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Abstract In this paper it is shown that a lattice L is a cofinitely supplemented lattice if and only if every
maximal element of L has a supplement in L. If a/0 is a cofinitely supplemented sublattice and 1/a has no
maximal element, then L is cofinitely supplemented. A lattice L is amply cofinitely supplemented if and only
if every maximal element of L has ample supplements in L if and only if for every cofinite element ¢ and an
element b of L with a v b = 1 there exists an element ¢ of b/0 such that a VV ¢ = 1 where c is the join of finite
number of local elements of b/0. In particular, a compact lattice L is amply supplemented if and only if every
maximal element of L has ample supplements in L.
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1 Introduction

Throughout L denotes an arbitrary complete modular lattice with smallest element O and greatest element 1.
A sublattice of the form b/a = {x € L | a < x < b} is called a quotient sublattice [3]. An element a of a
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lattice L is said to be small if a v b # 1 holds for every b # 1. It is denoted by a < L. We will write a < b
if a < b and a # b. We have the following properties of small elements:

Lemma 1.1 [3, Lemmas 7.2, 7.3 and 12.4] Let a < b be elements in a lattice L.

(1) Ifa<kb/0,thenav c <K (bVc)/cforeveryc e L.
2) bk Lifandonlyifa < Landb < 1/a.
(3) Letc < c/0andd <« d/0.Thenc vd <« (cvd))o.

An element a of L is called a supplement of an element b if a vV b = 1 and a is minimal with respect to this
property. Equivalently, an element a is a supplement of » in L if and only ifa Vb =1landa A b < a/0 [3,
Proposition 12.1]. A lattice L is said to be supplemented if every element a of L has a supplement in L. An
element a of a lattice L is said to be cofinite in L if the quotient sublattice 1/a is compact, thatis 1 = \/,.; x;
for some elements x; > a implies that 1 = \/,_p x; for some finite subset F of /. A lattice L is said to be
cofinitely supplemented if every cofinite element of L has a supplement in L. In Section 2 we prove that a
lattice L is cofinitely supplemented if and only if every maximal element of L has a supplement in L. Using
this we show that if a lattice L is an arbitrary join of cofinitely supplemented elements a; with a; /0 cofinitely
supplemented, then L is cofinitely supplemented. Also we prove that L is cofinitely supplemented if @/0 is a
cofinitely supplemented sublattice and 1/a has no maximal elements.

An element a of a lattice L has ample supplements in L if for every element b of L witha vb =1,b/0
contains a supplement of a in L. A lattice L is said to be amply supplemented if every element a of L has
ample supplements in L. In Section 3 we generalize some properties of amply supplemented modules to amply
supplemented lattices. Also we study amply cofinitely supplemented lattices, that is lattices whose cofinite ele-
ments have ample supplements. A lattice L is said to be local if the set of elements different from 1 has a largest
element. An element [ is called a local element if the quotient sublattice //0 is local. We show in Theorem
3.9 that a lattice L is amply cofinitely supplemented if and only if every maximal element of L has ample
supplements in L. Moreover in this situation for every cofinite element a and an element b of L withaVvb =1
there exists an element ¢ of b/0 such that a vV ¢ = 1 where c is the join of finite number of local elements of
b/0. In particular, a compact lattice L is amply supplemented if and only if every maximal element of L has
ample supplements in L.

We give proofs of the results for lattices when the proofs are different from those in the module case. All
definitions and related properties not given here can be found in [3,4].

2 Cofinitely Supplemented Lattices

An element c of L is said to be compact, if for every subset X = {x; | i € I} of L withc¢ < \/;; x; there exists
a finite subset F of I such that ¢ < \/,_p x;. A lattice L is said to be compact if 1 is compact and compactly
generated (or algebraic) if each of its elements is a join of compact elements [6]. For compactly generated
compact lattices a supplement of an element is compact [3, Proposition 12.2 (2)]. In the following proposition
we show that for an arbitrary lattice L a supplement of a cofinite element is compact:

Proposition 2.1 Let a be a cofinite element of a lattice L and b be a supplement of a. Then b/0 is compact.

Proof Since b is a supplement of ¢ in L,a v b = 1 and b is minimal with respect to this property. Let
b =\/,c; bi for some b; < b.

1=avb=av(\/bi)=\/(a\/bl~).

iel iel
Since a is cofinite, 1/a is compact, there exists a finite subset F of I such that
1= \/(avbi) =av(\/bl~).
ieF ieF

Then b = \/,.p b; by minimality of b. So b is compact. O
Recall that a lattice L is said to be local if the set of elements different from 1 has a largest element.
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Lemma 2.2 [1, Lemma2.9] Let {{;/0}icr, I = {1, ..., n} be afinite collection of local sublattices of a lattice
L and a be an element of L such that a v/ (\/;; l;) has a supplement b in L. Then there exists a subset J of |
such that b (\/;c; l;) is a supplement of a in L.

Proof Inductiononn.Forn =1, bis asupplementofa Vij,i.e.bVv(aviy) =1landb A (a Vi) < b/O0.
Putc=(avb)Al.Ifc=1j,thenly <avb.Sol=bv(avi) =avbandbra <bA(aVl) <Kb)O.
Thus b is a supplement of a in L. If ¢ # [y, then (a VvV b) Al; = ¢ < [1/0. Therefore, [ is a supplement of ¢
in/1/0. By [3, Lemma 12.3 ] and Lemma 1.1 (3) the following holds:

anbvh)<bar@aviDlvihr(avb)]k(®Vvi)/o.

So b Vv I} is a supplement of a. Suppose that n > 1 and b is a supplement of @’ v (\/?_, ;) in L where
a’ = a Vv 1. By the induction hypothesis there is a subset I’ of {2, ...,n} suchthat b’ = b Vv (\/;.; ;) is a
supplement of @’ = a Vv I, by the case n = 1 either b’ or b’ Vv I; is a supplement of @ in L. This completes the
proof. O

Lemma 2.3 [3, Lemma 12.5 (b)] In a lattice L let m be a maximal element. If [ is a supplement of m, then
1/0 is local. Moreover, I N\ m is the largest element of 1 /0 different from L.

Proof 1 is a supplement of m if and only if/ vm = landl Am < [/0.Letx € [/Oand x # [. If x < m,
thenx <l Am.Ifx £m (x £1 Am), then since m is maximal x vV m = 1.

[=IAnl1=IAN(xVm=xV(IAm).
Since Il Am <« 1/0,x = [. This is a contradiction. Thus / A m is the largest element (/) of //0. O

Theorem 2.4 [5, Theorem 5.3.33] A lattice L is a cofinitely supplemented lattice if and only if every maximal
element of L has a supplement in L.

Proof (=) Letm be a maximal element of L. Then there are only two elements of 1/m: 1, m. So m is cofinite.
Since L is cofinitely supplemented, m has a supplement in L.

(<) Let the join of local elements of L be denoted by Loc(L). Let m be a maximal element in 1/ Loc(L).
Then m is a maximal element of L. By assumption m has a supplement b in L. By Lemma 2.3, /0 is a
local sublattice; therefore, b is a local element. Then b < Loc(L) < mandsol = m Vv b = m. Thisis a
contradiction. So there is no maximal element in 1/ Loc(L). Let a be a cofinite element of L. Then a v Loc(L)
is cofinite in L. Since there is no maximal element in 1/ Loc(L), 1/(a v Loc(L)) has no maximal element,
but by [3, Lemma 2.4], if a vV Loc(L) # 1, then 1/(a v Loc(L)) has at least one maximal element (= 1). So
a Vv Loc(L) = 1. Since 1/a is compact for some local elements /1, ..., I, of L

av({iv.---vi,)=1.
0 is a supplement of a Vv (I} V --- VvV I,) = 1l in L. Thus by Lemma 2.2, a has a supplement in L. O
Using Theorem 2.4 we prove that if a lattice L is an arbitrary join of cofinitely supplemented principal

ideals, then L is cofinitely supplemented.

Theorem 2.5 Let {a;/0};c; be a collection of cofinitely supplemented sublattices of L with 1 = \/
L is a cofinitely supplemented lattice.

a;. Then

iel

Proof Letm be any maximal element of L. Ifa; < m foralli € I, then 1 =/ ie; @ < m which is a contra-
diction. So there existsa j € I suchthata; £ m.Then 1 =a;Vvm.Sincea;/(aj Am) = (ajVvm)/m = 1/m,
the element a; A m is maximal in a;/0. By hypothesis there is a supplement ¢ of a; A m in a; /0, ie.
(ajAm)Ve=ajandaj AnmAc <Kc/0.Ifc <m,thena; = (a; Am)V c < m, acontradiction. So c 7_( m.
Therefore, | =m Vv candm Ac=a;j Am Ac <K ¢/0. Thus cis a supplement of m in L. By Theorem 2.4, L
is a cofinitely supplemented lattice. O
Theorem 2.4 is also used in the proof of the following theorem which gives a new result for modules:

Theorem 2.6 If a/0 is a cofinitely supplemented sublattice of L and 1/a has no maximal element, then L is
also a cofinitely supplemented lattice.
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Proof Let m be a maximal element of L. If @ < m, then m is a maximal element of 1/a, but 1/a has no
maximal element. So a f m; thereforeavm = landa/(a Am) = (aVvm)/m = 1/m. Since m is a maximal
element of L, a A m is a maximal and therefore a cofinite element of a/0. Then there is a supplement ¢ of
aAmina/0, thatis (a Am)Vc=aand (a Am)Ac K c/0.Since cisina/0,c Am =c A (a Am) K
¢/0.cvm=cVv(@Am)vm =aVvm=1.Socisasupplement of m in L. By Theorem 2.4, L is a cofinitely
supplemented lattice. O

For a module K over a ring the radical Rad K of K is the intersection of all maximal submodules of K,
so Rad K = K if K has no maximal submodules.

Corollary 2.7 Let M be a module, N be a cofinitely supplemented submodule of M. If Rad(M/N) = M/N,
then M is cofinitely supplemented.

3 Amply Supplemented Lattices

A homomorphic image of a small element under a lattice morphism need not be small unlike the module
case [2, Example 2.1]. Nevertheless, we will show that the quotient sublattices 1/a of an amply supplemented
lattice is amply supplemented by using properties of small elements given in Lemma 1.1.

Proposition 3.1 If a lattice L is amply supplemented, then for every element a of L the quotient sublattice
1/a is amply supplemented.

Proof Let x be an element of 1/a. If x vV y = 1 for some y € 1/a, then x has a supplement y’ < y in L

because L is amply supplemented, i.e. x Vy' = 1 and x Ay’ < y'/0. Then x v (y' V a) = 1. By modular

law, x A (yY Va) =a Vv (x Ay)andsince x Ay K€ y'/0,aV (x AY') < (y Va)/aby Lemma 1.1 (1). So

y' Vv ais a supplement of x in 1/a with y Va < y. |
Proofs of Proposition 3.2 and 3.4 are similar to the proofs of [7, 41.7(1)] and [7, 41.8].

Proposition 3.2 If L is an amply supplemented lattice, then for every supplement a of an element of L, a/0
is amply supplemented.

Ifava =1anda Aa’ = 0 forelements a and a’ of L, then we use the notation a @ a’ = 1 and call this
a direct sum. In this case a and a’ are called direct summands of 1.

Corollary 3.3 [7,41.7(2)] If L is amply supplemented, then for a direct summand a of L, the quotient sublattice
a/0 is amply supplemented.

Proposition 3.4 Leta,b € L witha v b = 1. If a and b have ample supplements in L, then a N\ b has also
ample supplements in L.

Given elements @ < b of L, the inequality a < b is called cosmall in L if b < 1/a. One can easily modify
the proofs of [8, Proposition 2.1] and [4, 20.24] to prove the following proposition:

Proposition 3.5 The following are equivalent for a lattice L:

(a) L is amply supplemented.

(b) Every element a of L is of the form a = x vV y with x /0 supplemented and y < L.

(c) Foreveryelementa of L, there is an element x < a such that the quotient sublattice x /0 is supplemented
with the inequality x < a cosmall in L.

Corollary 3.6 Ifthe quotient sublattice a /0 is supplemented for every element a of a lattice L, then L is amply
supplemented.

Proposition 3.7 Let L be an amply cofinitely supplemented lattice. Then for every a € L, 1/a is amply
cofinitely supplemented.

Proof Let b be a cofinite element of 1/a. Then 1/b is compact. So b is a cofinite element of L. Suppose
bV c =1 forsome c € 1/a. Since L is amply cofinitely supplemented, c¢/0 contains a supplement x of b in
Liiebvx=1landbAx <x/0.ThendbV (x Va) =1V a=1andby Lemma 1.1 (1),

(avx)ynb=bBAx)Va<K(xVa)la,

i.e. x V a is a supplement of b in 1/a. Since a < ¢ and x < ¢, we have a vV x < c. Hence, 1/a is amply
cofinitely supplemented. O
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Lemma 3.8 If a is a cofinite element of a lattice L, then there exists a maximal element m of L such that
a <m.

Proof Since a is a cofinite element of L, by [3, Lemma 2.4] there is a maximal element m in 1/a. Som is a
maximal element of L containing a. O
The following theorem generalizes [1, Theorem 2.10] to lattices:

Theorem 3.9 The following are equivalent for a lattice L:

(a) L is amply cofinitely supplemented.

(b) Every maximal element of L has ample supplements in L.

(c) For every cofinite element a and an element b of L with a vV b = 1 there exists an element ¢ = \/;_p l;
where F is a finite set and each l; is a local element of b/0 such thata v ¢ = 1.

Proof (a) = (b) Clear since every maximal element m is cofinite.
(b) = (c) Let a be a cofinite elementof L,b € Landa v b = 1. Let

C= {c €b/0|c=\/ 1 Fisfinite, I; is local} .
ieF

Suppose that a Vv ¢ # 1 for every ¢ € C. Let Q2 denote the collection of elements x of L such that a < x and
xVe # 1foreveryc € C.LetI’ = {x;| A € A}beachainin Qandx = \/,_, x;.Since VA, x; € Q,a < x;.
Thena < \/, . x» = x. Sox is an upper bound for I". Suppose that (\/, ., x1) V¢ = 1 forsome c € C. Since
1/a is compact, there exists a finite subset F of A such that x = (\/,.p x3) V¢ = 1. Then \/; . x1 = X,
for some Ag € F, so x;, V ¢ = 1. This is a contradiction. Thus x = VAGA x) € Q. By Zorn’s Lemma Q2
contains a maximal element # # 1. Since a is cofinite, 1 /a is compact and since @ < u, 1/u is compact, i.e.
u is cofinite. By Lemma 3.8, there exists a maximal element m of L such that u < m and m v b = 1. Since
m has ample supplements, there exists y € b/0 such that y is a supplement of m in L. By Lemma 2.3, y/0 is
local. Since y £ m, y £ u. Therefore, u # u Vv y. By maximality of u, there exists an element v € C such
that I = (u Vv y) Vv.Since y Vv < band y V v is a finite join of local elements, | = u Vv (y V v), therefore
u ¢ Q. This is a contradiction.

(c¢) = (a) Suppose that a is a cofinite element and a vV b = 1 for some b € L. We want to show that a has
ample supplements in /0. By hypothesis there is an element ¢ = \/;_5 /; where F is a finite set and each /; is
a local element of /0 such thata v ¢ = 1. Since 0 is a supplement of 1 = a V ¢, there exists a subset J/ € F
such that \/;_; /; is a supplement of @ in b/0 by Lemma 2.2. O

Clearly, every element of a compact lattice is a cofinite element. So we have the following corollary:

Corollary 3.10 A compact lattice L is amply supplemented if and only if every maximal element has ample
supplements in L.
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