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1. Introduction

Switched systems consist of subsystems (modes) and a switch-
ing signal that organizes which subsystem drives the overall sys-
tem. Piecewise Linear Systems (PLS) are a subclass of switched
systems where subsystems are linear, time invariant and the
switching is autonomous (state dependent). Since PLS are driven by
both continuous and discrete dynamics (switching), they exhibit a
rich dynamic behavior. The reader may refer to the books by Filip-
pov [1], di Bernardo et al. [2] and tutorial papers by Cortes et al. [3],
and Goebel et al. [4], which contain many examples demonstrating
the dynamic behavior of PLS. A general treatment of switched sys-
tems is given by Liberzon [5].

Bimodal Piecewise Linear Systems (BPLS) and Bimodal Piece-
wise Affine Systems (BPAS) are special subclasses of PLS where
there are only two subsystems. Subsystems in BPLS are homoge-
neous (X = A;X, i = 1, 2), whereas in BPAS a constant vector is
added to the vector field (x = Ax+b;, i =1, 2).

BPLS and BPAS attracted considerable attention in the literature
lately. This is basically due to the fact that these systems can be
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used for modeling a rich variety of mechanical, electrical, biologi-
cal and engineering systems. As a consequence, BPLS and BPAS are
investigated by many authors in the context of stability, stabiliz-
ability and control in the literature (see, for instance, [6-10]). In
addition to this, BPAS turns out to be an appropriate tool to under-
stand nonlinear phenomena. For instance, BPAS version of the well
known traveling wave equation model of Michelson System [11],
the Wien-bridge oscillator of [12], a biological network model by
Imura et al. [13], are examples of nonlinear systems modeled as
BPAS.

Well-posedness simply means existence and uniqueness of so-
lutions. If the vector field is assumed to be continuous, then for
each initial condition in R", there is a unique and continuously
differentiable solution of PLS which resolves the issue of well-
posedness. The literature contains many papers which investigate
stability [ 14,6], controllability and observability [ 15,7,9] under this
assumption. If the vector field is discontinuous, then dynamic be-
havior of PLS cannot be represented by continuously differentiable
solutions and well-posedness become a central issue in PLS. There
are various solution structures for many classes of systems with
discontinuous vector fields and the details and examples can be
found in the survey papers by Georgescu et al. [16] and Cortes [3]
and in the book [17]. An interesting dynamic behavior encoun-
tered in PLS is the existence of trajectories which change mode
infinite number of times in a finite time interval. This paradoxi-
cal behavior is called Zeno behavior and investigated in a series
of papers [15,18,19]. Moreover, well-posedness is also an essen-
tial issue in problems such as stability, stabilizability and feedback


http://dx.doi.org/10.1016/j.sysconle.2015.06.002
http://www.elsevier.com/locate/sysconle
http://www.elsevier.com/locate/sysconle
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sysconle.2015.06.002&domain=pdf
mailto:gsahan@iyte.edu.tr
mailto:vasfi.eldem@okan.edu.tr
http://dx.doi.org/10.1016/j.sysconle.2015.06.002

10 G. Sahan, V. Eldem / Systems & Control Letters 83 (2015) 9-18

control. Along this line, the reader may refer to Example 13 in [20],
where well-posedness conditions guarantee global asymptotic sta-
bility of a BPLS in R.

Well-posedness of BPLS in R" is first solved by Imura and van
der Schaft [21] in the context of Carathéodory solutions. Imura [22]
investigated well-posedness of BPAS with control inputs in R" and
presented a classification of well-posed feedback systems in R".
The papers by Camlibel et al. [ 15], by Camlibel [ 18], and by Thuan
and Camlibel [19] have also provided important contributions on
the Zeno behavior of well-posed PLS.

In this paper, we consider well-posedness problem of BPAS in
R" where both modes are observable. We assume, without loss of
any generality, that only the system matrix of one of the modes is
in observable canonical form. This allows for discontinuities of the
vector field. It is shown that necessary and sufficient conditions of
well-posedness given in this paper induce a special structure on
the matrix of the subsystem which is not in observable canonical
form. This leads to a joint structure for the two modes, which holds
for both BPLS and BPAS. This structure can be checked easily and be
used for classification of well-posed BPAS and BPLS. Finally, at the
end of the paper, we exploit the relation between the conditions of
well-posedness and the equilibrium points of BPAS and provide the
conditions under which BPAS have one or two or no equilibrium
points. Comparison of the results presented here with the results
given in the literature (such as [21-23]) are given in Remarks 3.3-
3.5 in the paper.

2. Preliminaries

In this section we investigate well-posedness conditions of the
following BPAS

5o {szlel’ (1)

ifc’x >0
X = A2X+b2,

ifc’x<0

where A; € R™", b;, ¢ € R". The following definition is crucial in

our approach.

Definition 2.1. The observability index of a linear time invariant

system is the smallest integer k such that rank(0;) = rank(0,_,)
T

(AEH)T c] fori =1,2.1fk = n,

then the pair (¢, A;) is said to be observable.

where 0} = [c Alc

In view of this definition, we assume that: “The pairs (c’, A;)
and (c’, Ay) are observable and the pair (c', A;) is in observable
canonical form”.

Note that assuming (c”, A) to be in observable canonical form
does not cause any loss of generality since A; is completely free.
In view of this assumption, the components of Xy are given as
follows.

ki ky «-- --- ky
an i 1 0 --- «-- 0
A = , Ay=[0 1 0 . @
Qn1 Qnn -
0 0 10
biy
bi=|: |, i=12 and ¢ =0 0 1].
bin

For well-posedness of X, we only consider the solutions in the
sense of Carathéodory as defined below. This definition is taken
from [18].

Definition 2.2. An absolutely continuous function x : R — R" is
said to be a solution of X for the initial condition X, in the sense
of

1. Carathéodory if Xx(0) = X, and x(t) satisfies (1) for almost all
t €R,

2. Forward Carathéodory for the initial state X, if it is a solution
in the sense of Carathéodory, and for each ty > 0, there exists
€t > 0 such that either x = A;x + b; and c'x > 0, or
X = Ax + b, and ¢'x < 0, hold for all t € [to, to + €.

Definition 2.3. The system X is said to be well-posed if for every
initial state x(0) = Xo € R", there exists a unique forward
Carathéodory solution x(t) of X.

Definition 2.4. Let §;, i = 1,2 denote the set of initial condi-
tions Xo € R" defined as follows: For each X, € 4; there exists
¢; > 0 and a forward Carathéodory solution with x(0) = X, and
x = A;x+b; such thatx(t) € 4;forallt € [0, ¢;]. Then, we say that
the solution with x(0) = X, € 4; smoothly continues in mode i.

This definition is consistent with Definition 2.3 in [21]. In
order to show that $;’s (i = 1, 2) are nonempty, let # denote the
switching hyperplane defined as follows.

J = {xeR"|cx=0}.

Note that # is a subspace of dimension n— 1 which divides R" into
two open half spaces defined as

#t={xeR"|c'x>0} and # ={xeR"|cx<0}.

In view of the theory of differential equations, for any initial
condition X, € H' (Xo € #7), there exists e > 0 (¢~ > 0)
and a forward Carathéodory solution x(t) such that x(0) =
Xo, €'x(t) > Oand x = A;x+b; (c'x(t) < 0andx = A,x+b,) for
allt € [0, &™] (t € [0, £7]). Since only one of the modes is active,
the solution is unique. This implies that §; and &, are nonempty.
More precisely, #* C 4y and #~ C 8,.1fXy € #, then we cannot
claim uniqueness of solutions since both modes are allowed to be
active on J¢. Therefore, the problem of well-posedness reduces to
the characterization of the sets 8; N #, fori = 1, 2. In order to
resolve this problem, we present below two Lemmas from [21,22].
These Lemmas give necessary and sufficient conditions for well-
posedness of BPLS and BPAS, respectively.

Lemma 2.5 ([21, Lemma 2.1]). Let by = b, = 0. Then the following
are equivalent.

1. X is well-posed

2. Fromevery initial state X, € R", smooth continuation is possible in
only one of the two modes, except for the case when the solutions
for both modes are the same in some time interval.

Lemma 2.6 ([22, Lemma 2.2-(i)]). X, is well-posed if and only if
81 U 8, = R" and for every Xo € 81 N 4, the solutions according
to both modes are the same in some time interval.

We should remark here that in [22, Lemma 2.2-(i)], C-well-
posedness is used instead of well-posedness. Since C-well-
posedness is the same as well-posedness given in Definition 2.3,
we simply use well-posedness here.

Remark 2.7. Note that the conditions given in [22, Lemma 2.2-(i)]
are also valid for BPLS. This follows from the fact that §; N 4, is a
single point in R" and this point is the origin, i.e., the equilibrium
point of well-posed BPLS. Hence, the solutions in both modes are
the same. It will be shown in the sequel that §; N 4, is also a single
point for a well-posed BPAS. This point may also be the equilibrium
point of BPAS (see item 5 of Corollary 3.2).
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In view of Definition 2.3 and Lemma’s given above, well-

posedness is equivalent to the fact that the derivatives with respect
. .od(cT
to t of the solutions, i.e. (th) , for both modes must have the same

sign at any Xo € #. We can formalize this observation by using the
classification given in [24, pp. 58] as follows.

Let Xo € #. Then, the following hold for a well-posed BPLS or
BPAS,

e Either ¢’ (Aixo +b;) > Ofori = 1,2 orc’ (Aixo + b;) < 0 for
i=1,2.

e The case ¢/ (A1Xxg+b;) > 0 and ¢’ (A;xg+b;) < 0 is
not allowed because it implies that there are two solutions
smoothly continuing in two modes and this contradicts
uniqueness.

e The case ¢’ (A;xo +b;) < 0and ¢’ (A,x +by) > 0 is not
allowed because it implies that there are no solutions in the
sense of Carathéodory.

Nonlinear version of the framework given above is previously
used for the investigation of well-posedness of bimodal systems
with nonlinear subsystems in [25].

3. Main results
We now present the main result of the paper.

Theorem 3.1. Consider the piecewise affine system X, defined by
Egs. (1) and (2). The system is well-posed if and only if the following
hold.

(1) The structure of Ay is such that aj = 0if i = 3,4,...,n
and j = 1,2,...,i — 2, or equivalently the following hold
(i_o ker (cTA}) = (;_o ker (¢TAL) fors =1,2,...,n— 1.

(2) The entries of A1 which are below the diagonal are positive i.e.,
Gir1;>0fori=1,2,...,n—1.

(3) The relation between by and b, is as follows.

a1 a2 -+ (zp-1
ba, b1,
0 axn N
: s B b2n bln
0 . 0 (p.n—1

(4) The following equation hold for the entries of by and b,.

n—1
ann—1an—1,n—2 - - - 421 (bn - E a1jb2,j+1>
=

n—1
= by — Z’<jb2.j+1-
=

Note that items 3 and 4 of Theorem 3.1 give the algebraic
relations between the affine terms of modes, while items 1 and 2
impose a special structure on A; as shown below.

apr dan ain—1  Qin
a1 dx aypn—1 Q2n

Ai=| 0 a3 (3)
0 e 0 an,n—] Qnn

If we partition both system matrices, their joint structure (induced
by well-posedness conditions) can be displayed as follows.

T T
_ Y1 Q1n _ Y2 kn
A = |:A“ 21], and Ay = |:l 0], (4)

X3

Fig. 1. Plane geometry when Ly # L, and M; # M.

where y1, ¥2, and z; are in R*~! and A;; € R®~Y*@=D 35 defined
below.

(1 042 az,n-1 an
0 asy R a2
Ay = ; V1= . ,
O 0 e (5)
Qan kl
ky
) = s Y2 = .
’ kn_
Qnn n—1

The proof of Theorem 3.1 is technical and it is given in the
Appendix. In the sequel, we first give an example to motivate the
proof of Theorem 3.1.

Example 3.2. Consider the following BPAS.

a; b,‘ Ci
A=|1 0 0f, i=1,2,

0 1 0

o-[i) o[ <f]

where a;, b; and ¢; are arbitrary real numbers. Let us define the lines
Ly and L, in # := ker ¢’ as follows.

L1={xoe]€|x0=[y1 3 O]T,yleR],
T
L2=IXO€](|X0:[)/1 -2 0],)/1€R],

where y; is an arbitrary real number (these lines are depicted
in Flg 1) Note that if X € Ly (X() € Lz) then CT (A]XQ + bl) =
0 (c" (Asxo +by) =0). Letxg = [11 ¥ O]Tbe an arbitrary
initial condition in #. Note that if y, > 3, then it follows that the
first derivatives with respect to t of the solutions for both modes
arec’ (A1xg+by) =y, —3 >0andc’ (Ayxg+by) =9, +2 >
0. Similarly, if » < —2, then it follows that ¢’ (A;xg +by) <
Oand ¢’ (A,xy + by) < 0. Consequently, for each initial condition
Xo € J# where y, > 3 (y, < —2), there exists a unique forward
Carathéodory solution which smoothly continues in first mode
(second mode). However, if —2 < y, < 3,thenc’ (Ayxo +b,) >0
and ¢’ (A;xg +by) < 0. This implies that there are no solutions
in the sense of Carathéodory. Hence, the lines L; and L, should be
the same in order to guarantee the existence of a unique forward
Carathéodory solution for each Xg € # and Xg & Ly (=Ly).

Let us change b, asb, = [1 -2 —3]Tso that L; = L, and
define #¢; as follows.

Hy = {Xo € # | ¢’ (AjXo +by) = ¢ (Ax0 +by) =0},

= {xoeJon:[y] 3 O]T].
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7
L=Lz,
g(crx) = 0 on this line

Fig. 2. Plane geometry for well-posed system.

Note that #¢; divides J# into two affine spaces (each with
dimension two) which can be described as follows.

H = {%o € # | ' (Ajxo+by) > 0and ¢’ (Axxo + by) > 0},
Hy = {xo € #| " (Ajxo+b;) <0andc’ (Axo + by) < 0}.
Let us now consider the following lines, M; € # and M, €
J¢, where CT (A%Xo +A]b1) = 0 and CT (A%Xo +A2b2) = 0,

respectively. These lines can be described as follows (depicted in
Fig. 1).

M1=[er=%‘|xO=[—1 V2 O]T,yzeR},

MZ:{XOEJHXOZ[Z Vs O]T}, Y2 €ER

where y;, is an arbitrary real number. Note that M, and M, intersect
Jq at y, = 3. Then, consider an initial condition Xy € # defined
asxo = [ 3 O]T. Note that if y; > 2, then it follows that
the second derivatives of the trajectory are ¢’ (A?xo + Aib;) =
yi+1 > 0andc’ (AZxo+Asby) = 1 —2 > 0.1fyy < —1,
then we get ¢’ (A3xo + Asb;) < 0 and ¢’ (A2xo + Azby) < 0.
Consequently, for each initial condition X, € #; where y; >
2 (y1 < —1), there exists a unique forward Carathéodory solution
which smoothly continues in first mode (second mode). However,
if =1 < y; < 2 (corresponds to the points in between M; and
M;), then ¢’ (A3xo + A;b;) < O and ¢’ (Afxo + A;b;) > 0. This
implies that there are two solutions in the sense of Carathéodory.
One smoothly continues in §; and the other smoothly continues in
$,. Therefore, the lines M; and M, should be the same in order to
guarantee the existence of unique forward Carathéodory solution
for eachxy € #; and xg € M (=M,).

Let us change by asb, = [1 1 —B]Tso that M; = M, and
define J¢, as follows.

Hy = {Xo € H |CT (A%Xo + A]bl) = CT (AgXO + Azbz) = 0} s
- [xoeﬂl 1% =[-1 3 o]T}.
Along the same lines, #¢, divides #¢; into two half lines (each with
dimension one) which can be described as follows.
3{2+ {Xo € H | CT (A?XO +A1b1) > 0and
¢’ (A3xo + Aoby) > 0},
}f{ = {Xo € J | CT (A%XO +A1b1) < Oand
CT (A%Xo + Azbz) < O} .
Note that J¢, is a single point (depicted in Fig. 2) and with new
b, = [1 1 —3]T, the existence and uniqueness of solutions for
eachxo € R® is guaranteed, except forx} = [-1 3 O]T = Jt5.

Note that the third derivative of ¢'x (t) at t = 0 where x (0) =
X;, is easily calculated as follows.

c'A3X + ¢ A%D, }

d? T
—(C' X n =
de3 (%) lio [CTAgxg + c"A%D,

_ 2—a1—|—3b1
- 1—a2+3b2 ’

The equality 2 — a; 4+ 3b; = 1 — a; + 3b, implies and implied
by Aixj + by = Axxj + b,. Consequently, these conditions are
necessary and sufficient for the existence of a unique forward
Carathéodory solution starting from xg.

Remark 3.3. Smooth continuation sets (41, 4,) are characterized
by lexicographic inequalities in [21,22]. These inequalities also
imply that the vector field of both modes have a certain structure
on #, but this structure is displayed implicitly for BPLS by
Theorems 4.1 and 4.2 in [21]. Theorem 4.2 of [21] gives the
necessary and sufficient conditions for well-posedness of BPLS.
For the case where (c",A;) and (c’, A;) are observable, these
conditions reduce to the existence of a lower left triangular matrix
M with positive diagonal entries such that O} = MO? (0} is the
observability matrix given in Definition 2.1). It can be easily shown
(by setting by = b, = 0 in the proof of Theorem 3.1) that this
condition is equivalent to first and second items of Theorem 3.1.
Thus, in our approach M arises naturally within the structure of
A,. Moreover, starting with only one of the modes in observable
canonical form, we arrive at a joint structure for a well-posed BPLS
given by Egs. (5)-(7). This structure can be checked by simple
inspection and used for an explicit classification of well-posed
BPLS. We should point out here that this result was first proven for
BPLS in R? in [8] and it was noted that these results can be extended
to bimodal systems in R".

Our main result, extends this result to well-posed BPAS and
yields a joint structure for the triples (c’, A, by) and (c', A;, b,)
which can also be checked by simple inspection and used for
classification of well-posed BPAS. Finally, we should also remark
here that our main result can be easily extended to the case
of unobservable subsystems, if the observability indices of both
modes are equal. In this case, the joint structure of (cT, A1, bl) and
(cT, Ay, b2) given in our main result holds for the observable parts
of the subsystems. For the unobservable part, A;x = A,X for any
X € ker (9,}, as given in the Theorem 4.2 of [21].

Remark 3.4. Feedback well-posedness of BPAS is considered
in[22]. The conditions given in [22] should reduce to the conditions
given in our main result if the feedback terms are removed.
However, since the setup in [22] is based on feedback terms (which
involves controllability indices), such an equivalence is not readily
obvious.

Remark 3.5. Theorem 3.1 of Thuan and Camlibel [23] provides
sufficient conditions for a Filippov solution to be right unique
and for each Filippov solution to be both forward and backward
Carathéodory solution. (The definitions of Filippov solutions,
backward Carathéodory solutions and Zeno Behavior are given
in[18,23].) For the case where both the pairs (¢, A;) and (¢, A;)
are observable the Statement 5 of Theorem 3.1 in [23] can be
written as follows

[0,1,+1] =M [05+1] ’ |:(9n{b1:| =M |:(9,3fb2i| ’

where M is a lower left triangular matrix with positive diagonal
entries, O}’s are as defined by Definition 2.1, and f is a real scalar
such that for ¢’ x+f > 0 the first mode is active and for ¢'x+f < 0
the second mode is active. Similarly, Statement 6 of Theorem 3.1
in [23] can be written as follows.

[On11] %0 + [O{b ] = 0= Aixg +b; = AxX¢ + b;.
n D1
Since f = 0 in our setup, it can be easily shown that first equation

in Statement 5 of Theorem 3.1 in [23] and positivity of the diagonal
entries of M are equivalent to the first two items of our main result.
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Moreover, the second equation in Statement 5 of Theorem 3.1
in [23]is equivalent to Item 3 of our main result. Finally, Statement
6 of Theorem 3.1 in [23] is equivalent to Item 4 of our main result.

On the other hand, Implications C and D of Theorem 3.1 in [23]
states that the conditions given above are sufficient conditions
for every Filippov solution to be both forward and backward
Carathéodory solution and every Filippov solution to be right
unique, respectively. Consequently, in view of the results given
in [23], our main result (Theorem 3.1) implies that Filippov
solutions are right unique and they are both forward and backward
Carathéodory solutions.

Remark 3.6. If X is well-posed, then it is clear, by Example 3.2
and the proof of Theorem 3.1, that there exist affine spaces #, k =
1,2,...,n—1,each with dimension n — k — 1, such that #,_; C
Hp—y C -+ C H1 C Hand
He = {xo € Hi—1| "AET (Ajxo + by)

= c'AY " (Ayxo + by) = 0}
Furthermore, ¢, divides #,_; into two affine spaces Jf,f and
H, defined as follows.

HY = {x0 € H1 | 'AY (Aixo +by) > Oand
CTA’2<_1 (A2X0 + bz) > 0} y

{0 € #i—1 | "AYT (Ajxo + by) < Oand
c"AST (Axxo + by) < 0}.

Hi

Note thatifx, € #;" (J; ), then the solutions of X, can only arrive
at Xo from #¢~ (#*) and continue in #¢* (#~). These solutions
are both forward and backward Carathéodory solutions and x is a
switching point (any trajectory that arrives at X, changes mode).
However, if X, € ¢, (#¢,) this is not necessarily true. In order to
show the difference, suppose that X, € #, and X (t) is a solution
which starts from #* and continues in #* until t = t; and
X (t;) = Xo. Then, since the first derivative of ¢x (t) is zero and
the second derivative is negative at t = ty, it follows that ¢"x (t)
has a local maximum at t = t; and ¢’x(t) = 0. But, any small
neighborhood of ¢'x (t;) contains ¢'x(t) > 0 fort < t;. This
contradicts the fact that ¢'x (t;) is a local maximum. Hence, the
solutions of X, cannot arrive at Xo € #, from HT. Using similar
reasoning with local minimums, it can be easily shown that the
solutions of Xy cannot arrive at Xq € Jt’;r from #~. On the other
hand, there exist solutions x (t) of Xy which starts from the second
mode and continues in #~ until t = t; and X (t;) = X,. Again
¢"x (t) has alocal maximum at t = t;. But, since the first derivative
of c'x (t) is zero and the second derivative of ¢'x (t) is negative,
x (t) will go back to #~ and will not change mode.

We can summarize the observation given above as follows. If
Xo € H#, (#,), then the solutions of Xy can only arrive at Xo

from F~ (J(’*) and do not switch mode at Xq. In each case, the
solutions are both forward and backward Carathéodory solutions.
Since forward (backward) Carathéodory solutions rule out left
(right) Zeno behavior as noted in [18], it follows that well-posed
BPAS considered in this work do not exhibit Zeno behavior.

Itis clear from the development given above that the conditions
of well-posedness require sign equalities for the derivatives of
solutions for both modes on the hyperplane #. On the other hand,
the points on #¢ where the derivatives of solutions for both modes
are equal to the zero vector are equilibrium points of BPAS. At
this stage, it is natural to look for the connections between the
conditions of well-posedness and the equilibrium points of BPAS.
Towards this end, suppose that A; and A, are nonsingular. Let

b = [b2  bis bin] for i = 1, 2. Then, the last item of
Theorem 3.1 can be written as follows.

det (Aq1) (bn - quTllle) = by — ygﬁz, (6)
where y, is as defined in Eq. (5). As demonstrated in Example 3.2
n AT
this equality implies the existence of a point X} := [biTO] in
J¢ N 81 N &,. The existence of such a point(which may be the
equilibrium point of BPAS) was pointed out in Remark 2.7. In what
follows, we give the conditions under which xj is the equilibrium
point of BPAS (item 5 of Corollary 3.2) and also state the relations
between the equilibrium points of the individual subsystems and
equilibrium points of BPAS (items 1-4 of Corollary 3.2). Note that
using the partitions of system matrices given in Egs. (4) and (5)

and the fact that A]_]lf)l = b, by item 3 of Theorem 3.1, it is easy to
show that

1, —17 11, Taii
7A]] Z]b]] — AH b] — 7A11 Z1y1An b]
_Al—lbl — J’ _] y R
7 (bn - yfAIfbl)

1, T 0
;Anzl bi1 —y;by) — b,

= 1 " s (7)
— (bn - y1b2>
- 4
where y = a1, — y1A};'z; € R. Similarly, we also have
1 ~b;
—A by =| -1 A . 8
2 72 - (b21 —ygbz) ®)
kn

In view of the above development, we now state and prove the
following result.

Corollary 3.2. Suppose that A, and A, are nonsingular for a well-
posed BPAS as defined by Egs. (2)-(5). Then, the following hold.

1. If yk, > 0 and _71 (bn — yIIA)2> > 0, then xg = —A; 'by is the
unique equilibrium point of Xy.

2. If yk, > O and _7] by — y?f)z) < 0, thenxg = —A; 'by is the
unique equilibrium point of Xy.

3.If yk, < 0and _71 (bn —yglAn) > 0, then there are two
equilibrium points (—A; 'b; and — Ay 'b,) of Zo; onein #* and
onein J~.

4. If yk, < 0and ’71 (bn - y{bz) < 0, then there are no equilib-
rium points of Xy.

5. If byy — yiby = byy — yIb, = 0, then [—b] O]T is the unique
equilibrium point of X.

Proof. Recall thatdet (A;;) > 0.Since yk, > 0,then y and k, have

the same sign and are different from zero. If ‘71 (b“ — yﬁ)z) > 0,

then by Egs. (6) and (8) it follows that ;—nl (b21 - ygf)z) > 0.

This implies that at X, = —Al_lbl, we get AiXo + b; = 0
and c'xg > 0 (only the first mode is active). Thus, —A1_1b1 is the
unique equilibrium point of Xj.

Similarly, if ‘71 (b“ - yfﬁz) < 0, then ;—: (b21 — ygf)z) < 0.
Then at x, = —A,'b,, we get AyXp + b, = 0and ¢'xy <
0 (only the second mode is active). Thus, —A; p, is the unique
equilibrium point of X.
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If yk, < 0, then y and k, have the different signs and are
different from zero. In this case, if _71 (bn — y{f)2> > 0, it follows

that ;—”1 <b21 — y£l32> < 0.Then, at Xy = —A;] 'by, we get A;Xo +

b; = 0and c'xp > 0. Similarly, at xo = —A, 'b,, we get Ayxo +
b, = 0and c’x, < 0. Consequently, there are two equilibrium
points (—A; 'by and — A; 'b,) of Xo; one in #* and one in #~.

On the other hand, if ’71 (bn — y{f)z) < 0, then ,’(—nl(bn -

ygf)z) > 0. Then, at X9 = —A;lbl, we get AjXo + b; = 0 and

c¢'Xg < 0 where the first mode is not allowed to be active. Simi-
larly, at xo = —A; 'b, we get AyXo + b, = 0 and ¢'xo > 0 where
the second mode is not allowed to be active. Consequently, there
are no equilibrium points of Xj.

Finally, if (b21 — ygf)z) = det (A]]) (b]] — yT]-A;llf)]) =0,
then Eqgs. (5) and (6) imply that —A; 'b, = —A['b; = [—b] O]T.
Letxo = [-B! 0] .Then,itfollows thatA;xo+b; = Ayxo+b; =

0. Consequently, [—ﬁg O]Tisthe unique equilibrium point of
Y. O

4. Conclusions and future work

In this paper, well-posedness conditions (in the sense of
forward Carathéodory solutions) of BPAS in R", where the vector
field is not necessarily continuous on the switching hyperplane #¢,
are investigated. It is shown that these conditions reduce to a set
of algebraic equations and inequalities involving the subsystem
matrices and affine terms. This yields a joint structure for well-
posed BPAS triples (c’,A;,b;) and (c’, Az, by) which can be
checked by simple inspection. Furthermore, it is also demonstrated
that well-posedness conditions for BPAS reduce to well-posedness
conditions for BPLS, if b; = b, = 0. Thus, the results given
in this work can be used for characterization of well-posed BPLS
and BPAS with discontinuous vector fields. Finally, the conditions
under which well-posed BPAS have one, or two or no equilibrium
points are given.

The next step along this direction could be to investigate well-
posedness conditions for multi-modal systems. Towards this end,
conewise linear systems, which are investigated in [ 15] under the
assumption that the vector field is continuous, can be considered.
When the vector field is continuous, well-posedness is resolved.
If we relax this assumption and allow the vector field to be
discontinuous, the assessment of the conditions of well-posedness
of conewise linear systems could be an interesting problem.
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Appendix

Proof of Theorem 3.1. Since only one of the modes is active for
the initial conditions in J¢~ ("), there exist unique forward
Carathéodory solutions which smoothly continue in J¢~ (#7).
Therefore, in the proof, we only consider initial conditions in #.

Let

X(0) =% =[r1 » Vo2 Va1 O]T € kerc’

where y1, ¥4, ..., Ya_1 are arbitrary real numbers. Calculating the
derivatives of ¢"x(t) at t = 0 for both modes, we get

d  r ¢ (Aixo +by)
a (C X) |[=O = {CT (Azxo 4 bz)

_ Jdmn +apy2 + -+ aGun2¥a—2 + dnn-1¥n—1 + bin
Yn—1 + ban '

Let us fix y,—1 so that y,_1 4+ by, = 0. Note that the sign of a,;y; +
A2 Y2+ - - +0nn—2Vn—2+0nn—1¥n—1+b1n canbe changed arbitrarily
by appropriate choice of the real numbers y4, 5, ..., ¥n—2. This
contradicts well-posedness. Thus, it is necessary that a,; =
= Gpp—2 = 0 or equivalently kerc” N kerc'A; C
ker ¢’ N ker ¢’ A,. Since both modes are observable, it follows that
dim (ker " Nkerc"A;) = dim (ker ¢” N ker ¢’ A;) which implies
that ker ¢” Nker ¢"A; = ker ¢’ N ker ¢’ A,. Then, the derivatives of
c"x(t) at t = 0 for both modes are given as follows.

d (") |oo = ¢’ (Axo +by) _ Jann—1Vn—1 + b1
dt t=0 c (A2Xg + by) Yn—1 + bon ’

ap = -

Note that a, ,—1 # 0, because this contradicts observability.
On the other hand, if a,,—1 < O, then we can choose y,_1 >
a2 | bzl
b, > 0 which implies that there are no solutions in the sense of
Carathéodory. Thus, it is necessary that a, ,—; > 0. In this case
Gn.n—1Yn—1 + bin and y,_1 + by, must have the same sign for all
real numbers y,_; in order to guarantee well-posedness. Consider
the following sets in #.

max”

] so that app_1¥a—1 + b1n < 0 and y,—1 +

H1 = {Xo € H | Xg
bln T
=|vi V2 - - Y2 Vao1— 0l ¢,
Qn,n—1
Hr1 = 1X0 € H | Xo
T
= [yl V2 Yn—2  Vn-1— b2n O] };

where y4, 5, ..., ¥s—1 are arbitrary real numbers. If y,_1 = 0,
then #¢1; and #,; are affine spaces (of dimension n — 2) which
describe the set of initial conditions where % (ch) li—p = O for
both modes. If these affine spaces are not equal, then we have three

alternatives.

1. If y_1 is chosen so that y,_; > max {—bZn, —ab‘"_] } then

% (ch) |t—o > 0 for both modes and there is a unique forward
Carathéodory solution which smoothly continues in the first
mode.

2. If y,_1 is chosen so that y,_1; < min [—sz, — b } then

n,n—1

£ (c"x) ;o < 0 for both modes and there is a unique forward
Carathéodory solution which smoothly continues in the second
mode.

3. If y,—1 is chosen so that min {—b2n, — b } < Yoo <

an,n—1

max {—bzn, —abl” } then the sign of & (cx) |, is different

n,n—1
for each mode. If a; n—1¥4—1+b1n > 0and y,—1 + by, < 0, then
there are two solutions which smoothly continue in separate
modes. If an n—1¥7—1 + b1n < 0and y,_1 + by, > 0, then there
are no solutions in the sense of Carathéodory.
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Consequently, it is necessary that a, ,—1b,, = by, or equiva-
lently #¢1; = #»1. Let #; be an affine space (of dimension n — 2)
defined as #¢; := #11 = #>1. Then, we have

Din !
Hi= X €EH |Xo=|V1 V2 = = Vo2 - 0 .

an,n—1
= {x0 € # | ' (Aixo +by) =’ (Axp +by) =0}

Consequently, the conditions

Gpg =0y = -+ =0lpp—2 =0, 9)

ann—1bon = b1n  and apn—1 >0

are necessary for the existence of a unique forward Carathéodory
solution for each xg € #, except for xq € #;.

Conversely, suppose that the conditions given in (9) hold. Then,
FH1(= F11 = H>1) divides F into two affine spaces J€1+ and #;
defined as follows.

](1+ = {XO € H | CT (A]XO + b]) > 0and CT (AzXO + bz) > 0} s
H; = {xo € #|c" (AXo+by) <0andc’ (A;x0 +by) <0} .

Thus, for each initial condition Xo € #¢ (#; ) there exists a
unique forward Carathéodory solution which smoothly continues
in the first (second) mode. Consequently, the conditions given in
(9) are both necessary and sufficient conditions for the existence
of a unique forward Carathéodory solution for each xq € #, ex-
cept for xg € J¢;. Note further that J(’fL C $1and #H; C 4.

It is clear that for any initial condition in J#¢; we have to check
the sign of the second derivative. Towards this end, let X, =

[Vl Y2 Yn—2 —bon O]T € H;. In this case,we have

72 (€'%) |io = c'A; (Aixo + by)
dt? =0 A, (Azxo + CTAzbz)

_ [<"A; (Aixo +by)
Yn—2 + b2,n—1 ’

Recall thatc'A; = [0 0 0 anni a,m]T. Let e; be a vec-
tor with all entries equal to zero except for the ith entry which is
equal to one. Then, A;Xqy + by can be written as follows.
Aixo + by

T
= [eIAIXO + by e Axg+byy - - e Axo+ by —bi+ bln]

T
= [&Alxo +bi1 elAxo + by el Aixo+ by 0] .

This implies that
c"A; (Aixo + by)
= Up,n—1 [an—Lﬂ/l + -+ a1 n—2Yn—2 — an—l,n—le.n + bl,n—]] .

Let us fix y,_, such that y,_» + b, ,_1 = 0.Then, as in the previous
case, the sign of c’A; (A1xog + b;) can be changed arbitrarily by a
suitable choice of y;-1.1, ¥a—1.2, - - . » ¥a—1.n—3. Then, there will be
cases where there are no solutions in the sense of Carathéodory.
Hence, it is necessary that a,_1,1 = aq—12 = - - -
or equivalently

kerc” Nkerc'A; Nkerc'A3 = kerc” Nkerc’A; Nkerc A3

= ap—-1,n-3 = 0

Then, the second derivative can be calculated as follows.
iz (%) li—o = c'A; (Aixo + by)
dt? =0 c'A; (A% + by)

— an,nfl (an—l,n—ZVn—Z + b],n—] - an—],n—leH)
Yn—2 + ba.n—1 '

Note that a,_;,—2 # 0, because this contradicts observability.
Also note that if a;—1,—2 < 0, then we can choose y,_, >

b1.n—1—an—1,n—1b2n b
An—1n-2 5 | 2n|

Gn—1.n—1b2an < 0and yp—1 + by, > 0 which implies that there are
no solutions in the sense of Carathéodory. Thus, it is also necessary
that a,_1 ,_ > 0. Let us now consider the following sets.

max l

] so that ay—1,n—2¥n—2 + bin-1 —

Hip = {Xo € Hil Xo

bl,nflfan—l,nflbh _ bln

=|:Vl Y2 o Vi3 VYn-2—
anfl,n—Z

Hay = {Xo € H1|Xo

T
=[n »r Vi3 Yn2—ban1 —bm 0] }

where y1, ¥, ..., Ya— are arbitrary real numbers. Note that if
Va2 = 0, then J¢;; and J¢,; are affine spaces in #¢; which describe
the set of initial conditions where £ (c"x) |,—, = % (c"X) li—o =
0, for both modes. If these affine spaces are not equal, then since
an.n—1 > 0, we have three alternatives.

1. If y,,_5 is chosen so that

an—1,n-2
> 0 for both modes and there is a unique forward Carathéodory
solution which smoothly continues in the first mode.
2. If y,_5 is chosen so that

b1.n—1—An—1.n—1b 2
Vas > max[—bz,n_l, _M],then 2 (cX) |

. b1,n—1—an—1,n—1b2n d? (T
Yn—2 < mm{ ban-1, rerea— then 35 (c x) =0

< 0 for both modes and there is a unique forward Carathéodory
solution which smoothly continues in the second mode.
b1.n—1—an—1,n—1b2n }
—eim Ll <
apn—1,n-2

3. If y,—5 is chosen so that min [—bz,n_1, —

b1n—1—an_1.n—1b .
Ya—2 < max {—bz,n—l, _W] , then the sign of
n—1,n—
2 . . .
4 (eTx _o is different for each mode. Then, either there are
dt2 .t 0 i
two solutions, (one for each mode) or there are no solutions
in the sense of Carathéodory. Consequently, it is necessary that
byn_1 = W or equivalently #1, = H,. Let #,

be an affine space (of dimension n — 3) defined as Jt; := F#f1; =
J5,. Then, we get

Hy = {Xo € #1 | ' A1 (A1Xo + by) = ¢’ Ay (AxXp + by) = 0},

={X0€J‘€1|Xo

=[n »r Yn-3 —ban-1  —ban O]T},

then the conditions

(n1,1 =0p_12 ="+ =0y_1n-3 = 0,ay_1n—2 > 0,
bin—1 — @n—1,n—1b2n (10)
and bz’n_1 =
ap—1,n—2

are necessary for the existence of a unique forward Carathéodory
solution for each xg € #1, except for Xg € H,.

Conversely, if the conditions given in (10) hold, then #¢, divides
#, into two affine spaces #,” and #, defined as follows.

Hy = {Xo € H1| A (AiXo +b1) >0
and c'A; (Ayxo + by) > 0},
Hy, = {Xo € Hi|c'A; (AiXo+b1) <0
and c'A; (Azxo +by) <0} .

Therefore, for each initial condition X, € #¢, (¥, ) there exists
unique forward Carathé odory solution which smoothly contin-
ues in the first (second) mode. Consequently, the conditions given
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above in expression (10) are both necessary and sufficient condi-
tions for the existence of a unique forward Carathéodory solution
for each Xy € #;, except for Xo € #>,. Note further that Jt’2+ C 4
and #, C 4.

Also note that the relation between by, by n—1 and by,, by.n—1
can be written compactly as follows.

On—1n—2 On—1n—1| | b2,n—1 _ b1 n_1
0 an,n—1 ban b |’

Furthermore, we have
CTAI = [0 0 Qn,n—1 ann] s

CTA% = [0 -0 apn—-10p—1n—2 X X]
where x denotes entries which are not calculated explicitly.

For the rest of the proof, we use mathematical induction, which
essentially follows similar lines as above. Towards this end, sup-
pose that ()]_, kerc’A} = (;_okerc'A} fors = 1,2,...,k <
n — 2, or equivalently a,_iy1; = O0fori = 1,2,...,k and
j=1,2,...,n—1i— 1, hold. Also suppose that a;_jy1,—;i > 0
fori=1,2,...,kand

On—tet1,n—k  An—k+1,n—k+1 An—k+1,n—1 b2 n—k+1
2,n—k+2
0 An—k+2,n—k+1 An—k+2.n—1
: - - ba 1
0 0 nn by
bl,n—k+1
bl,n—k+2
N (11)
bl,n—l
bln
Also let
T pk
A =0 - 0 @un1@r1n2. - Gurgrnk X - X].

Note that the preceding statements hold for k = 1, 2. Let Xy € #
be an initial condition given as follows.

T
—bw 0], (12)

Xp = [7/1 Y2 —ba n—kt1

where # is an affine space of dimension n — k — 1. Then, for each
Xo € Hy, the derivatives of the trajectories are zero up to order k
for both modes and #, C F#_1 C --- C Ho C H1.Letus consider
(k + 1)th derivative.

et . _['A% (Aixo + by)
—= ('X) [zo = | 12k
dek+1 c A (Azxg + by)

Yn—k—1

_ [At@Axo +b]
VYn—k—1 + bz,n—k

Then, using Eqs. (11) and (12), A;Xo + by can be written as in Box L.
This implies that

T pk
c Aj (Axg +by) = Gnn—1An—1,n—-2 - - - An—kt1,n—k[@n—k, 11
+ -+ nkon—k—1Yn—k—1 + b1.n—k — @u_kn—kb2,n—k+1
— - — Uu_kn—1b2n].

Let us fix yp_r—1 such that yp_y—1 + banx = 0. Then, as in
the previous cases, the sign of by ,_i is fixed and the sign of
cTA’l‘ (A1Xg + by) can be changed arbitrarily by an appropriate
choice of y1, y2, ..., ¥n—k—2. Hence, it is necessary that a,_x1 =

Un_k2 = *++ = Up_gn—k—2 = 0 or equivalently ﬂ’,‘l’é kercTAq =
ﬂ’r‘:(], ker ¢’ A}. Then, (k + 1)th derivative can be calculated as in

Box II.

Note that a,_k n—k—1 7 0, because this contradicts observabil-
ity. Furthermore, if @, n—x—1 < 0, then we can choose y;_y—1 >
b1 n—k—An—k.n—kb2,n—k+1—""—n_k n—1b2n b2 n—k| } 50 that

an—k,n—k—1 ’

max {

’

[anfk,nfkfﬂ/nfkfl + b1k — Gnkn—tb2.n—k+1

- an—k,n—len] <0

and yp—r—1 + bz n—r > 0, which implies that there are no solutions
in the sense of Carathéodory. Thus, itis necessary that a,_y n_x—1 >
0, which implies that a; n_1ap—1,n—2 - . . Gn—k.n—k—1 > 0. Note that

[anfk.nfkflynfkfl + b1n—k — An—kn—kb1,n—tt1
- an—k,n—lbln]

and yp—k—1 + bz ,—1 must have same sign for the existence
of a unique forward Carathéodory solution starting from Xq.
Let us now consider the following sets of equations in Box III,
where y1, v5, ..., Ya_k—1 are arbitrary real numbers. Note that
if yo_k—1 = 0, then #; +1 and s x4 are affine spaces in F

which describe the set of initial conditions where £ (cx) |,_, =

2 k+1 .
LX) oo = -+ = T57 (€'%) .= = O, for first and second

modes, respectively. If these affine spaces are not equal, then we
have three alternatives.

1. If yh_j—1 is chosen so that

b1,n—k—n—k.n—kb2,n—k+1—""—Un—k.n—1b2n }
’

_k—1 > max i —by g, —
Vn—k—1 { 2,n—k> PR

k+1 . .
then (f[; — (€"X) |,—o > 0 for both modes and there is a unique

forward Carathéodory solution which smoothly continues in
the first mode.

2. If y_k—1 is chosen so that

: b1.n—k—0n—k.n—kb2.n—k+1—""—An—k,n—1b2n
_k—1 < min{—by p_p, —— : : : ,
Yn—k—1 [ 2,n—k> An—ten—k—1
dk-H T . .
then £ (¢'x) |,y < 0 for both modes and there is a unique

forward Carathéodory solution which smoothly continues in
the second mode.

3. If y4_k—1 is chosen so that

. bl,n—k — an—k,n—kbz.nkarl — = an—k,n—leH
min { —bz n_, —
anfk,n—kfl
< Yn—k-1
bl,n—k — an—k,n—kbz,n—kJrl — = an—k,n—len
< max §—by i, — ;
anfk,n—kf]

then the sign of :;:1 (c"X) |, is different for each mode. Then,

either there are two solutions, (one in each mode) or there are
no solutions in the sense of Carathéodory. Consequently, it is

b1 n—k—n—k n—kba . n— —e—Qp_k n—1b
necessary that by ,_j = -Lo=k—n=kn ’;2: "J;l] nkn—122n op
n—K,n—Kk—

equivalently #; 11 = #ak+1. Let #Hi11 be an affine space (of
dimension n — k — 2) defined as #Hy+1 = Hik+1 = Hakt1-
Then, we have given equations in Box IV.

Furthermore, the equation above also implies that by ,—x =
an—k,n—k—lbz.n—k + an—k,n—kbz,n—k—H +-F an—k,n—len- There-
fore, the conditions

k+1 k+1
ﬂkercTAq = mkercTA;, Ankntk_1 >0 and (13)
r=0 r=0

bl,n#( = anfk,nfkflbz,nfk + anfk,nfl<b2,n7k+1
+ -+ an—l(,n—1b2n~

are necessary for the existence of a unique forward Carathéodory
solution for each xg € #, except Xg € Hjy 1.

Conversely, if the conditions given in expression (13) hold, then
Hj+1 divides Hy into two affine spaces Jt’ktrl and #,_ ; given as fol-
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T
Aixg +b; = [e-{Ale +b1s e 1AXo+bink  —bin—ki1+ bin—is —bin + b]n]
T
= [e'{Al)(o =+ b]] ez_k_]Aﬂ(o + b1’,1,k 0 0] .
Box I.
dk+1 (CTX) | _ CTA’; (A]Xo + b1)
dek+1 =07 | "AS (Azxo + by)
— ann—10n—1,n—2 * * An—k+1,n—k [anfk,nfkfﬂ/nfkfl + b1,n7k - anfk,nfka,n7k+1 - _anfk,nfleH] .
Yn—k—1 + b2,n—k
Box IL.
b1n—k — @n—kn—kb2.n—k+1 — - - —Gn—kn-1b2 —b; !
H k1 = {Xo € Hy|Xo = |:V1 V2 Yok2  Vaoke1 — —2 L T L ~oof g,
Ap—k,n—k—1 Qn,n—1
T
Ho k1 = {Xo eHlxo=[r » Yn—k-2  Vn—k—1—b2n_k —byn 0] } ,
Box IIL
_ T pk _ Tak _
Hir1 = {Xo € Hy | A (AXo + by) = ' A§ (Azxo + by) =0},
bl,n—k - an—k,n—kbz,n—k—H I an—k,n—len b]n T
=X €H|Xo= |71 ¥ Vak—2 — = 0l ¢-
An—k,n—k—1 Qn,n—1
Box IV.
lows. then, since both modes are observable, it follows that (Alxé + bl)
. ek = (A2x} + by). This means that the solutions for both modes are
Hipr = {XTO f Hi | ¢ Ay (A1Xo +by) > O0and the same. Conversely, if the solutions for both modes are the same,
c'A; (Ao + by) > 0}, then (A;x} 4 b;) = (A2x} + by) which implies that Eq. (14) holds.
He, = {Xo € Hyl CTAI; (A1xo +by) < 0and Consequently, for any X, € 41 M 4, solutions in both modes are the
T nk same and this concludes the proof. O
C AZ (A2X0 + bz) < 0} .
References

This implies that there exists a unique forward Carathéodory solu-
tion foreachxy € #, exceptXy € Hj. 1. Thus, the conditions given
in expression (13) are both necessary and sufficient for the exis-
tence of a unique forward Carathéodory solution for each xg € #,
except Xo € 1. Then, by induction it follows that items 1, 2
and 3 of Theorem 3.1 are necessary and sufficient for the existence
of a unique forward Carathéodory solution for each X, € R", ex-
cept for #, ;. Note further that #," C 4; and #, C 4, for
i=1,2,...,n—1.Moreover, #,_1 has zero dimension or consists
of a single point X = [—ba, —byn1 —ban O]T

Recall that for this initial condition, all the derivatives up to order
n — 1 are zero for both modes. Calculating the nth derivative of
(c"x) for both modes at t = 0, we get

_b23

" T _ CTAq71 (A1X; =+ b1)
@ (c X) li=0 = cTAg—l (Azxz + bz)

nn—10n—1,n-2 - - - 21 [bn —anbypy —-- = al,n—lb2n]

_ n—1
by — Z kib2 ji1
j=1

Note that c’A¥ ! (Ax§+b;) =0fori=1,2andk =1,2,...,n—
1. Therefore, if
nn—10n—1,n-2 - - - 21 [bn —anby — - — a1,n—1b2n]

n—1
= by — Y _kibaj1 (14)
j=1
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