[(5x6)+(6x1)]+0-0 = 6. 

 

Figure 3.18. Deployment process of 2-DoF tetragonal hyperboloid in two different 
directions 



53 

Based on aforementioned calculations, it can be claimed that the mobility of the 

one-mid-intersection hyperboloids increases as the number of nodes on the base curve 

increases. However, it is realized that the mobility of the M-DoF hyperboloids that have 

more than one intermediate intersection decrease to 1 again due to the fact that L increases 

as the Ji increases. It should be noted that there are some excessive joints in the 

hyperboloids with Ji > 1. Thus, excessive joints must be considered as q parameter when 

calculating the mobility of the system. To analyze the mobility of the hyperboloids with 

Ji > 1, different types of hyperboloids are constructed. The systems parameters of those 

hyperboloids are given in Table 3.5.  

Table 3.5. System parameters of the hyperboloids with Ji > 1 

Type n ln j ∑fi L λs λt q jp 

Pentagonal 

hyperboloid with Ji = 3 

5 10 25 65 16 4 6 2 0 

Hexagonal 

hyperboloid with Ji = 3 

6 12 30 78 19 4 6 1 0 

Heptagonal 

hyperboloid with Ji = 3 

7 14 35 91 22 4 6 0 0 

Heptagonal 

hyperboloid with Ji = 5 

7 14 49 133 36 4 6 14 0 

 

In pentagonal hyperboloid with Ji = 3 (Figure 3.19a), the mobility is calculated as 

M = 65-[(4x15)+(6x1)]+2-0 = 1 according to Eq. (3.16). In Figure 3.20, deployment 

process of the single DoF pentagonal hyperboloid is shown. 

 

Figure 3.19. a) Pentagonal hyperboloid with Ji = 3; b) hexagonal hyperboloid with Ji = 3; 
c) heptagonal hyperboloid with Ji = 3; d) heptagonal hyperboloid with Ji = 
5 
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Figure 3.20. Deployment process of single DoF pentagonal hyperboloid with Ji = 3 

In hexagonal hyperboloid with Ji = 3 (Figure 3.19b), the mobility of the system 

equals to M = 78-[(4x18)+(6x1)]+1-0 = 1. Figure 3.21 illustrates deployment process of 

single DoF hexagonal hyperboloid. Similarly, in heptagonal hyperboloid with Ji = 3 

(Figure 3.19c), it is found that M = 91-[(4x21)+(6x1)]+0-0 = 1. In heptagonal hyperboloid 

with Ji = 5 (Figure 3.19d), M = 133-[(4x35)+(6x1)]+14-0 = 1. By using the same 

calculation method, the mobility of any type of doubly-ruled hyperboloid can be found. 

As a result, it can be claimed that the only single DoF hyperboloid among the examples 

of the hyperboloids with Ji = 1 is the triangular hyperboloid. The others belong to different 

DoF systems. However, all the hyperboloids with Ji > 1 belong to single DoF system in 

which they can deploy from a compact configuration to a larger extended ones. 

 

Figure 3.21. Deployment process of single DoF hexagonal hyperboloid with Ji = 3 
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3.3.2. 2nd Design Method 

In the first design method, only R and S joints are used to construct the deployable 

hyperboloids in which the axes of the bars intersect. However, in the second method, the 

bars are connected to each other such a way that one is placed on top of the other one. 

Due to the fact that the axes of the bars are eccentric, the S joints that allow only rotational 

motions are not sufficient any more to deploy the hyperboloid. The system requires 

translational movements as well as the rotational ones during the deployment process. 

For this purpose, two new joints are developed (Figure 3.22). 

 

Figure 3.22. a) New joint type; b) 3R joint; c) C2R joint 

The first joint is simply composed of two rings that are connected to each other 

with a R joint. The R joint allows the rotational motion between the rings about the pin 

axis as shown in Figure 3.22a. The rings are connected to the bars with other R joints as 

demonstrated in Figure 3.22b. By this means, 3R joint is obtained which provides 2 
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rotational motions about the axes of the bars and a rotational motion about the pin axis 

that is perpendicular to the bar axes. On the other hand, the second type of joint is a C2R 

joint that is obtained by extending one of the ring in 3R joint and then connecting it to a 

tubular bar with a cylindrical (C) joint. The extended ring becomes a part of the telescopic 

bar in C2R joint. It permits rotational motion about the axis of the telescopic bar and 

translational motion parallel to it (Figure 3.22c). 

By using the developed joints, different types of deployable hyperboloids with 

one intermediate intersection (Ji = 1) are constructed in Solidworks. Similar to the first 

design method, R joints are used at mid intersections. The end nodes of the bars are 

connected to each other with either 3R or C2R joints. The required numbers of joints such 

as the number of R joint (NR), the number of 3R joint (N3R) and the number of C2R joint 

(NC2R) to be used to obtain single DoF are determined for different types of hyperboloids.  

For triangular hyperboloid, it is found that the system requires four C joints to let 

the system deploy. Thus, 2xC2R joints are used at top end nodes of the bars and other 

2xC2R joints are placed on bottom end nodes. The system has NR = 3, N3R = 2 and NC2R 

= 4. According to Eqs. (3.16) and (3.17), the system parameters are ∑fi = 25, λ = 6, L = 4; 

therefore the mobility of the system is found that M = 25-(6x4)+0-0 = 1. This result shows 

that the triangular hyperboloid can deploy with single DoF from a closed configuration 

to a much larger expanded form (Figure 3.23). 

 

Figure 3.23. Deployment process of triangular hyperboloid composed of telescopic bars 

In tetragonal hyperboloid, three C joints must be used to obtain the single DoF. 

For this purpose, 3xC2R joints are used at top end nodes of the bars. 3R joints are placed 

on the other end nodes of the bars at top and bottom. The numbers of joints used in the 
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system are NR = 4, N3R = 5 and NC2R = 3. With respect to Eqs. (3.16) and (3.17), it is found 

that ∑fi = 31, λ = 6, L = 5 and M = 31-(6x5)+0-0 = 1. Figure 3.24 illustrates three different 

deployed configuration of the single DoF tetragonal hyperboloid. 

 

Figure 3.24. Deployment process of tetragonal hyperboloid composed of telescopic bars 

Similarly, in pentagonal hyperboloid, two C joints are used to obtain the single 

DoF which are placed on the top end nodes of the bars. The system has NR = 5, N3R = 8 

and NC2R = 2. Therefore, ∑fi = 37, λ = 6, L = 6 and M = 37-(6x6)+0-0 = 1. The pentagonal 

hyperboloid deploys with single DoF as shown in Figure 2.23. 

 

Figure 3.25. Deployment process of pentagonal hyperboloid composed of telescopic bars 

From the constructed models starting from triangular hyperboloid to pentagonal 

one, it is realized that as the number of nodes on the hyperboloid surface increases, the 

required NC2R can be reduced. To understand the relation between NC2R and the type of 

hyperboloid, some other hyperboloids with Ji = 1 are investigated. 
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In hexagonal hyperboloid, it is found that the system requires only one C2R joint. 

However, C2R joint is not required for the hyperboloids that have more than 6 nodes on 

the base curve. This argument is proved by calculating the mobility of the hyperboloids. 

The number of joints used in the hexagonal hyperboloid are NR = 6, N3R = 11 and NC2R = 

1. Therefore, ∑fi = 43, λ = 6, L = 7 and M = 43-(6x7)+0-0 = 1. Likewise, NR = 7, N3R = 14 

and NC2R = 0 in heptagonal hyperboloid. Thus, ∑fi = 49, λ = 6, L = 8 and the mobility is 

M = 49-(6x8)+0-0 = 1. For the next models, it is found that the hyperboloids have M-DoF 

rather than single DoF. For instance, in octagonal hyperboloid, NR = 8, N3R = 16 and NC2R 

= 0; therefore, ∑fi = 56, λ = 6, L = 9 and M = 56-(6x9)+0-0 = 2. In decagonal hyperboloid, 

NR = 9, N3R = 18, NC2R = 0, ∑fi = 63, λ = 6, L = 10 and M = 63-(6x10)+0-0 = 3. In 

hendecagonal hyperboloid, NR = 10, N3R = 20, NC2R = 0, ∑fi = 70, λ = 6, L = 11, the 

mobility is M = 70-(6x11)+0-0 = 4 and so forth. To reduce the DoF of the system into 1, 

some of the rotational motions about the bar axis in 3R joint should be constrained. 

According to the aforementioned constructed models and their kinematic studies, 

it is clear that single DoF hyperboloids with Ji = 1 can be constructed by using the 

developed joint types. Within the scope of this section, it has been tried to construct 

deployable hyperboloids that have more than three intermediate intersections. However, 

it could not be achieved to model them in Solidworks and Catia due to the limitations of 

the software. 

3.4. Conclusion 

In this chapter, two novel methods have been proposed to design deployable 

hyperboloids based on the ruled surface generation. Starting from the analysis of the 

geometric principles of doubly-ruled hyperboloids, the morphology has been discussed 

in detail. It has been demonstrated the relation between the curvature of the surface and 

the rotation angle of the skew lines. Considering the geometric requirements of the 

hyperboloid surface, it has been attempted to construct the deployable hyperboloids by 

using the current mechanisms in literature. For this purpose, hyperboloids have been 

constructed with respect to the geometric design principles and special conditions of 

Bennett linkage since it defines a quadric surface with its straight links. However, it has 

been proved according to the kinematic studies that the constructed hyperboloids with the 
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Bennett linkages are not deployable. Thus, new design solutions have been devised to 

obtain deployable doubly-ruled hyperboloids. 

In the first design method, a new SM for the deployable hyperboloids has been 

proposed considering the joint types at intersection points. It has been demonstrated that 

the deployment behavior of SM is directly related to joint types. According to the 

proposed joint types, a set of structural syntheses has been carried out. Finally, it has been 

proved that deployable hyperboloids with single DoF whose number of intermediate 

intersection is more than one can be constructed with suitable joint types. On the other 

hand, in the second design method, new types of joints have been developed to construct 

deployable hyperboloids. Based on the kinematic studies, the deployment capacities of 

the constructed models have been discussed. 
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CHAPTER 4  

DESIGN OF TRANSFORMABLE HYPERBOLIC 

PARABOLOIDS (HYPARS)1 

This chapter mainly deals with the development of novel transformable structural 

mechanisms (SMs) that are capable of changing their shapes from planar configuration to 

various hyperbolic paraboloid (hypar) geometries. For this purpose, at first, the geometric 

principles of the hypar surfaces are investigated according to the ruled surface generation 

method. Then, the morphology of the hypar is studied by constructing a parametric model 

in Grasshopper® software.  

After thoroughly analyzing the geometric principles and the morphology of the 

hypar, two novel methods are developed to design 2-DoF transformable SMs. Based on 

the developed design methods, different types of transformable SMs are constructed. 

Their possible configurations and transformation capabilities are discussed in detail. In 

addition, novel joint types are developed for the connections of the bars to provide the 

system required rotational and translational motions during the transformation process. 

Besides, the structural synthesis and mobility calculations of the SMs are presented. 

4.1. Geometric Analysis of a Hypar 

Hypar is a saddle-shaped doubly-curved anticlastic surface which has two 

opposite curvatures. It can be generated by using two different surface generation 

methods (Pottmann et al. 2007). In the first method, the surface is generated by sweeping 

a convex parabola along a concave parabola (Figure 4.1a). In the second method, it is 

generated by sweeping a straight line (generatrix) over a straight path at one end (directrix 

1) and another straight path (directrix 2) skewed relative to the first straight path (Figure 

4.1b). Because the surface has two separate rulings, it is named a doubly-ruled hypar 

surface. 

                                                 
 1 The main content of this chapter is to be published by Maden, Aktaş and Korkmaz (in press) 
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Figure 4.1. a) Hypar generated by convex and concave parabolas; b) hypar generated by 
straight lines 

To generate a hypar based on the second surface generation method, at first, a line 

segment (directrix 1) with a length of l is drawn on xz-plane which makes an angle β with 

the x-axis. Then, another line with same length (directrix 2) but in reverse direction is 

drawn on a parallel plane which has distance d from the first plane (Figure 4.2a). 

 

Figure 4.2. Generation process of doubly-ruled hypar surface 
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After that, the lines standing on opposite planes are divided into n equal parts and 

the ith node on the first line (ni) is connected to the ith node on the second line (ni´) (Figure 

4.2b). By this means, first ruling is completed about yz-direction. The same procedure is 

applied to edge lines standing on two parallel yz-planes to complete the second ruling 

about xz-direction (Figure 4.2c). It should be noted that β is a measure of curvature of the 

surface. By increasing the value for β, more curved surfaces can be obtained. Moreover, 

if the distance d (depth of the hypar) equals to the parameter b (width of the hypar), the 

generated surface is symmetric about x = b/2 and y = d/2 planes. 

The parameters b and h (the height of hypar) in Figure 4.2 can be found based on 

the construction parameters of l and β by using the following relations: 

 sin lh  (4.1) 

 cos lb  (4.2) 

Although the edge lines have the same length of l, the intermediate lines have 

different lengths due to the fact that they have different rotation angles. Figure 4.3 and 

Figure 4.4 show the ith line (li) and i+1th line (li+1) in x-direction and kth line (lk) and k+1th 

line (lk+1) in y-direction depicted in Figure 4.2. The rotation angles βi+1 and βk+1 and the 

length of lines li+1 and lk+1 are as follows: 
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The xyz-components of the ith node (ni) on ith line in Figure 4.3 (where i = 1, 2, 

3,…,n) and the xyz-components of the kth node (nk) of the kth line in Figure 4.4 (where k 

= 1, 2, 3,…,n) can be found by 
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Figure 4.3. First ruling in x-direction: a) top view; b) y = 0 plane; c) y = d/n plane 

 

Figure 4.4. Second ruling in y-direction: a) top view; b) x = 0 plane; c) x = b/n plane 
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The minimum, maximum and the mid nodes of the hypar in Figure 4.5 can be 

found by Eqs. (4.7) and (4.8). The sag of the hypar (hsag) is equal to the z component of 

the nmid (Figure 4.5b). The span of the hypar (s) depends on the rotation angle β. As β 

increases, the overall height of the hypar also increases, but the overall span decreases. 

Eq. (4.9) shows the relation between the parameters of β, h and s. 

 

Figure 4.5. Hypar surface: a) top view; b) front view 
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  (4.9) 

4.2. Parametric Modeling: Morphology of Hypar 

A parametric model is constructed in Grasshopper to study the morphology of the 

hypar (Figure 4.6). The basic geometrical conditions of the hypar surface discussed above 

are defined in the parametric model with a set of variables. The model generates the hypar 

surface according to the input parameters of l, β and n. All the unknown parameters such 

as s, h, hsag, nmin, nmax, nmid, the xzy components of the nodes, the distances between the 

nodes and the curvature of the surface can be found with respect to the given input 

parameters. 



65 

 

Figure 4.6. Parametric model of hypar generated in Grasshopper 

Since the input parameters are adjustable variables in the model, they can be easily 

changed to generate any desired hypar geometry. For instance, l can be adjusted to define 

the scale, n is to detect the number of elements or β is to determine the curvature of the 

surface. Figure 4.7 illustrates the process of increasing the number of divisions on 

directrices when defining the surface. In fact, this process proves that the number of 

elements has no effect on the curvature. Therefore, the same surface can be generated by 

using less number of elements. 

 

Figure 4.7. Hypar surface generated by increasing the number of division (n) on 
directrices 



66 

By increasing the value for β, more curved hypar surfaces can be obtained. Figure 

4.8 shows how the curvature of the hypar changes with respect to the rotation angle β. 

Apart from the other parameters such as the sag, the surface area (A), the overall span and 

height of the hypar depend on β. To demonstrate the relation between these parameters, 

a numerical example is investigated. 

 

Figure 4.8. Hypar surface generated by changing the rotation angle 

Based on the input parameter l taken as 5m in the parametric model, a hypar that 

is symmetric about XZ and YZ planes is analyzed. In Table 4.1, the output parameters 

are given. According to Table 4.1, it is seen that the sag and the overall height of the hypar 

increase as β increases whereas the span and the surface area of the hypar decrease. The 

maximum span is obtained with the lowest value for β. On the contrary, the maximum 

height is obtained with the highest β. 

Table 4.1. Geometrical data generated from the parametric model 

Rotation angle 

[β] (degree) 

Overall height 

[h] (m) 

Overall span    

[s] (m) 

Sag of the hypar 

[hsag] (m) 

Surface area   

[A] (m2) 

15 1.29 2.50 2.32 7.30 

30 2.50 4.33 1.85 14.65 

45 3.53 5.00 1.23 19.71 

60 4.33 6.12 0.88 22.66 

75 4.82 6.83 0.45 24.42 
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4.3. Construction of Transformable Doubly-Ruled Hypars: Structural 

Synthesis 

Hypar is not a developable surface; thus, it cannot be unfolded into a plane without 

stretching or tearing. Despite the geometrical restrictions of the surface, transformable 

hypars that can transform from a planar configuration to various hypar geometries are 

constructed by introducing two novel design methods. 

4.3.1. 1st Design Method2 

To design a transformable hypar, at first, a linkage mechanism (LM) composed of 

4 identical straight bars that are connected to each other by two revolute (R) joints and 

two 3R joints has been constructed as shown in Figure 4.9 (Korkmaz, Akgün and Maden 

2012). It is a R-3R-R-3R mechanism that is capable of transforming itself not only from 

a planar configuration to various doubly-curved hypar geometries, but also to a closed 

compact configuration. 

 

Figure 4.9. Linkage mechanism 

                                                 
 2 The main content this section is published by Maden, Korkmaz and Akgün (2013) 
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The mobility of the system has been calculated using Alizade’s formula that was 

described in Eq. (3.16). According to the Eqs. (3.16) and (3.17), it is found that ∑fi = 8, λ 

= 6, L = 1 and therefore, M = 8-(6x1)+0-0 = 2. Because the system has 2-DoF, it has more 

flexibility than the current examples of single-DoF deployable bar structures. Figure 4.10 

shows the transformation process of possible configurations of the LM. 

 

Figure 4.10. Transformation process of 2-DoF LM 

After constructing a 2-DoF LM, the next step is to add intermediate bars. When 

connecting the intermediate bars to the LM, it is aimed to keep the mobility of the system. 

Thus, the intermediate bars must constitute a structural group (SG) which does not change 

the DoF of the whole system. The SG used in the system is simply composed of two 
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intermediate bars which are connected to each other with a R joint and has one 2CR and 

three C2R joints at its end nodes (Figure 4.11). The kinematic diagram of the joints can 

be seen in Figure 4.12. 

 

Figure 4.11. Structural Group 

 

Figure 4.12. Kinematic diagrams of the joint types: a) 3R joint; b) C2R joint; c) 2CR joint 

Considering to provide the simplest structural mechanism (SM), the new type of 

joint described in Section 3.3.2 is used which is simply composed of two rings that are 

connected to each other with a pin (Figure 4.13a). Because it can be applied to 3R, C2R 

and 2CR joints, the whole SM can be easily constructed by using a single connection 

detail. Figure 4.13 illustrates the connection details of the bars by these joints. The 3R 

joint in Figure 4.13b allows only rotations about the pin axis and axes of the bars. During 

the transformation process of the SM, this joint provides the rings required rotations 

around the bars. 



70 

 

Figure 4.13. a) Two rings connected by R joint; b) 3R joint; c) C2R joint; d) 2CR joint 

On the other hand, C2R joint in Figure 4.13c allows rotations about the pin axis 

and the axis of one bar as well as the rotation and translation about the axis of the other 

bar. This joint provides one of the ring to slide along the bar while the other ring only 

rotates around the other bar during the transformation process. 2CR joint in Figure 4.13d 

allows rotation about the pin axis and rotations and translations about the axes of the bars. 

As oppose to the first two joints, this joint provides both of the rings to slide along the 

bars. 

By using the developed joints, a SG is added to the LM. By this means, a 2x2 unit 

SM is constructed (Figure 4.14). The system parameters of the SM are ∑fi = 26, λ = 6, L 

= 4. The mobility of the system is calculated as M = 26-(6x4)+0-0 = 2 according to Eq. 

(3.16). On the basis of this calculation, it can be said that adding a SG to the LM does not 

change the DoF of the whole system. The new system can still transform itself from a 

planar configuration to doubly-curved geometries as the LM does. This behavior is thanks 
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to the C joints used in the SG, because they provide the required translational and 

rotational movements for the whole system during the transformation process. 

 

Figure 4.14. a) 2-DoF LM; b) SG; c) 2-DoF 2x2 unit SM in planar configuration 

The number of C joint used in the SG is very important since it defines the 

deployment behavior of the SM. For instance, if one of the C joint in 2CR is replaced with 

a R joint, the DoF of the whole system reduces to 1. This argument is proved by 

calculating the mobility of the new system: ∑fi = 25, λ = 6, L = 4 and M = 25-(6x4)+0-0 

= 1. As seen, this operation makes the SM deployable rather than transformable. However, 

because the aim is to create transformable SMs that have various configurations, 2CR 

joint is kept. 

The 2-DoF SM not only has a planar movement on xy-plane (Figure 4.15a), but 

also can change its shape from one hypar geometry into other ones. Figure 4.15b and 

Figure 4.15c illustrate identical transformation behavior of the SM about the xz and yz-

planes. The SM is folded in x-direction in Figure 4.15c and it is folded in y-direction in 

Figure 4.15b. 

In addition to these configurations, the SM can be folded in x- or y-directions 

independently from 2 to 1. Figure 4.15d shows the folding process of the SM in x-direction 

in which two of the bars in LM are fixed and the others are folded onto the fixed ones. On 

the other hand, in Figure 4.15e, another set of two bars of the LM are fixed and the SM is 

folded in y-direction. 
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Figure 4.15. Transformation process of 2x2 unit SM 

After constructing the 2-DoF 2x2 unit SM, different types of transformable SM 

are developed by increasing the number of SG in the system. To calculate the number of 

joints such as the number of R joints (NR), the number of 3R joints (N3R), the number of 

C2R joints (NC2R) and the number of 2CR joints (N2CR) that must be used to create a 2-

DoF system, the following formulas are used (where ns is the number of SG): 
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To obtain 3x3 unit SM, two SGs are added to the LM as seen in Figure 4.16. 

However, this operation introduces new intersections between the SGs (Figure 4.16c: 

node1 and node2). To connect the intersecting bars of the SGs, two 2CR joints are used. 

However, these two joints are excessive and have no effect on the mobility. Due to the 

fact that the SM still makes the same transformations without these joints, it is necessary 

to consider them as q parameter in the mobility formula when calculating the DoF of the 

whole system. By Eqs. (3.16) and (3.17), it is found that ∑fi = 54, λ = 6, L = 9, q = 2 and 

M = 54-(6x9)+2-0 = 2. As seen, the mobility remains same even though the number of 

SG in the system is increased. 

 

Figure 4.16. a) 2-DoF LM; b) SGs; c) 2-DoF 3x3 unit SM in planar configuration 

The 2-DoF 3x3 unit model in planar configuration in Figure 4.17a can transform 

itself into different doubly-curved geometries as shown in Figure 4.17b-e. The SM has 

identical transformation in Figures 4.17b and 4.17c in which it is folded in x- and y-

directions respectively. Figures 4.17d and 4.17e illustrate two opposite folding process 

where two of the bars in LM are fixed and the SM are folded in x- and y-directions, 

respectively. 



74 

 

Figure 4.17. Transformation process of 3x3 unit SM 

For the next model, the number of SG in the system is increased. To obtain 4x4 

unit SM, three SGs are added to the LM as shown in Figure 4.18. For the nodes at 

intersection points of SGs (Figure 4.18c: nodes 1,2,3,4,5,6), 2CR joints are used as in the 

3x3 unit SM. These six 2CR joints are excessive. According to Eqs. (3.16) and (3.17), it 

is found that ∑fi = 92, λ = 6, L = 16, q = 6; therefore, M = 92-(6x16)+6-0 = 2. The mobility 
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of the system is calculated as 2 again as in the previous models. Adding more SGs, did 

not change the mobility of the whole system. In Figure 4.19, the transformation process 

of 2-DoF 4x4 unit SM is shown. As in the previous models, the SM not only move on 

plane, but also can transform between various hypar geometries. 

 

Figure 4.18. a) 2-DoF LM; b) SGs; c) 2-DoF 3x3 unit SM 

 

Figure 4.19. Transformation process of 4x4 unit SM 
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By following the developed design methodology, different types of transformable 

SM with any number of SGs can be constructed. Table 4.2 shows some basic types of 

these SMs which are capable of transforming themselves into different geometric 

configurations. Based on the aforementioned design methodology, it can be claimed that 

any doubly-curved 2-DoF SM can be created by increasing the number of SGs in the 

system and this operation does not change the mobility of the whole system. 

Table 4.2. Morphology of SM 
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4.3.2. 2nd Design Method 

In the first design method, the intermediate bars overhang the LM to transform 

itself into a hypar shape. However, in the second method, telescopic bars are used either 

in the LM or in the SGs where necessary to provide the required translations by shortening 

or extending themselves during the transformation process. Similar to first design 

method, different types of 2-DoF SM are constructed with this method. 

At first, 2x2 unit SM is constructed which consists of 4 identical telescopic bars 

and 2 identical intermediate single bars (Figure 4.20a). To connect the bars to each other, 

similar connection details to the first design method are used. The midpoints of the 

intermediate single bars and one ends of the telescopic bars are connected with R joints 

that lay on the x-axis. However, when connecting the other ends of the telescopic bars, 

modified 2CR joint is used as shown in Figure 4.20b. Unlike the 2CR joint used in the 

first design method which slide along the bars, the rings of the 2CR joint are extended in 

the second design method and they become a part of the telescopic bars. The intermediate 

bars are connected to the edge bars with 3R joints at three end nodes and a C2R joint at 

one end node. In total, the system has five C joints as in the first design method. According 

to the Eqs. (3.16) and (3.17), the system parameters are as follows: ∑fi = 26, λ = 6, L = 4; 

therefore, the mobility of the SM is found that M = 26-(6x4)+0-0 = 2. Because the SM has 

2-DoF, it has the ability to transform itself from planar configuration to various hypar 

geometries as depicted in Figure 4.21. 

 

Figure 4.20. a) 2-DoF 2x2 unit SM composed of telescopic bars; b) modified 2CR joint 
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Figure 4.21. Transformation process of 2x2 unit SM composed of telescopic bars 

For the next model, 3x3 unit SM composed of 4 identical telescopic bars and 4 

identical single bars is constructed. To provide the required translations during the 

transformation process, four 3CR joints are used at the connections of telescopic bars as 

shown in Figure 4.22b. R joints are used for the nodes lying on x-axis and 3R joints are 
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used for the nodes lying on 2i-1th axes that are parallel to the x-axis (where i = 1,2,3,...). 

Using Eqs. (3.16) and (3.17), it is found that ∑fi = 56, λ = 6, L = 9; therefore, the mobility 

of the system is calculated as M = 56-(6x9)+0-0 = 2. Figure 4.23 illustrates the 

transformation process of 2-DoF 3x3 unit SM at different configurations. The SM not 

only can take various hypar shapes by folding it in x and y-directions simultaneously or 

independently, but also is able to be unfolded into plane in which it has planar movement. 

 

Figure 4.22. a) 2-DoF 3x3 unit SM composed of telescopic bars; b) 3CR joint detail 

 

Figure 4.23. Transformation process of 3x3 unit SM composed of telescopic bars 
(cont. on next page) 
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Figure 4.23 (cont.) 

Based on the design method used in the previous models, 4x4 unit SM is 

constructed (Figure 4.24). While telescopic bars are used only at edges in 2x2 and 3x3 

unit SMs, they are also used for intermediate bars in the 4x4 unit SM due to the fact that 

the intermediate bars have to extend during the transformation. 

 

Figure 4.24. a) 2-DoF 4x4 unit SM composed of telescopic bars; b) 4CR joint detail 
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Like 2x2 unit SM, the end nodes of the telescopic bars standing at edges are 

connected with 2CR joints. For the connections of intermediate telescopic bars, 4CR 

joints are used (Figure 4.24b). The R joints are placed along the x-axis. For the rest of the 

nodes 3R and 3CR joints are used. According to Eqs. (3.16) and (3.17), ∑fi = 98, λ = 6, L 

= 16 and M = 98-(6x16)+0-0 = 2. This result shows that the system has 2-DoF. 

By following the aforementioned design methodology, different types of SM that 

transform from planar configuration to hypar geometries can be designed. Table 4.3 

demonstrates the morphology of some basic types. It should be noted that as the system 

extends, the number of telescopic bars to be used increases. 

Table 4.3. Morphology of SM composed of telescopic bars 
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4.4. Conclusion 

In this chapter, transformable SMs have been proposed for further architectural 

applications which can change their shapes from planar configuration to various doubly-

curved hypar geometries. Rather than using the current systems based on SLEs, two novel 

methods have been introduced to generate the hypar geometry by using the geometric 

design principles of ruled surfaces. By this means, the doubly-curved geometries have 

been obtained with less number of bars and joints when compared to existing designs. 

Unlike single DoF deployable bar structures that can deploy only between two predefined 

geometries, 2-DoF systems have been developed which allow more flexibility on shape 

control by providing the SM to transform into multiple alternative expanded forms. 

Moreover, the mechanical complexity of the system has been reduced by using 

only straight bars and simple joint details to generate the curved geometry while the 

current examples of deployable bars structures require complex mechanical systems due 

to SLEs and complex joint details at connections. Besides, the developed SMs can be used 

for large span architectural applications whereas deployable bar structures are not 

convenient for long span since they require some additional supporting elements 

underneath the structure. 
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CHAPTER 5  

DESIGN OF TRANSFORMABLE MULTI-HYPARS 

This chapter is concerned with developing transformable multi-hypars by 

connecting different numbers of structural mechanisms (SMs) in the shape of hypar by 

means of proposed novel design methodology. At first, it studies the geometric design 

principles of multi-hypar surfaces that are generated by using the ruled surface generation 

method. Then, it develops a parametric model in Grasshopper® to investigate the 

morphology of the multi-hypars. After that different types of multi-DoF (M-DoF) linkage 

mechanisms (LMs) are constructed. By following similar design method discussed in 

Section 4.3.1, various SMs are constructed by adding different numbers of structural 

groups (SGs) to the LMs. Starting from tetragonal SM composed of one or two SGs in 

each hypar, the proposed SMs are analyzed in terms of their transformation capabilities 

and possible configurations. The mobility calculations of the proposed SMs are presented 

as well. 

5.1. Geometric Analysis of a Multi-Hypar 

A multi-hypar surface is generated by developing a novel surface generation 

method. At first, the number of hypars (nh) is defined to generate the surface. Then, the 

segment angle (φ) is calculated by the following formula 

 
hn




2
  (5.1) 

After that, the directrices (the length of l) are drawn as shown in Figure 5.1a. The 

parameters b (width of the hypar) and h (the height of hypar) can be found by means of 

Eqs. (4.1) and (4.2) that were already described in Chapter 4. Similar to the surface 

generation method for a single hypar discussed in Chapter 4, the directrices are divided 

into n equal parts and the nodes standing on two opposite directrices are connected to 
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each other with a generatrix (Figure 5.1b). By this means, two rulings of the surface are 

obtained. The lengths of intermediate lines (li) and the rotation angles (βi) for each hypar 

can be found according to the Eqs. (4.3), (4.4), (4.5) and (4.6) described in Chapter 4. 

 

Figure 5.1. Construction process of doubly-ruled multi-hypar surface 

To find the xyz components of the high points (ne) and low points (nf) of the multi-

hypar on directrices, the unknown parameters of α, ψ, θ and m are calculated. According 

to neOK triangle in Figure 5.2, α is given by 

 
2

90


   (5.2) 
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Figure 5.2. Top view of multi-hypar 

By using the law of sines for nf One triangle, the following equation is written. 
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With respect to Eq. (5.3) and ne K nf  triangle in Figure 5.2, the parameters ψ, θ 

and m are found: 
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The xyz components of eth and f th nodes on the directrices in Figure 5.2 (where: e 

= 1,2,3,…,nh and f = 1,2,3,…,nh) are as follows: 
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The number of nodes in each hypar (nj) and the total number of nodes in multi-

hypar (nt) can be found with respect to the following equations. 

 2nn j   (5.9) 

 1)(  nnnn jht  (5.10) 

5.2. Parametric Modeling: Morphology of Multi-Hypar 

To study the morphology of multi-hypars, a parametric model has been 

constructed in Grasshopper (Figure 5.3). Similar to the parametric models for 

hyperboloids and hypars discussed in the previous chapters, the basic geometrical 

principles are defined with a set of variables in the model. 

 

Figure 5.3. Parametric model of multi-hypar generated in Grasshopper 
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The input parameters are l, β, nh and n (the number of divisions on directrices) 

that are adjustable variables and can be changed to generate any desired multi-hypar 

surface. With respect to the given input parameters, the unknown parameters such as li 

and βi, the xzy components of the nodes, the distances between the nodes, high and low 

points, the curvature and area of the surface, overall span (s) and height of the surface can 

be obtained from the parametric model. 

By changing the parameter l, a larger surface can be obtained. The number of 

intermediate lines in each hypar can be increased or decreased according to the parameter 

n. Figure 5.4 shows the process of increasing the number of divisions on directrices in 

hexagonal multi-hypar surface. As seen, this operation does not change the curvature of 

the surface in each hypar. 

 

Figure 5.4. The process of increasing the number of division in hexagonal multi-hypar 

The parametric model also enables to change the parameter nh. Starting from 

tetragonal multi-hypar surface that is composed of four identical hypars, different types 

of multi-hypar surfaces are generated. Table 5.1 illustrates some basic types and 

construction parameters of multi-hypar surfaces. 
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Table 5.1. Types of doubly-ruled multi-hypar surfaces 

 

(cont. on next page) 
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Table 5.1 (cont.) 

 

The curvature of the surface can be adjusted by changing the parameter β. The 

more curved surface is obtained with a higher value for β. The parametric model allows 

changing β both in positive and negative z-directions as shown in Figure 5.5. To 

demonstrate the relation between β and the other parameters such as s, the maximum 

height of each hypar (hm), the surface area for each hypar (Ah) and the overall surface area 
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(A), a numerical example is investigated. For this purpose, the hexagonal multi-hypar 

surface in Figure 5.5 is analyzed in which l is taken as 5m and n is equal to 6. 

 

Figure 5.5. Hexagonal multi-hypar surface generated by changing the rotation angle 

Table 5.2 shows the aforementioned output parameters generated from the 

parametric model. According to Table 5.2, the maximum value for s is obtained with the 

minimum value for β. As β increases, s decreases until β becomes equal to 900. When β 

≥ 900, s equals to 2l. In contrast to s, the maximum hm is obtained when β = 900. 

Table 5.2. Geometrical data generated from the parametric model 

Rotation angle  

[β] (degree) 

Overall span      

[s] (m) 

Max. height of 

each hypar      

[hm] (m) 

Surface area for 

each hypar      

[Ah] (m2) 

Overall surface 

area [A] (m2) 

± 15 17.02 ± 1.20 21.58 129.52 

± 30 16.16 ± 2.16 21.37 128.27 

± 45 14.78 ± 3.06 20.98 125.90 

± 60 12.99 ± 3.75 20.34 122.04 

± 75 10.90 ± 4.18 19.40 116.42 

± 90 10.00 ± 4.33 18.13 108.82 

± 105 10.00 ± 4.18 16.54 99.26 

± 120 10.00 ± 3.75 14.65 87.94 

± 135 10.00 ± 3.06 12.55 75.33 

± 150 10.00 ± 2.16 10.38 62.30 
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On the other hand, the maximum values for Ah and A are obtained with the lowest 

value for β. As β increases, the surface area for each hypar and overall geometry decrease 

due to the fact that the curvature of the hypars increases. 

5.3. Construction of Transformable Multi-Hypars: Structural 

Synthesis3 

A novel method is introduced to construct transformable multi-hypars. Similar to 

the design method discussed in Section 4.3.1, first of all, a linkage mechanism (LM) is 

constructed which is mainly based on interconnecting a number of identical hypars at 

their adjacent bars. When connecting the hypars to each other, the R joints at mid 

intersection point is removed and the common bars between the hypars are replaced with 

a fixed one as depicted in Figure 5.6. 

 

Figure 5.6. Construction of LM composed of hypars 

The type of the fixed bar depends on the number of hypars to be used in the 

system. For instance, if four hypars are connected to each other, the fixed bar has a cross 

shape consisting of two identical bars perpendicular to each other. If five hypars are 

connected, the angle between the bars (the segment angle φ) should be 720. Similarly, if 

a hexagonal multi-hypar surface is created, φ should be 600 and so forth. Figure 5.7 shows 

some basic types for the fixed bar. 

                                                 
 3 The main content of this section is published by Maden and Teuffel (2013) 
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Figure 5.7. Types of fixed bar: a) tetragonal fixed bar; b) pentagonal fixed bar; c) 
hexagonal fixed bar; d) heptagonal fixed bar; e) octagonal fixed bar; f) 
decagonal fixed bar 

As discussed in Section 4.3.1, the LM for a single hypar has itself 2-DoF. 

However, connecting the hypars to each other with a fixed bar reduces the DoF of each 

hypar from 2 to 1. Therefore, the DoF of LM composed of multi-hypar is equal to the 

number of hypars to be used in the system. This argument can be proved by calculating 

the DoF of the system according to the mobility formula described in Eq. (3.16). For the 

tetragonal multi-hypar in Figure 5.6, the system parameters are ∑fi = 28, λ = 6 and L = 4. 

Thus, the mobility of the system is calculated as M = 28-(6x4)+0-0 = 4. On the other 

hand, the system parameters for each hypar are ∑fi = 7, λ = 6, L = 1 and therefore, M = 7-

(6x1)+0-0 = 1. As seen, each hypar has single DoF due to the fact that one of the R joints 

is removed and the movement of two adjacent bars are restricted by replacing them with 

a fixed bar. 

Even though the DoF for each hypar is reduced, the whole system still has enough 

DoF to provide flexibility on shape control. Due to the fact that each hypar has its own 

mobility, the hypars can be moved simultaneously or separately. If the hypars are actuated 

simultaneously, identical deployment behavior is obtained. However, if they are actuated 

separately, each hypar in the system has its own deployment behavior. Figure 5.8 shows 

the possible configurations of the tetragonal LM. 
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Figure 5.8. Various configurations of the M-DoF tetragonal linkage mechanism 

After obtaining a M-DoF LM, the next step is to add structural groups (SGs) to 

the LM. To keep the mobility of the system, the same SG and joint types (3R, C2R and 

2CR) described in Section 4.3.1 are used. The same design approach is followed when 

increasing the number of SG (ns) in the system. Figure 5.9 illustrates the process of adding 

one and two SGs to one of the hypars in the LM. 
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Figure 5.9. a) The process of adding SG to LM ; a) adding one SG; b) adding two SGs 

Starting from SMs composed of one SG in each hypar, different types of SMs are 

developed. At first, a tetragonal SM is constructed by adding one SG to each hypar in 4-

DoF LM in Figure 5.10a. The system parameters of the tetragonal SM in Figure 5.10b are 

∑fi = 100, λ = 6 and L = 16. The mobility of the system is M = 100-(6x16)+0-0 = 4. 

According to the result, it is seen that the SM still has 4-DoF. Although the number of 

bars and joints are increased in the system, the mobility remains same due to SGs. 

The tetragonal 4-DoF SM is capable of transforming itself from planar 

configuration to various hypar geometries. Since each hypar has single DoF, they can be 

deployed simultaneously or alternately. In Figure 5.10, the transformation process of the 

4-DoF tetragonal SM is shown. The shape of the SM can be easily adjusted by changing 

the configuration of each hypar. In addition to the deployment of the hypars in different 

directions, two, three or all of them can be deployed simultaneously in the same direction. 

Besides, the hypars can be deployed in opposite directions simultaneously in such a way 

that some of them are deployed in positive z-direction while the others are deployed in 

negative z-direction. In Figures 5.10b and 5.10f, the hypars have identical deployment 

behavior in which they are deployed upward and downward in z-direction, respectively. 
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In Figures 5.10d, 5.10e, and 5.10h, two of the hypars are deployed together in the same 

direction while they are deployed in opposite directions in Figure 5.10g. 

 

Figure 5.10. Transformation process of 4-DoF tetragonal SM composed of one SG 

After constructing 4-DoF tetragonal SM and showing that adding one SG to each 

hypar in the LM does not change the DoF of the whole system, a hexagonal SM is 



96 

constructed by following the aforementioned design methodology. First, a hexagonal LM 

is constructed as depicted in Figure 5.11a. 

 

Figure 5.11. Transformation process of 6-DoF hexagonal SM composed of one SG 

Then, the mobility of LM is calculated according to Eq. (3.16). In the LM, ∑fi = 

42, λ = 6 and L = 6, thus the mobility is M = 42-(6x6)+0-0 = 6. When the SGs are added 
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to LM as shown in Figure 5.11b, it is found that ∑fi = 150, λ = 6 and L = 24. Therefore, 

the mobility of the hexagonal SM is equal to M = 150-(6x24)+0-0 = 6. Similar to the 

tetragonal SM, each hypar has single DoF in the hexagonal SM. Because it has more 

hypars than the tetragonal SM, it provides more geometric configurations. Figure 5.11 

shows some of the geometric configurations obtained for 6-DoF hexagonal SM. In 

Figures 5.11b and 5.11h, all of the hypars are deployed simultaneously in the same 

direction. Figure 5.11c shows the planar configuration of the SM. While three of the 

hypars are deployed together in Figures 5.11d, 5.11e and 5.11g, hypars are deployed in 

different directions in Figure 5.11f. In addition to these configurations, it is possible to 

obtain different configurations by folding each hypar in different directions with different 

deployment angle β. 

Based on aforementioned design method, any type of SMs can be constructed. The 

DoF of the SM depends on the number of hypars in the system. As the number of hypar 

increases in the system, the number of DoF also increases. This argument can be proved 

by calculating the mobility of different types of SMs. In pentagonal SM, the system 

parameters of LM are ∑fi = 35, λ = 6 and L = 5. With respect to Eq. (3.16), it is found that 

M = 35-(6x5)+0-0 = 5. When one SG is added to each hypar in the LM, the system 

parameters become ∑fi = 125, λ = 6 and L = 20; therefore, M = 125-(6x20)+0-0 = 5. 

Similarly, in heptagonal LM: ∑fi = 49, λ = 6, L = 7, M = 49-(6x7)+0-0 = 7 and in 

heptagonal SM: ∑fi = 175, λ = 6, L = 28, M = 175-(6x28)+0-0 = 7. Likewise, in octagonal 

LM: ∑fi = 56, λ = 6, L = 8, M = 56-(6x8)+0-0 = 8 and in octagonal SM: ∑fi = 200, λ = 6, 

L = 32 and M = 200-(6x32)+0-0 = 8. As seen, the DoF of the SM equals to DoF of its LM.  

Since SGs have no effect on the mobility of the whole system, more SGs can be 

added to LM. For this purpose, different types of SMs composed of two SGs in each hypar 

are constructed. Differing from the SMs having one SG, new intermediate intersections 

occur between the SGs. As shown in Figure 5.9b, two new intersections emerge when 

two SGs are added to the hypars. To keep the DoF of the whole system, 2CR joints are 

used to connect SGs to each other at their intersection points. It should be noted that these 

joints are excessive; therefore they are considered as q parameter in the mobility formula. 

To construct a tetragonal SM composed of two SGs in each hypar, at first a 4-DoF 

LM is constructed with respect to aforementioned design method (Figure 5.12a) and then 

the SGs are added to LM (Figure 5.12b). According to Eq. (3.16), the system parameters 

of the SM are ∑fi = 212, λ = 6, L = 36 and q = 8; therefore, M = 212-(6x36)+8-0 = 4. As 

in the tetragonal SM with one SG, the system has 4-DoF that provides various hypar 
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geometries. Figure 5.12 shows different geometric configurations of the transformable 

tetragonal SM with two SGs. 

 

Figure 5.12. Transformation process of 4-DoF tetragonal SM composed of two SGs 

Similar approach is applied to construct a hexagonal SM with two SGs. After 

constructing 6-DoF hexagonal LM as depicted in Figure 5.13a, two SGs are added to each 
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hypar in the LM (Figure 5.13b). With respect to Eq. (3.16), it is found that ∑fi = 318, λ = 

6, L = 54 and q = 12; therefore M = 318-(6x54)+12-0 = 6. Different geometric 

configurations of the 6-DoF hexagonal SM are given in Figure 5.13. In addition to these 

configurations, it is possible to generate many other configurations by adjusting the 

deployment angles of the hypars. 

 

Figure 5.13. Transformation process of 6-DoF hexagonal SM composed of two SGs 
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As in the SMs with one SG, any type of SMs with two SGs can be easily 

constructed by following the design methodology. The SMs keep the initial DoF of the 

LM even after the SGs are added. For instance, when SGs are added to 5-DoF pentagonal 

LM, it is found that ∑fi = 265, λ = 6, L = 45, q = 10 and M = 265-(6x45)+10-0 = 5. 

Similarly, in heptagonal SM: ∑fi = 371, λ = 6, L = 63, q = 14 and M = 371-(6x63)+14-0 

= 7 and in octagonal SM: ∑fi = 424, λ = 6, L = 72, q = 16 and M = 424-(6x72)+16-0 = 8. 

The results show that adding more SGs to the LM does not change the transformation 

capacity and the DoF of the whole system. Thus, any number of SGs can be added to the 

system. By increasing the number of SG in the system, more flexible surfaces can be 

obtained. Table 5.3 illustrates the morphology of SM composed of multi-hypars. 

Table 5.3. Morphology of SM composed of multi-hypars 

 

(cont. on next page) 
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Table 5.3 (cont.) 

 

The number of joints used in the SMs is calculated by Eq. (5.11) where NR is the 

number of R joints, N3R is the number of 3R joints, NC2R is the number of C2R joints, N2CR 

is the number of 2CR joints, ns is the number of hypars in the SM and ns is the number of 

SGs used in each hypar. 
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5.4. Conclusion 

The first part of the chapter has explained the basic geometric design principles 

of multi-hypar surfaces which are generated by interconnecting the hypars developed in 

Chapter 4. The second part of the chapter was devoted to study the morphology of multi-

hypar surfaces. It has demonstrated how different types of surfaces can be obtained by 

changing the key design parameters. Finally, a novel design method has been introduced 
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to construct transformable SMs that are composed of multi-hypars. Based on the 

developed design methodology, different types of SMs have been proposed which can be 

used for further architectural applications. Transformation capacities and possible 

configurations of the proposed SMs have been discussed in detail. It has been proved that 

any type of SMs composed of multi-hypars can be constructed by using SGs with 

appropriate joints types.  

The presented work in this chapter has shown that the transformation capacity of 

the SMs proposed in the previous chapter has been extended by increasing the number of 

hypars in the SMs. By this means, various geometric shapes have been obtained. When 

compared to the current examples of transformable bar structures, it is seen that the 

proposed SMs offer real form flexibility with a simple mechanical system. Since they are 

flexible in terms of shape control, they can respond to various functional needs and adapt 

to changing circumstances. Thus, they can be used for different temporary or permanent 

applications in architecture. By extending the bar lengths and increasing the number of 

SGs in their systems, larger structures in different geometries can be constructed. 
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CHAPTER 6  

CASE STUDIES: PROPOSED TRANSFORMABLE 

DOUBLY-RULED STRUCTURES 

The objective of this chapter is to explore the possible architectural applications 

of the SMs proposed in the previous chapters. The proposed SMs not only can offer 

various alternatives for temporary buildings but also be used as permanent adaptive 

structures since they are flexible enough to adapt to changing conditions and various 

functional needs. Thus, it is possible to use them in different geometric configurations for 

different purposes. 

In this chapter, two case studies are proposed which serve as shelter structures. To 

test the feasibility of those structures, first, a general approach for the structural design 

and analysis of the case studies is introduced which includes determination of the loads 

and the load combinations according to Turkish Standards that is based on Eurocode. 

Thereafter, two case studies are presented consecutively. Each case study begins with the 

description of the overall geometry, kinematic and structural properties of the proposed 

structure. Then, a set of structural analysis is carried out at different geometric 

configurations to examine the strength and stiffness, respectively. 

6.1. General Approach for the Structural Design and Analysis 

Structural design is a systematic and iterative process which aims to produce a 

structure that is capable of resisting all applied loads without failure during its intended 

lifetime. It involves consideration of the various requirements such as the selection of 

materials, the most suitable dimensions of the members and the loading conditions. 

Structural analysis is a key part of the structural design which can be described as the 

determination of the internal forces, stresses and deformations of the structure under 

various load effects. To perform an accurate structural analysis, a number of factors such 

as the geometry of the structure, element type and connectivity, material and section 

properties, boundary conditions, applied loads on the structure, load combinations and 
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the type of the analysis must be addressed. The design loads are generally specified in 

building codes. In this thesis, the design loads for the case studies are determined in 

accordance with Turkish Standard that is based on Eurocode (TS EN 1990:2002). Thus, 

two principal limit states are considered for the design of the proposed structures. The 

first one is ultimate limit state (ULS) that is related to the maximum carrying capacity of 

the structure. It is associated with the failure under the combination of loads on the 

structure. The second one is serviceability limit state (SLS) that refers to the normal use 

of the structure. It concerns whether the deformation/deflection of the structure allows 

functioning properly in its normal intended use. 

In order to analyze the case studies proposed in this chapter, a combination of two 

software is used which are the graphical algorithm editor, Grasshopper® and the General 

Structural Analysis software, Oasys GSA®. The following procedure is used to carry out 

the structural analysis. 

First, the parametric model of the case study is generated in Grasshopper in which 

the geometric description of the structure is created. Second, the loads that act on the 

structure such as wind and snow loads are determined according to Eurocode 1 (TS EN 

1991-1-4:2007; TS EN 1991-1-3:2004). Then, the load combinations in the ULS and SLS 

are specified with respect to TS EN 1990:2002. Thereafter, all the required parameters 

for the structural analysis are defined in Grasshopper by using Geometry Gym plugin. 

The structural elements in the system are assigned with Element ID which describes both 

the cross-section properties of the elements and the modulus of elasticity, Poisson’s ratio 

and density of the materials designated according to EN 10025:2004. The element 

connectivity and boundary conditions are assigned with Node ID. The load cases are 

defined with Load ID. Similarly, the load combinations in the ULS and SLS are defined 

with analysis tasks in Grasshopper. Finally, the data created in Grasshopper is transferred 

to Oasys GSA software for detailed linear elastic structural analysis. After successfully 

exchanging the data and running the simulation in Oasys GSA, von Misses stresses and 

the nodal displacements are investigated to check the strength and the stiffness of the 

structure according to Eurocode 3 (TS EN 1993-1-1:2014). If the results are satisfactory, 

the design is completed. In case the structural strength and stability cannot be achieved, 

the cross-sections of the members are changed in Grasshopper and then the model is 

transferred to Oasys GSA software again to re-calculate the response of the structure 

under service loads. This step is repeated until the structure is correctly designed. 
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6.1.1. Loads and Load Combinations 

The loads affecting the proposed structures are self-weight, wind and snow. The 

wind load is determined in accordance with TS EN 1991-1-4:2007 specified for the free 

roofs and canopies. On the other hand, the snow load is found according to TS EN 1991-

1-3:2004. The Eurocode requires to design the structure for all possible combinations of 

actions (loads) that can occur simultaneously. Therefore, load case combinations are 

considered for the strength check in the ULS and the stiffness check in the SLS which are 

defined based on TS EN 1990:2002. 

6.1.1.1. Wind Load 

Wind load is the lateral pressure on the structure which acts directly on the 

external surfaces of enclosed structures and indirectly on the internal surfaces. It may also 

acts directly on the internal surface of open structures. The effect of the wind on the 

structure depends on the size, height, shape and dynamic properties of the structure. 

To calculate the wind load acting on the proposed structures, first, the basic wind 

velocity (Vb), the basic velocity pressure (qb) and the mean wind velocity [Vm (z)] at a 

height z above the terrain are found with respect to TS EN 1991-1-4:2007. 

 0,bseasondirb VCCV   (6.1) 

 2

2

1
bb Vq    (6.2) 

 borm VzCzCzV  )()()(  (6.3) 

where Vb,0 is the fundamental value of the basic wind velocity, Cdir is the directional 

factor, Cseason is the season factor, ρ is the air density, Cr (z) is the roughness factor and 

Co (z) is the orography factor. According to TS EN 1991-1-4:2007, the recommended 

value for Cdir, Cseason and Co (z) is 1, ρ is 1.25kg/m3 and the recommended rules for the 

determination of Cr (z) at height z are given by Eqs.(6.4) and (6.5). 
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 )/ln()( 0zzkzC rr     for   maxmin zzz   (6.4) 

 )()( minzCzC rr     for   minzz   (6.5) 

where z0 is the roughness length and kr is the terrain factor that is found with respect to 

 07.0
,0 )/(19.0 IIr zzk   (6.6) 

where z0,II = 0.05m (terrain category II), zmin = 2m (minimum height) and zmax = 200m as 

given in TS EN 1991-1-4:2007. Corresponding to the fundamental value of the basic wind 

velocity of 26 m/s that is taken for İzmir (Turkey), it is found that Vb is equal to 26 m/s 

according to Eq. (6.1) and qb is 0.422 kN/m2 according to Eq. (6.2). Vm (z) is calculated 

with respect to the height of the structures proposed for the case studies. 

After finding the values for Vb, qb and Vm (z) based on aforementioned equations, 

the peak wind velocity pressure [qp (z)] at a height z is calculated by the following 

formula. 

   )(
2

1
)(71)( 2 zVzlzq mvp    (6.7) 

where lv (z) is the turbulence intensity at a height z, ρ is the air density and Vm (z) is the 

mean wind velocity. The recommended procedure for the determination of lv (z) is given 

by Eqs. (6.8) and (6.9). 
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where kl = 1 (turbulence factor), Co (z) = 1 (orography factor) and z0 = 0.05m (the 

roughness length) as given in the Standard. 

Finally, the wind force (Fw) acting on the proposed structures is determined 

directly by using the expression of 
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where cscd is the structural factor, cf  is the force coefficient for the structure and qp (ze) is 

the peak velocity pressure at reference height ze and Aref is the reference area of the 

structure. The value of cscd is taken as 1 according to the Standard. The overall force 

coefficients cf and net pressure coefficients (cp,net) specified for the canopy roofs in TS 

EN 1991-1-4:2007 are used for the planar configuration of the proposed structures which 

are given in Table 6.1. Positive values indicate a net downward acting wind action while 

negative ones represent a net upward acting wind action. The load zones indicated in the 

Table 6.1 are illustrated in Figure 6.1. 

Table 6.1. cf and cp,net values for monopitch canopy 

Roof angle        

(α = 0) 

Overall force 

coefficients (cf) 

cp,net values in 

Zone A 

cp,net values in 

Zone B 

cp,net values in 

Zone C 

Maximum +0.2 +0.5 +1.8 +1.1 

Minimum -0.5 -0.6 -1.3 -1.4 

 

 

Figure 6.1. Illustration of the zones on key plan 

Due to the fact that the Turkish Standard does not contain the coefficients for the 

hypar geometry, Australian/New Zealand Standard AS-NZS 1170-2:2011 is used to 

determine the coefficients. Figure 6.2 shows the direction of the wind on hypar surface. 

The net pressure coefficients are given in Table 6.2. 
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Figure 6.2. Illustration of the net pressure coefficients on the plan 

Table 6.2. Net pressure coefficients for hypar free roofs 

Conditions θ, degrees Cp,w Cp,l 

Empty under,                  

0.25 < h/d < 0.5                

0.1 < c/d < 0.3                  

and                                  

0.75 < b/d < 1.25 

0 +0.45 +0.25 

-0.45 -0.25 

90 +0.45 +0.25 

-0.45 -0.25 

 

6.1.1.2. Snow Load 

Snow load acts vertically and refers to a horizontal projection of the area of the 

roof. The snow load on the roof is determined according to TS EN 1991-1-3:2004 which 

is described by the following equation: 

 ktei SCCs    (6.11) 

where μi is the snow load shape coefficient, Sk is the characteristic snow load on the 

ground, Ce is the exposure coefficient and Ct is the thermal coefficient. Based on TS EN 
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1991-1-3:2004, the values for Ce and Ct are taken as 1. The snow load shape coefficients 

are given in Table 6.3. 

Table 6.3. Snow load shape coefficients 

Roof angle (α) 00 ≤ α ≤ 300 300 < α < 600 α ≥ 600 

μ1 0.8 0.8(60-α)/30 0 

μ2 0.8+0.8α/30 1.6 - 

 

Sk is determined with a return period of 50 years in accordance with TS EN 

1990:2002. It depends on the climatic region, the geographical position and the site 

altitude above sea level. The National Annex specifies the characteristic values to be used. 

According to TS EN 1991-1-3:2004, the snow load on the ground is taken as 0.75 kN/m2. 

6.1.1.3. Load Combinations for Design 

The actions on the structure are permanent actions (Gk) and variable actions (Qk). 

The permanent actions are the weight of the structure and all architectural components. 

On the other hand, the variable actions are the pressure of the wind, the weight of the 

snow and the weights of machinery of occupants. For the combination of Gk and Qk, 

Eurocode defines partial and reduction factors due to the low probability of having both 

wind and snow loading at full magnitude at the same time. Thus, various combinations 

of the characteristic values of Gk and Qk and their partial factors of safety must be 

considered for the loading of the structure. According to TS EN 1990:2002, the general 

formula for the combination of the actions is 

  
 1

,,0
1

,1,1,,,
j

iki
i

iQkQjkjG QQG   (6.12) 

where γG is the partial factor for permanent action, γQ is the partial factor for variable 

action and ψ0 is the combination factor. In the formula, Qk,1 represents the leading variable 

action and Qk,i represents the other variable actions.  
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For the structural analysis of the proposed structures in case studies, four different 

load case combinations are used. The combination factors and the partial safety factors 

for the permanent and variable actions in the ULS and SLS according to TS EN 1990:2002 

are as follows: 
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where G is self-weight of the structure, Wu is wind uplift, Wd is wind downward and S is 

snow load. With respect to the aforementioned load case combinations in ULS and SLS, 

a structural analysis is performed for each case study. In the ULS, the strength of the 

structure (section design) is examined for different configurations of the structure. In the 

SLS, the stiffness of the structure is analyzed by checking the displacements of the nodes. 

For the serviceability checks, a deflection limit of span/200 is used (TS EN 1990:2002). 

6.2. Case Study 1: Transformable Hypar Structure4 

A transformable hypar structure is proposed as an architectural application of the 

2-DoF SM that is developed in Chapter 4. Serving as a canopy roof structure, it is 

composed of 10 identical tubular bars with a length of 10m (Figure 6.3). The structure is 

supported by two columns having a height of 5.5m. Steel is chosen as the material for the 

bars and columns. In the final configuration of the structure, architectural membrane is 

attached to the structure at nodes as a covering material. The applied loads transfer from 

the membrane to the structure through these nodes. 

                                                 
 4 The main content of this section is to be published by Maden, Aktaş and Korkmaz (in print) 
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Figure 6.3. Transformable hypar structure 

To connect the bars to each other, 3R, C2R, 2CR joints are used which are already 

introduced in Section 4.3.1 for the SM in the shape of hypar. Similar joint details are used 

for the connections between the hypar structure and the supporting elements. The joint 

details are shown in Figure 6.4. 

 

Figure 6.4. Joint details 
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The hypar structure is able to transform itself from a planar configuration to 

various doubly-curved hypar geometries. Two actuators are theoretically sufficient to 

move the structure, because the mobility of the system is equal to 2. However, to facilitate 

the movement of the structure, four linear actuators are placed as shown in Figure 6.3. 

Two of them at each end are controlled together. By activating the actuators, the overall 

geometry of the structure can be easily adjusted according to the user requirements and 

the desired space underneath. 

Since the hypar structure behaves like a mechanism without being constrained, it 

is necessary to convert the system into a structure. When the system completes its 

transformation, rotational or translational DoF must be restricted in order to stabilize the 

structure. For this purpose, the actuators are locked in the final position of the structure. 

By this means, four translations are removed. To guarantee the structural stability of the 

system, the end nodes of the actuators and the nodes where the structure is connected to 

the columns are fixed with pinned supports. This enables the system to act as a structure 

and transfer loads. 

6.2.1. Parametric Model of the Hypar Structure 

To analyze the geometrical properties of the hypar structure and to prepare a 

model for the structural analysis, a parametric model is developed in Grasshopper. The 

parametric model responds to the changes by reconfiguring the system according to the 

new values for the input parameters (Figure 6.5). The initial shape of the structure can be 

adjusted by changing the deployment angle of the hypar. 

The geometrical data obtained from the parametric model is given in Table 6.4. 

According to Table 6.4, the span of the structure at planar configuration (β = 0) is 14.15m 

in both x- and y- directions which changes during the deployment process. As the overall 

span of the hypar structure decreases, the overall height (hmax) increases. Likewise, the 

maximum overhang (lo) is obtained with the highest value for β. 

The parametric model is integrated with Oasys GSA software which allows 

generation of a complete set of structural analysis model with Grasshopper. Beside the 

construction parameters for the geometric analysis, the required parameters for the 

structural analysis are defined in Grasshopper. Then, the data is transferred to Oasys GSA 

software for detailed structural analysis. 
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Figure 6.5. Parametric model of the hypar structure 

Table 6.4. Geometrical data obtained from the parametric model 

Deployment 

angle [β] 

(degree) 

Minimum 

height [hmin] 

(m) 

Maximum 

height [hmax] 

(m) 

Span of the 

hypar [s]   

(m) 

Maximum 

overhang [lo] 

(m) 

Surface area 

of the hypar 

[A] (m2) 

0 5.50 5.50 14.15 0.00 100 

15 4.20 6.79 13.66 0.08 97.72 

30 3.00 8.00 12.24 0.32 90.83 

45 1.96 9.03 10.00 0.66 79.27 

60 1.16 9.83 7.08 1.04 58.73 

75 0.67 10.32 3.66 1.34 46.15 

 

6.2.2. Structural Analysis of the Hypar Structure 

The structure used for the static analysis is formed by tubular bars having circular 

hollow section (CHS) of 139.7x6.3mm. The columns have CHS of 355.5x8mm. 

Structural steel S355 is considered as the material of the members whose elastic modulus 

equals to 210 GPa, Poisson’s ratio is 0.3, the yield stress is 355 MPa and tensile strength 

is 470 MPa (EN 10025:2004). Partial safety factor for the structural steel is taken as 1 

according to TS EN 1993-1-1:2005. 
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With respect to guidelines described in Section 6.1.1.1 and Section 0, the wind 

and snow loading conditions are analyzed. Wind load is shown as the leading variable 

action. Based on the tributary area for every node, the wind force normal to the surface is 

calculated and then applied as concentrated loads on the nodes. On the other hand, the 

snow load is applied as concentrated force on the nodes. According to the load case 

combinations described in Section 6.1.1.3, the structural analysis is performed in 

accordance with TS EN 1990:2002. 

The ability of the hypar structure to withstand the loads is affected by the 

configuration of the structure as well as the material and the cross-sectional properties of 

the members. Five different geometric configurations from planar configuration to 

doubly-curved ones are determined for the structural analysis (Figure 6.6). The selected 

deployment angles are in configuration 1: β1 = β2 = 00 (Figure 6.6a); in configuration 2: 

β1 = β2 = 300 (Figure 6.6b); in configuration 3: β1 = β2 = 450 (Figure 6.6c); in configuration 

4: β1 = β2 = -300 (Figure 6.6d) and in configuration 5: β1 = β2 = -450 (Figure 6.6e). 

 

Figure 6.6. Configurations of the hypar structure determined for the structural analysis 
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Based on the selected values for β, the geometric configurations are generated 

from the parametric model in Grasshopper. Then, these configurations are transferred to 

Oasys GSA software in which linear elastic static analysis is performed in order to 

investigate the structure’s strength and stability at different configurations under the ULS 

and the SLS. 

6.2.2.1. Ultimate Limit State Analysis 

In order to examine the strength of the structure in aforementioned configurations, 

a structural analysis is performed under the ULS. It was expected that the planar 

configuration of the hypar structure (configuration 1) would be less efficient structural 

shape when compared to other configurations of the structure in doubly-curved geometry. 

Figure 6.7 shows von Misses stresses occurring in configuration 1 under different load 

case combinations. 

 

Figure 6.7. Configuration 1 (β1 = β2 = 00): distribution of von Misses stresses 
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For the cases 1 and 2 in which the structure is under self-weight and wind loads, 

the maximum stresses are respectively 94.33 MPa and 141.2 MPa which remain far below 

the yield stress of 355 MPa. However, in case 3 under self-weight and snow load, it is 

found that the maximum stress is 321.6 MPa. Although it is smaller than the yield stress, 

it is very high when compared to first two cases. On the other hand, in case 4 under self-

weight, uplift wind load and snow load, the resulting stress is lower and it is 225.1 MPa. 

Based on the results, it can be said that the stress requirements are satisfied in planar 

configuration due to that fact that the maximum stresses are less than the yield strength 

of the material.  

In Figure 6.8, distributions of von Misses stresses in configuration 2 are shown. 

Like configuration 1, the maximum stress occurs in case 3 with a value of 287.9 MPa. In 

case 2, the maximum stress under self-weight and downward wind load (150.6 MPa) is 

more than the stress occurring in the same case in configuration 1. On the other hand, the 

maximum stress is much lower that is 53.5 MPa in case 1 under the self-weight and uplift 

wind load. Similarly, the maximum stress in case 4 (51.91 MPa) under the self-weight, 

uplift wind load and snow load is satisfactory. In all cases, the design is safe since the 

resulting stresses are lower than the yield stress. 

 

Figure 6.8. Configuration 2 (β1 = β2 = 300): distribution of von Misses stresses 
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Configuration 3 is the half deployed configuration of the structure. Due to the fact 

that the curvature of the structure is increased, it has a more efficient form. Figure 6.9 

illustrates that the highest stresses occur in cases 2 and 3 with the values of 115.9 MPa 

and 135.3 MPa, respectively. The maximum stress in case 1 is 29.47 MPa while it is 14.39 

MPa in case 4. When compared to configuration 2, it is seen that the maximum von 

Misses stresses remain very low for all cases. According to the results, it can be claimed 

that the resistance of the structure in the half deployed configuration is the most due to 

the increased curvature. Thus, the system is structurally more efficient than the 

configurations 1 and 2. 

 

Figure 6.9. Configuration 3 (β1 = β2 = 450): distribution of von Misses stresses 

In configurations 4 and 5, the structure is folded in reverse direction in which 

higher points of the hypar in configurations 2 and 3 become lower ones and the lower 

points become higher ones. The response of the structure in configurations 4 and 5 under 

aforementioned load cases is shown in Figures 6.10 and 6.11. Maximum von Misses 

stresses occurring in those configurations are given in Table 6.5. 
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Figure 6.10. Configuration 4 (β1 = β2 = -300): distribution of von Misses stresses 

 

Figure 6.11. Configuration 5 (β1 = β2 = -450): distribution of von Misses stresses 
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According to the results given in Table 6.5, it is seen that the values for the 

maximum stresses in configurations 4 and 5 are similar to stresses occurring in 

configurations 2 and 3 since the structure is symmetric about xz- and yz-planes. For both 

configurations, the stresses are satisfactory since von Misses stresses are less than the 

yield strength of the material. Like configuration 3, configuration 5 has also an efficient 

form due to its curvature. 

Table 6.5. Maximum von Misses stresses in configurations 4 and 5 

Load 

cases 

Maximum von Misses stresses (MPa) 

Config. 1 Config. 2 Config. 3 Config. 4 Config. 5 

Case 1 94.33 53.5 29.47 52.56 29.09 

Case 2 141.2 150.6 115.9 148.5 113.4 

Case 3 321.6 287.9 135.3 283.2 132.3 

Case 4 225.1 51.91 14.39 51.65 14.12 

 

6.2.2.2. Serviceability Limit State Analysis 

The deformation of the structure is analyzed by checking the displacements of the 

nodes under SLS. The deflection limits for the configuration from 1 to 5 are respectively 

70.75mm, 61.2mm, 50mm, 61.2mm and 50mm. The deformed shape of the structure in 

aforementioned configurations can be seen from Figure 6.12 to Figure 6.16. The 

maximum vertical nodal displacements are given in Table 6.6. According to Table 6.6, 

the maximum displacements occur in case 3 for all configurations which are respectively 

-62.64mm, -50.85mm, -27.38mm, -27.38mm, -50.35mm and -26.68mm. The 

deformations in configuration 1 are larger than the other configurations, but the 

serviceability checks are satisfied for all cases. The deflections occurring in 

configurations 2 and 4 are similar and they are below the serviceability limit of 61.2mm. 

On the other hand, the displacements in configurations 3 and 5 remain far below the 

serviceability limit (50mm) for all cases. Similar to the result found in the stress analysis, 

the most efficient shape is the half deployed configuration of the structure (β = ± 450). As 

a result, it can be said that the serviceability checks for the displacements are satisfied in 

all configurations for all case combinations. Thus, the serviceability governs the design. 
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Figure 6.12. Configuration 1 (β1 = β2 = 00): deformation of the structure under the SLS 

 

Figure 6.13. Configuration 2 (β1 = β2 = 300): deformation of the structure under the SLS 
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Figure 6.14. Configuration 1 (β1 = β2 = 450): deformation of the structure under the SLS 

 

Figure 6.15. Configuration 1 (β1 = β2 = -300): deformation of the structure under the SLS 
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Figure 6.16. Configuration 1 (β1 = β2 = -450): deformation of the structure under the SLS 

Table 6.6. Maximum displacements of the structure in different configurations 

Load cases Vertical displacements (mm) 

Config. 1 Config. 2 Config. 3 Config. 4 Config. 5 

Case 1  16.23  3.80  2.98  3.69  2.82 

Case 2 -31.96 -32.02 -26.26 -31.85 -25.85 

Case 3 -62.64 -50.85 -27.38 -50.35 -26.68 

Case 4 -34.44 -31.53 -12.10 -31.17 -11.01 

 

6.3. Case Study 2: Transformable Multi-Hypar Structure 

The structure presented in this case study is a transformable multi-hypar shelter 

that is an architectural application of the M-DoF SM developed in Chapter 5. 

Transforming from planar configuration to various hypar geometries, the proposed 

structure is implemented as an adaptive roof for an exhibition hall. It is mainly composed 

of 6 hypars. Each hypar consists of two SGs having the identical tubular bars with a length 

of 7m. The structure is connected to six columns at its end nodes as shown in Figure 6.17. 
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The height of the columns is 6m. Similar connection details to that of Case study 1 are 

used to connect the bars and supporting structures. Membrane is used to cover the 

structure in its final configuration which is connected to the upper bars at nodes. 

 

Figure 6.17. Transformable multi-hypar shelter structure 

The motion of the structure is provided by linear actuators. The locations of the 

actuators are depicted in Figure 6.17. In order to control the geometry of the structure, six 

actuators are theoretically needed since the hexagonal multi-hypar SM has itself 6-DoF. 

As calculated in Section 5.3, each hypar in the system has single DoF. However, two 

actuators are placed on each hypar in order to facilitate its movement. In total, twelve 

linear actuators are used. 

According to the activity and user requirements, the geometry of the structure can 

be adjusted by activating the actuators that can be operated simultaneously or optionally. 

When they are activated simultaneously, identical deployment behavior is obtained for 

each hypar. On the other hand, when they are activated optionally, multiple configurations 

can be generated. By changing the deployment angle of the hypars, numerous 

configurations can be obtained in response to changing circumstances. 
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The proposed structure not only has the ability to reversibly change its shape from 

one geometrical configuration to another, but also is able to change its function from a 

mechanism to a structure by restricting its movement. In the final deployed configuration 

of the structure, the rotational and translational DoF must be removed in order to obtain 

a structural system that can transfer the loads to the ground through its elements. Since 

the structural system has twelve actuators, minimum twelve translations need to be 

constrained. Accordingly, the translational DoF of the actuators are restricted by locking 

them. The end nodes of the fixed bar and the actuators are pinned to stabilize the structure. 

6.3.1. Parametric Model of the Multi-Hypar Structure 

A parametric model is developed in Grasshopper to define the design variables of 

the proposed multi-hypar structure (Figure 6.18). As well as providing investigation of 

geometric properties of the structure, the parametric model enables to adjust the 

configuration of the structure by changing the deployment angles of the hypars. In Figure 

6.19, some of the selected geometric configurations are illustrated. In addition to these 

configurations, it is possible to obtain several different geometries by changing the 

deployment angles of the hypars. 

 

Figure 6.18. Parametric model of the multi-hypar structure 
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Figure 6.19. Selected configurations of the multi-hypar structure generated from 
parametric model 

Table 6.7 demonstrates the geometrical properties of the multi-hypar structure in 

aforementioned configurations. According to Table 6.7, as the deployment angle of the 

hypars increase, the surface area of the hypar (Ah) and the overall surface area of the 
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structure (Ao) decrease. The maximum Ao is obtained in the planar configuration of the 

structure which is equal to 254.58m2. 

Table 6.7. Geometrical data obtained from the parametric model for multi-hypar 

Num. 

of 

config. 

Num. 

of 

hypar 

Deployment 

angle [β] 

(degree) 

Minimum 

height [hmin] 

(m) 

Maximum 

height [hmax] 

(m) 

Surface area 

of the hypar 

[Ah] (m2) 

Overall 

surface area 

[Ao] (m2) 

  
  

  
  

  
   

  

C
o

n
fi

gu
ra

ti
o

n
 1

 

1 0 6.00 6.00 42.43  

254.58 

2 0 6.00 6.00 42.43 

3 0 6.00 6.00 42.43 

4 0 6.00 6.00 42.43 

5 0 6.00 6.00 42.43 

6 0 6.00 6.00 42.43 

  
  

  
  

  
   

  

C
on

fi
gu

ra
ti

on
 2

 

1 +30 6.00 9.03 41.90  

251.40 

2 +30 6.00 9.03 41.90 

3 +30 6.00 9.03 41.90 

4 +30 6.00 9.03 41.90 

5 +30 6.00 9.03 41.90 

6 +30 6.00 9.03 41.90 

  
  

  
  

  
   

  

C
on

fi
gu

ra
ti

on
 3

 

1 0 6.00 6.00 42.43  

251.58 

2 +40 6.00 9.90 41.43 

3 0 6.00 6.00 42.43 

4 +40 6.00 9.90 41.43 

5 0 6.00 6.00 42.43 

6 +40 6.00 9.90 41.43 

   
   

   
   

   

C
on

fi
gu

ra
ti

on
 4

 

1 -65 0.50 6.00 39.32  

241.32 

2 +45 6.00 10.28 41.12 

3 -65 0.50 6.00 39.32 

4 +45 6.00 10.28 41.12 

5 -65 0.50 6.00 39.32 

6 +45 6.00 10.28 41.12 

   
   

   
   

   

C
on

fi
gu

ra
ti

on
 5

 

1 -70 0.30 6.00 38.71  

243.42 

2 0 6.00 6.00 42.43 

3 -70 0.30 6.00 38.71 

4 0 6.00 6.00 42.43 

5 -70 0.30 6.00 38.71 

6 0 6.00 6.00 42.43 

(cont. on next page) 
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Table 6.7 (cont.) 

Num. 

of 

config. 

Num. 

of 

hypar 

Deployment 

angle [β] 

(degree) 

Minimum 

height [hmin] 

(m) 

Maximum 

height [hmax] 

(m) 

Surface area 

of the hypar 

[Ah] (m2) 

Overall 

surface area 

[Ao] (m2) 

  
  

  
  

  
   

  

C
o

n
fi

gu
ra

ti
o

n
 1

 

1 +50 6.00 10.64 40.76  

240.96 

2 -60 0.75 6.00 39.86 

3 -60 0.75 6.00 39.86 

4 -60 0.75 6.00 39.86 

5 +50 6.00 10.64 40.76 

6 -60 0.75 6.00 39.86 

  
  

  
  

  
   

  

C
o

n
fi

gu
ra

ti
o

n
 2

 

1 0 6.00 6.00 42.43  

245.25 

2 0 6.00 6.00 42.43 

3 0 6.00 6.00 42.43 

4 -65 0.50 6.00 39.32 

5 -65 0.50 6.00 39.32 

6 -65 0.50 6.00 39.32 

  
  

  
  

   
   

 

C
on

fi
gu

ra
ti

on
 3

 

1 +35 6.00 9.47 41.69  

234.93 

2 +45 6.00 10.28 41.12 

3 -75 0.15 6.00 38.03 

4 -75 0.15 6.00 38.03 

5 -75 0.15 6.00 38.03 

6 -75 0.15 6.00 38.03 

  
  

  
  

  
   

  

C
on

fi
gu

ra
ti

on
 4

 

1 +40 6.00 9.90 41.43  

245.95 

2 +45 6.00 10.28 41.12 

3 -50 1.35 6.00 40.76 

4 -50 1.35 6.00 40.76 

5 -50 1.35 6.00 40.76 

6 +45 6.00 10.28 41.12 

   
   

   
   

   

C
on

fi
gu

ra
ti

on
 5

 

1 -60 0.75 6.00 39.86  

239.16 

2 -60 0.75 6.00 39.86 

3 -60 0.75 6.00 39.86 

4 -60 0.75 6.00 39.86 

5 -60 0.75 6.00 39.86 

6 -60 0.75 6.00 39.86 

 

In addition to the geometrical properties of the system, structural properties of the 

structure are also defined in the parametric model. Based on the preliminary design, a 

structural analysis is conducted in GSA to test the strength and stiffness of the structure. 
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If the results are not satisfactory for all the configurations, the cross-sections of the 

members are changed in Grasshopper and the analysis is repeated in GSA. 

6.3.2. Structural Analysis the Multi-Hypar Structure 

Having a covered area of 254.58 m2 in the planar configuration, the multi-hypar 

shelter structure is shaped by tubular bars. CHS of 114.3x5mm are employed for all the 

intermediate bars of the hypars. The edge bars of the hypars have CHS of 139.7x8mm. 

For the fixed bar and the columns, CHS of 139.7x8mm and CHS of 355.5x8 mm are used 

respectively. Structural steel S355 is chosen as the material of the elements which has an 

elastic modulus of 210 GPa, Poisson’s ratio of 0.3, yield stress of 355 MPa and tensile 

strength of 470 MPa (EN 10025:2004). According to TS EN 1993-1-1:2014, partial safety 

factor for the structural steel is taken as 1. After calculating the wind and snow loads 

according to the guidelines described in Sections 6.1.1.1 and 6.1.1.2, they are resolved 

into point loads using the tributary areas. Then, the load case combinations are defined 

according to Section 6.1.1.3. Finally, a set of structural analysis is carried out under the 

ULS and the SLS to test the feasibility of the proposed structure at different configurations. 

6.3.2.1. Ultimate Limit State Analysis 

In the ULS analysis, the strength of the proposed structure in the aforementioned 

configurations is checked. The maximum von Misses stresses occurring in those 

configurations are given in Table 6.8. According to Table 6.8, the highest von Misses 

stresses occur in case 3 under influence of the combination of self-weight and snow load 

for all configurations except configurations 4, 6 and 10. When the distributions of von 

Misses stresses on the structure are examined for all configurations that are demonstrated 

from Figure 6.20 to Figure 6.29, it is seen that configuration 3 has the highest stress and 

the value is 326.7 MPa. Although it does not exceed the yielding stress of 355 MPa, it is 

at critical level. Similar to configuration 3, the structure has high stresses in configurations 

1, 5 and 7 (314 MPa, 302.5 MPa and 321.4 MPa, respectively) due to the fact that some 

of the hypars in the system have planar configurations. Nevertheless, the stresses for these 

configurations are still acceptable since they are less than the yield point value of the 
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steel. On the contrary, the stresses are lower in configurations 2, 4, 8 and 9 than the 

aforementioned configurations since all the hypars in the system have a curvature. The 

maximum stresses remain far below the yield stress of 355 MPa for these configurations. 

In configurations 6 and 10, the curvatures of the hypars are more than the other 

configurations and the maximum stresses remain far below the yield stress. It should be 

noted that the resistance of the structure changes as the configuration of the whole 

structure change. 

Table 6.8. Maximum von Misses stresses occurring in the configurations from 1 to 10 

Configurations Maximum von Misses stresses (MPa) 

Case 1 Case 2 Case 3 Case 4 

Configuration1 21.67 205.4 314.0 250.4 

Configuration 2 19.08 151.2 223.3 176.4 

Configuration 3 22.67 213.0 326.7 260.7 

Configuration 4 32.27 183.1 150.6 92.05 

Configuration 5 29.43 202.1 302.5 242.6 

Configuration 6 34.53 134.1 99.31 72.58 

Configuration 7 25.87 210.9 321.4 256.8 

Configuration 8 41.74 128.4 195.1 156.9 

Configuration 9 28.04 136.2 152.3 109.6 

Configuration 10 33.56 101.3 67.15 65.63 

 

On the other hand, the maximum von Misses stresses in case 1 under influence of 

the combination of self-weight and wind uplift remain very low for all configurations. 

The largest stress occurs in configuration 8 which is equal to 41.74 MPa. The lowest 

stress is found in configuration 2 with a value of 19.08 MPa. Von Misses stresses in case 

2 under self-weight and downward wind load are considerably high in comparison with 

case 1. Similar to case 3, the maximum stress is found in configuration 3 with a value of 

213 MPa. Configurations 1, 5 and 7 have also high stresses that are equal to 205 MPa, 

202.1 MPa and 210.9 MPa, respectively. Likewise, in case 4 under influence of the 

combination of self-weight, wind uplift and snow load, configuration 3 has the maximum 

stress among the other configurations which is 260.7 MPa. However, the stresses in 

configurations 1, 5 and 7 are greater than the stresses occurring in the same configurations 

in case 2. For the cases 1, 2 and 4, the strength checks are satisfied for all configurations 
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since von Misses stresses induced in the material do not exceed yield strength of the 

materiel. Therefore, the structure withstands the design loads. 

 

Figure 6.20. Configuration 1: distribution of von Misses stresses 

 

Figure 6.21. Configuration 2: distribution of von Misses stresses 
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Figure 6.22. Configuration 3: distribution of von Misses stresses 

 

Figure 6.23. Configuration 4: distribution of von Misses stresses 
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Figure 6.24. Configuration 5: distribution of von Misses stresses 

 

Figure 6.25. Configuration 6: distribution of von Misses stresses 
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Figure 6.26. Configuration 7: distribution of von Misses stresses 

 

Figure 6.27. Configuration 8: distribution of von Misses stresses 
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Figure 6.28. Configuration 9: distribution of von Misses stresses 

 

Figure 6.29. Configuration 10: distribution of von Misses stresses 
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Considering the strength of the structure, it is obvious that the most efficient form 

is in configuration 10 due to the fact that the stresses remain very low for all cases. The 

system is structurally efficient in configurations 2, 4, 6, 8 and 9 as well. The analysis 

results show that the less efficient structural shapes are in configurations 1, 3, 5 and 7 

since the resistance of the structure in these configurations are less than the other 

configurations. However, the stress requirements are satisfied. 

6.3.2.2. Serviceability Limit State Analysis 

The stiffness of the proposed structure at different configurations is checked under 

SLS through the displacements of the nodes. Maximum deflection is limited to a value of 

span/200 that is equal to 70mm. The deformations occurring in the structure under 

aforementioned load cases at different configurations are shown from Figure 6.30 to 

Figure 6.39. When the deformed shape of the structure is investigated, the largest 

displacements are found in the middle of the structure for the configurations in which the 

hypars are folded upward or downward directions. On the contrary, the maximum 

displacements occur at the edges when the hypars are in planar configuration. 

 

Figure 6.30. Configuration 1: deformation of the structure under the SLS 
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Figure 6.31. Configuration 2: deformation of the structure under the SLS 

 

Figure 6.32. Configuration 3: deformation of the structure under the SLS 
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Figure 6.33. Configuration 4: deformation of the structure under the SLS 

 

Figure 6.34. Configuration 5: deformation of the structure under the SLS 
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Figure 6.35. Configuration 6: deformation of the structure under the SLS 

 

Figure 6.36. Configuration 7: deformation of the structure under the SLS 
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Figure 6.37. Configuration 8: deformation of the structure under the SLS 

 

Figure 6.38. Configuration 9: deformation of the structure under the SLS 
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Figure 6.39. Configuration 10: deformation of the structure under the SLS 

The maximum vertical nodal displacements under influence of the load case 

combinations are given in Table 6.9. 

Table 6.9. Maximum displacements of the structure in different configurations 

Configurations Vertical displacements (mm) 

Case 1 Case 2 Case 3 Case 4 

Configuration1 13.67 -51.93 -62.86 -10.17 

Configuration 2 4.42 -36.89 -46.12 -25.46 

Configuration 3 14.62 -54.89 -65.97 -10.90 

Configuration 4 8.48 -24.00 -22.22 -19.04 

Configuration 5 9.17 -53.57 -60.74 -12.72 

Configuration 6 8.45 -19.23 -19.65 -17.69 

Configuration 7 15.60 -54.66 -64.41 -11.67 

Configuration 8 9.15 -34.29 -34.95 -18.56 

Configuration 9 6.81 -23.34 -19.07 -16.69 

Configuration 10 -7.11 -7.54 -15.84 -15.63 
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According to Table 6.9, the largest vertical nodal displacements are -62.86mm, -

65.98mm, -60.74mm and -64.41mm that occur respectively in configurations 1, 3, 5 and 

7 in case 3 under the combination of self-weight and snow load. They are significantly 

high in comparison with the other configurations in the same case. However, the 

displacements are still acceptable since they stay below the serviceability limit. On the 

other hand, the nodal displacements in case 2 are lower than case 3 for all configurations 

except configurations 4 and 9. Thus, serviceability checks are satisfied. In cases 1 and 4, 

the displacements are quite low and the structure is sufficiently stiff. 

6.4. Conclusion 

This chapter was concerned with constructing transformable structures using the 

proposed SMs in the previous chapters. It has proposed two case studies to verify the 

feasibility of those structures that can transform into multiple expanded forms. In order 

to analyze the structural behaviors of the proposed structures, first, the general approach 

for the structural design and analysis has been presented in which the loads and the load 

case combinations have been determined in accordance with Turkish Standards. Then, 

the parametric models of the proposed structures are constructed in Grasshopper to define 

the geometrical and structural design parameters. Thereafter, the data created in 

Grasshopper has been transferred to Oasys GSA software to conduct linear elastic static 

analyses of the proposed structures at different geometric configurations. Finally, a series 

of structural analysis has been carried out in Oasys GSA software for each case study. In 

the analyses, the proposed structures have been subjected to a design load comprised of 

self-weight, wind load and snow load. Multiple load-carrying configurations of the 

proposed structures have been analyzed under influence of the load case combinations 

complied with ULS and SLS criteria. 

For the first case study, five different configurations have been analyzed to 

examine the strength and stiffness of the structure under the ULS and the SLS. The 

analysis results showed that the structural resistance of the canopy structure depends on 

the configuration in which the curvature of the surface is changed. It has been found that 

the system is structurally more efficient in the half deployed configuration (β = ± 45) than 

the other ones due to the increased curvature. The analysis results have also indicated that 

planar configuration of the structure has the least efficient structural shape, but the stress 
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requirements and serviceability checks are satisfied. It has been concluded that the 

structure is able to carry the loads in a satisfactory manner under different cases at 

different geometric configurations. 

For the second case study, ten different geometric configurations of the shelter 

structure have been determined for the structural analysis. The strength of the structure 

has been analyzed under the ULS and von Misses stresses occurring in the structure at 

those configurations have been checked. The analysis results have demonstrated that the 

highest von Misses stresses occur when the hypars have planar configurations. The 

stiffness of the structure in aforementioned configurations has been analyzed under the 

SLS. It has been found that the largest displacements occur when the hypars have planar 

configurations. As a result of the structural analysis, it can be said that the stress 

requirements and stability checks are satisfied for all configurations. 
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CHAPTER 7  

CONCLUSIONS 

The aim of this dissertation was to develop novel design methodologies in order 

to construct deployable and transformable doubly-ruled surface structures meeting the 

criteria of flexibility in form, efficiency in structural system and simplicity structural 

mechanism (SM). The research conducted in this study has addressed three aspects of the 

design of deployable and transformable doubly-ruled surface structures: geometric design 

(generation of the topology of doubly-ruled surfaces), structural synthesis (determination 

of types and numbers of links and joints and motion analysis of the developed SMs) and 

structural design (feasibility testing of the proposed structures).  

This chapter presents the main achievements and contributions of the dissertation 

in the development of deployable and transformable doubly-ruled surface structures and 

highlights future work needed. 

7.1. Main Achievements 

The first effort of this dissertation was to examine the existing deployable and 

transformable bar structures in terms of their geometric, kinematic and structural 

properties in order to expose their main characteristics and deficiencies. By means of a 

thorough discussion, an insight has been given about their transformation capabilities, 

possible configurations and load bearing capacities. It has been found that the current 

solutions for these structures display fundamental problems due to the mechanical 

complexity of their systems and lack of structural resistance against design loads; 

therefore, they have been rarely constructed at full-scale for architectural applications.  

Second effort was given to construct single DoF deployable doubly-ruled 

hyperboloids. For this purpose, first, geometric design principles of the hyperboloids have 

been systematically analyzed and a parametric model has been developed to generate 

different types of the hyperboloid. Then, the study has explored the possibility of 

constructing doubly-ruled hyperboloids with Bennett Linkage. It has been showed that 
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the constructed systems become static with this mechanism and demonstrated that the 

deployment behavior is directly related to joint types. Thereafter, two new methods have 

been developed to construct deployable doubly-ruled hyperboloids. In the first method, 

the hyperboloids are constructed by using only revolute and spherical joints. On the other 

hand, new joints have been developed in the second method. Kinematic studies and 

motion analyses have verified that deployable hyperboloids can be easily constructed 

with respect to the ruled surface generation method. 

Third effort of the study was to develop transformable SMs that can change their 

shapes from a planar configuration to various hypar ones. After presenting geometrical 

design principles of the hypar surface, a parametric model has been constructed which 

allows generating hypars with any curvature. Two methods have been developed to 

construct different types of SMs. Transformation capacities and possible configurations 

of the proposed SMs have been discussed in detail. It has been proved that any type of 

transformable doubly-ruled hypars can be constructed by using structural groups (SGs) 

connected with appropriate joint types to the SMs. It has been demonstrated that the 

proposed SMs provide to obtain the doubly-curved geometry with less number of bars 

and joints when compared to the deployable bar structures composed of SLEs. Moreover, 

it has been presented that the proposed SMs allow more flexibility on shape control by 

means of 2-DoF. 

Fourth effort was to develop transformable multi-hypars that are composed of 

different numbers of hypars. Geometric design principles of multi-hypar surface have 

been investigated thoroughly and then the morphology has been explored by means of 

the developed parametric model. With respect to the kinematic studies, a procedure has 

been presented to construct multi-DoF SMs composed of any number of hypars and SGs. 

The transformation capabilities and possible configurations of the proposed SMs have 

been discussed. It has been proved that various geometric shapes and configurations can 

be obtained by using those SMs which can be used for further architectural applications. 

Finally, the developed SMs have been used in two case studies to demonstrate 

their possible applications in architecture. The general approach for the structural design 

and analysis of the case studies have been presented in which the design loads such as 

wind load, snow load and load case combinations have been determined according to the 

Turkish Standards based on Eurocode. The feasibility of the proposed structures has been 

investigated through static analyses. In the analysis, the strength and stiffness of the 

structures at various configurations have been tested under ultimate limit state and 
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serviceability limit state, respectively. According to the analysis, it has been found that 

the maximal stresses and vertical nodal displacements occurred mostly in planar 

configuration of the proposed structures whereas the stresses and displacements remained 

low in other configurations. Although the less efficient structural shape was the planar 

configuration among the others, the stress requirements and serviceability checks were 

satisfied for all load case combinations. It has been concluded that the proposed structures 

can carry the loads in a satisfactory manner at various geometric configurations. 

7.2. Contributions of the Dissertation 

This dissertation contributes to the literature by introducing a unique and novel 

study approach to the field of kinetic structures since no study has been conducted until 

this study about utilizing the ruled surfaces to construct deployable or transformable bar 

structures. It also contributes to the field of architecture by proposing novel adaptive 

structures that can be used for various applications in response to changing functional, 

spatial or environmental needs. Since the proposed structures enable obtaining the 

doubly-curved geometry with simplest mechanisms requiring less number of bars and 

joints, they can be easily constructed at full-scale for architectural applications although 

the current ones cannot be realized due to their mechanical complexity and insufficient 

structural resistance. Another contribution of this dissertation is that a systematic design 

procedure for deployable and transformable doubly-ruled surface structures has been 

made available to the designer of such structures. Because the design procedure includes 

geometric design, structural synthesis and structural design phases that are integrated with 

parametric modeling, it allows designer to construct viable alternatives for a wide range 

of potential applications by only changing the construction parameters. 

7.3. Recommendations for Future Research 

The research conducted in this study opens up many questions for future research 

and gives some clues about the directions to be followed. Some of the possible directions 

are presented as follows. 
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The proposed SMs have been used for permanent adaptive roof structures in this 

dissertation. However, they can be also used for a wide range of applications in the 

architectural field since they are adaptive in terms of capability of changing their shapes 

in response to changing environmental conditions and user demands. For instance, larger 

structures can be easily constructed for different applications by extending the bar lengths 

and increasing the number of SGs in their systems or responsive building facades can be 

generated by interconnecting the hypar units next to each other. In addition, the proposed 

SMs can offer various alternatives not only for permanent adaptive structures but also for 

temporary structures hosting temporary events such as, fairs, recreational facilities and 

sports. The flexibility on shape control not only facilitates multiple changes on the 

structures, but also allows transporting them from one location to another numerous 

times. Moreover, these structures can be used for protective shelters on excavated 

archeological sites during the excavation or until a permanent decision is taken since the 

excavated archaeological sites require protective shelters that have minimum number of 

support on the ground, are capable of rapid construction on site and expandable or 

removable when necessary. Furthermore, they can be used as a solar roof integrated with 

the solar panels that can be rotated toward the sun. The main focus for future research 

will be on these issues. 

To control the movements of the proposed structures, linear actuators have been 

used. These members are capable to withstand the forces and operated by a source of 

energy such as electric, hydraulic fluid pressure or pneumatic pressure. Because the force 

and type of the actuators can be changed according to the structural and mechanical 

properties of the proposed structures, a future study should focus on this issue to choose 

the suitable actuator for the system. 

Another specific issue that needs more research is the investigation of covering 

materials that is suitable for transformable structures. In this respect, flexible covering 

materials such as stretchable membranes, origami tessellations or pneumatic skins can be 

investigated for further research. 

To validate and improve the numerical models conducted in this dissertation, it is 

necessary to build prototypes of the proposed structures in which the joints are structurally 

designed. The performance of load testing on prototypes will not only provide 

information about the load bearing capacity of those structures, but also about the joint 

rigidities. Along with the prototype development, it can be also explored what 

manufacturing tolerances is required for joints to ensure smooth transformation. Practical 
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considerations such as the process of assembling the structure, operating the actuators, 

and covering the structure in its final configurations can be determined through the 

construction of prototype as well. 

The approach used for the structural analysis within the framework of this study 

was sufficient to test the feasibility of the proposed structures. However, more detailed 

and accurate calculations are required for further analysis and testing, including friction 

analysis, vibration analysis and cost-benefit analysis. Moreover, structural optimization 

is needed for those structures in order to maximize the structural efficiency and to obtain 

lighter structures. A future study can deal with such analyses and structural optimization. 

The investigation of the structural performance of the proposed structures during 

the transformation process is beyond the scope of this thesis. However, future research 

on this issue will be necessary to achieve reliable design for suitable applications of those 

structures. It could be interesting to investigate how the structural behavior varies as the 

hypars are shifted continuously between forms. 
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