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Abstract 
 

In this paper, a frequency domain Expectation-Maximization (EM)-based channel estimation 

algorithm for Space Time Block Coded-Orthogonal Frequency Division Multiplexing 

(STBC-OFDM) systems is investigated to support higher data rate applications in wireless 

communications. The computational complexity of the frequency domain EM-based channel 

estimation is increased when higher order constellations are used because of the ascending 

size of the search set space. Thus, a search set reduction algorithm is proposed to decrease 

the complexity without sacrificing the system performance. The performance results of the 

proposed algorithm is obtained in terms of Bit Error Rate (BER) and Mean Square Error 

(MSE) for 16QAM and 64QAM modulation schemes. 
 

 

Keywords: Channel estimation, space-time block codes, OFDM, expectation-maximization 

algorithm 
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1. Introduction 

For wireless communication systems, orthogonal frequency division multiplexing (OFDM) 

which has been already involved in many wireless communication standards is one of the 

promising modulation technique because of its ability to combat inter-symbol interference 

(ISI) over multipath fading channels [1]. Transmitter diversity is an effective technique for 

combating fading in mobile wireless communications. A simple and powerful diversity 

technique using two transmit antennas has been proposed by Alamouti [2] and its various 

derivatives have been developed in [3][4]. Combining OFDM systems with these multiple 

antenna techniques, the system performance and robustness against fading can be improved.  

An accurate channel estimation for OFDM systems is required in order to demodulate the 

data coherently. Pilot-based channel estimation algorithms are widely used in the literature 

because of their reliability and lower complexity. There are many studies for the single-input 

single-output (SISO)-OFDM case using these algorithms [5][6]. These algorithms cannot be 

simply extended to the multiple antenna scenarios, since the received signal is the sum of the 

signals transmitted from all the transmit antennas and each subchannel at the receiver is 

associated with multiple channel parameters. In [7]-[9], pilot-based channel estimation 

algorithms have also been studied for Space Time Block Coded (STBC)-OFDM systems. 

Because of the limited performance of the pilot based channel estimation algorithms, the 

Expectation-Maximization (EM) algorithm defined in detail in [10]-[12], is utilized to 

improve the channel estimation performance through iterations in the literature. For SISO-

OFDM case, three different EM-based algorithms for channel estimation have been 

compared in [13]. Two of them estimate the channel frequency response and the channel 

impulse response iteratively which are called as frequency and time domain EM-based 

algorithms respectively, and the third one estimates directly the transmitted symbols using 

the channel impulse response statistics. The third algorithm has been used in [14] for STBC-

OFDM systems. However, this algorithm has higher complexity and lower convergence time 

and also assumes that statistics such as mean and covariance are known which may not be 

valid for practical applications. A time domain EM-based algorithm has been applied to 

Space-Time Trellis Coded (STTC)-OFDM systems in [15]. This algorithm has been 

modified for STBC-OFDM and Space Frequency Block Coded (SFBC)-OFDM in [16] and 

STBC-OFDM uplink multiuser case in [17]. All these time domain algorithms for space-time 

codes are followed by the decomposition of the superimposed signals [18]. While 

decomposing the received signal, the noise is also being decomposed with a coefficient 

which must be chosen correctly to obtain good performances. Moreover, these algorithms 

require a matrix inversion while updating the channel coefficients which increase the 

computational complexity. In [19], we have proposed a frequency domain EM-based channel 

estimation algorithm for STBC-OFDM systems to eliminate the drawbacks of the time 

domain EM-based channel estimation algorithms.  

All these existing EM-based channel estimation algorithms including [19] in the literature 

are only performed for low order constellations which is suitable for low data rate 

applications. However, nowadays wireless communication systems require higher data rates 

achieved by using higher order modulation schemes. Not only the data rate of the system but 

also the complexity of the channel estimation process of the EM-based algorithm increases 

significantly with the order of constellations since the EM algorithm is an iterative solution 

for Maximum Likelihood (ML) and causes an increase in the number of points to be search. 
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In the literature, different methods such as sphere decoding (SD) [20]-[22] and two-stage 

detection [23]-[26] have been presented to be able to reach close ML performance by 

lowering the computational complexity.  However, these works have focused on the ML 

detection problem and they have ignored the channel estimation. These works also have not 

considered EM algorithm to solve the ML detection problem. Thus, to the best of our 

knowledge there is a gap in the literature to solve the complexity problem of the higher order 

modulated EM-based channel estimation algorithms without performance loss. 

In this paper, we propose a search set reduction algorithm to reduce the complexity of the 

frequency domain EM-based channel estimation for STBC-OFDM systems without 

sacrificing the performance for higher order modulation schemes. The contribution and 

features of the proposed scheme are summarized as follows: 

 The proposed frequency domain channel estimation scheme for STBC-OFDM 

systems in [19] is extended to the higher order constellations in order to satisfy 

the high data rate requirements of the future wireless communication systems. 

 Increasing the constellation points also increases the system complexity, thus, a 

search set reduction scheme in which reduced number of constellation points are 

used instead of searching the entire constellation points is proposed. 

 The proposed channel estimation scheme is more applicable for the practical 

systems since the computational complexity is reduced while providing almost 

the same performance. 

The rest of this paper is organized as follows. Section 2 introduces the STBC-OFDM 

system model. Section 3 describes the proposed low complexity frequency domain EM-

based channel estimation scheme for STBC-OFDM with higher order constellations. Section 

4 provides simulation results to evaluate the proposed channel estimation scheme. The 

strength of the proposed low complexity scheme for higher order modulations is revealed by 

comparing it to the frequency domain full search case and time domain case in terms of the 

BER and MSE results. The conclusion is given in Section 5. 

2. System Model for STBC-OFDM 

 

In this paper, the Alamouti STBC-OFDM system model with two transmit antennas and one 

receive antenna is used as shown in Fig. 1. At time  , a data block       ,   
             , where   is the number of subchannels, is encoded into two different 

symbol blocks,         with      . These blocks can be written for two consecutive times 

in Eq. (1) as follows:  

 
                                       

                                        

                                            

                         (1) 

   
where                 and      denotes complex conjugate.  

 

The STBC-OFDM symbols are transmitted through the frequency selective fading 

channel after performing Inverse Fast Fourier Transform (IFFT) and adding cyclic prefix 

(CP) to eliminate ISI. Then, applying a Fast Fourier Transform (FFT) and removing CP, the 

received signal is obtained as a superposition of transmitted signals as:  
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Fig. 1. STBC-OFDM System Model 

 

 

                                                                                                                                                                                                                           

            

 

   

                          

                 

              (2) 

  

     
where          is the additive white Gaussian noise with zero mean and variance   , 

          denotes the channel frequency response of the multipath channel belongs to  th 

subchannel and  th antenna and      . The channel coefficients between two consecutive 

times are assumed to be quasi-static and satisfies                        . Thus, 

the decoded symbols at the output of the space time decoder is given as; 

 

                                              
                 

          

            
                 

                                          (3) 

 

Accurate estimation of channel parameters is the key for decoding of the space-time 

codes, therefore channel estimation algorithms will be examined in detail in the following 

sections. 

                  

              (2) 

3. Channel Estimation Algorithms for STBC-OFDM 

3.1 EM Algorithm Basics 

The EM algorithm is an iterative method for solving the ML estimation problems in the 

presence of unobserved data. The aim of this algorithm is to augment the observed data with 

the hidden data so that it will be easy to manipulate the likelihood function conditioned on 

the data and the hidden data. The algorithm consists of two major steps: an expectation step 

(E-step) followed by a maximization step (M-step) [11][12]. We can divide our complete 

data into two components such as Г=(П, ϒ), where П are the observed data or incomplete 

data and ϒ are the hidden data or the missing data. We estimate an unknown paramater 

denoted as θ by using the missing data ϒ.  

     According to the EM procedure E-step finds Θ(θ|θ   ), the expected value of the 

loglikelihood of the θ. The expectation is taken with respect to ϒ conditioned on П and θ    

which the latest estimate of the θ: 
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  θ θ                θ     θ                                              (4) 

 

where           is the iteration number. We can find the θ     , which maximizes θ    

over all possible values of θ, 

 

θ                θ θ                                                    (5) 

 

These two steps are iterated until θ   
 converges to the ML estimate of θ. 

     This algorithm has been used in many areas such as genetics, econometric, clinical, 

sociological studies, signal processing and communication applications. The definiton of 

complete and incomplete data sets can be defined according to the usage areas and 

applications. The reader is referred to [11][12] for details on the EM algorithm. In this study, 

EM algorithm is applied to wireless communications systems in order to estimate the 

channel coefficients. Thus, we use the received and transmitted signals together       as the 

complete data set and the received signal   is the incomplete data set. Since our application 

is channel estimation, the unknown parameter is the channel frequency response  .  The EM 

algorithm is an iterative algorithm so an appropriate initial channel estimation value        is 

required. Thus, pilot symbols are used to estimate the initial channel coefficients of the EM 

algorithm efficiently due to its low computational complexity as explained in the next 

subsection.  

3.2 Initial Channel Estimation using Pilot Symbols  

In this part, pilot-based channel estimation that is used for the initial channel estimation will 

be given in detail. The pilot symbols are distributed at certain locations in the OFDM time-

frequency grid to estimate the channel coefficients. The channel estimation for STBC-

OFDM is performed by transmitting pilot symbols from different antennas at the same 

subcarrier simultaneously. Therefore, the received signal at the pilot positions are the 

superposition of the signals coming from different transmit antennas which makes estimation 

issue difficult. Thus, transmitted pilot symbols are encoded using Space Time Block Codes 

in order to simplify the channel estimation [8].  

 The pilot symbols are arranged in the OFDM time-frequency grid for two antennas as 

given in Fig. 2.  At time   the pilot symbols    and   , at time     the pilot symbols 

     and     are sent from the first and second antennas, respectively. The received signal 

at the pilot symbol positions can be expressed in matrix form as:  

 

                                                                                                           (6)                     

where  

    

                                                                                                           
   

         
                

         
         

    

                                            
   

                                                    
    

 

In Eq. (6),    is the subcarrier index represents the pilot positions,         and     
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      are the received signals at time   and    , respectively. The STBC-OFDM system 

assumes that                                               and       

which means the channel is quasi-static for two consecutive times. Then, the estimated 

channel coefficients at pilot positions can be obtained as, 

 

                                   
 

 
          

                                                      

           
 

 
          

                                                 (7) 

where the pilot signal power is normalized to 1. 

 

 
 

Fig. 2. Pilot Symbol Pattern for one STBC-OFDM frame 

 

 

The estimated channel vectors can be reconstructed for each OFDM frame and for each 

antenna      ,  

 

                                                       (8) 

   

where    is the distance between the subcarriers and    is the number of pilot symbols in the 

frequency axes. We use Discrete Fourier Transform (DFT)-based interpolation technique in 

the frequency axes in order to estimate all channel coefficients belonging to all subcarriers. 

First, we transform the frequency channel estimates     into time domain as follows:  

 

            (9) 

   

where   is the       DFT matrix.  

In the pilot arrangement,    can be selected as greater or equal to the channel length, 

     , where     is the length of channel. Thus we apply a filtering matrix to     assuming 
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that the channel response is limited to    and obtain the filtered channel response:  

 

    
   

      (10) 

   

For the above equations the filtering matrix W, is the       identity matrix. W can be in 

the form of square (     ) or rectangular (       identity matrix. Then we apply DFT 

in order to obtain the initial estimates for the  th OFDM symbol as follows:  

 

    
   

     
   

 (11) 

 

where   is the      matrix obtained from the first    columns of the     DFT matrix.  

In order to estimate the other channel coefficients in the OFDM frame, we simply apply 

linear interpolation in the time domain using the estimated channel coefficients for pilot 

OFDM symbols. 

3.3 The Proposed EM-based Channel Estimation Scheme 

In [19], we have proposed a frequency domain EM-based channel estimation algorithm for 

low order modulation schemes and shown the superiority of this algorithm over the time 

domain EM-based channel estimation algorithms. However, the demand on higher data rates 

is directed us to employ higher order modulation schemes. Although, using the higher order 

constellations increase the data rate, it also increases the complexity of the channel 

estimation process because of the increasing number of points to be searched in the EM 

algorithm. Thus, in this paper, we propose to reduce the number of points to be searched in 

EM algorithm without sacrificing the performance of the channel estimation. 

Using the Gaussian noise assumption, we can calculate the probability density function 

(pdf) of   (incomplete data) given   (missing data) and   (unknown parameter vector we 

try to estimate) for two consecutive times   and     as;  

 

                 
 

    
      

 

   
         (12) 

 

                 
 

    
      

 

   
         (13) 

 

where 

 
 

 

 
                                                      (14) 

 

with      is the  th element of the  ,                     ,                  

and     
              

   
        

      
   

In Eq. (12) and Eq. (13), we need to know   matrix, which contains the symbol pairs 

        and         transmitted from the first and second antennas, respectively. 

Although, the exact transmitted signals are not known, the possible symbol pairs can be 

constructed according to to the modulation type and the number of transmitter antennas. The 

number of all probable symbol pairs can get C different values that is calculated as     in 

which   and    represent the size of the constellation points and the number of transmit 
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antennas, respectively. For example, if the modulation type is 16QAM and the number of 

transmitter antennas is     , then the constellation size is     , and the number of the 

symbol pairs becomes          . Increasing the modulation order or number of 

transmitter antennas will increase not only the   value but also the complexity significantly.  

 

By using the assumption that all probable symbol pairs are equally likely and averaging 

the conditional pdf values given in Eq. (12) and Eq. (13) over the  , the pdf of        and 

         for given H  is calculated as follows; 

 

Time  :  
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Time    :  

               
 

     
       

 

   
       

  

 

   

              (16) 

 

where  

                      (17) 

 

and    is a matrix which take   different values through a set contains all probable symbols. 

 As mentioned earlier the EM algorithm has two steps: E-Step and M-Step, that are 

performed in an iterative manner. Our aim is to estimate H from observations of Y, given an 

initial estimate        obtained in the initial channel estimation phase by using pilot symbols. 

At time  , we can estimate   from        at each iteration (            ) as the 

following two steps:  

 

E-Step:  

 

                                                                                                    (18)                                      
 

 

             
 

 
               

 

   

                   

           
 

 
               

 

   

 
                       

    

              
 

           
 

 
               

 

   

 
                 

               
 

 

        

where                    =                   +           . Since channel impulse 

response is assumed to be independent of the transmitted symbols,             

         =  
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M-Step:  

 

                
 

          (19) 
 

 

The same procedure is also applied at time     for estimating   from         . The 

expression given in Eq. (19) is differentiated with respect to   for two consecutive time and 

set to zero to obtain updated channel coefficients. Then, combining these updated channel 

coefficients obtained at time   and    , we get:  

 

               
 

 

   

     

  

    
 

 

   

       (20) 

 

where    is a scalar value and             
     

    
     

  .  

In Eq. (20), the value of    is an important parameter to converge the actual channel 

coefficient values. In considered STBC-OFDM model, this parameter can have two different 

values for each subchannel, since the symbols and their complex conjugate values are 

transmitted in two consecutive times. These    values which belong to two consecutive times 

are the elements of the    vector formed by using Eqs. (12)-(16) as given below:  

 

     
                 

              
 

                   

                
 

 

   (21) 

 

 

The channel coefficients between two consecutive times are assumed to be quasi-static as 

mentioned before. Thus, only one    value must be selected through    vector. In order to 

improve the confidence of the estimation, the worst case scenario is considered and for each 

 , we choose the lowest case as in [19]:  

 

                      (22) 

 

In Eq. (20), it is seen that the updated channel coefficients are related to    matrix which 

contains the transmitted symbols from the first and second antennas. As mentioned above, 

these symbol pairs so the    matrix can take   different values. The value of  , which is 

dependent on the modulation type and the number of transmitter antennas of the system, is 

critical since the higher values of these parameters increase the complexity of the system. In 

order to support higher data rate applications in wireless communications systems, the higher 

order constellation schemes are employed with the support of multiple antenna techniques. 

However, using higher order modulation schemes not only increase the data rate of the 

system but also increase the complexity of the frequency domain EM-based channel 

estimation for STBC-OFDM systems significantly.  

A lower complexity scheme is required for wireless systems with high data rate systems. 

Thanks to the proposed low complexity frequency domain channel estimation scheme 

properties, it is possible to reduce the size of search set by using the initial soft estimates of 

the transmitted signals, which are obtained by using the received symbols and initial channel 

estimation coefficients in Eq. (3), as the symbol pairs. The effective lower complexity 

constellation reduction procedure can be summarized in two steps as given below:  
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Step 1 

 Divide the whole constellation map into lower order constellation regions. 

 Determine the reference points for each divided region. 

 Decide the approximate regions for the transmitted symbol pairs by comparing the 

real and imaginary parts of them with these reference points. 

 

Step 2 

 Discard the unselected regions while forming the    matrix. Only the constellation 

points in the selected regions are considered for the evaluation since, these points 

are more significative than the points in the other regions. This will reduce the value 

of   for the proposed channel estimation algorithm. 

 

We consider 16QAM and 64QAM as high order modulation schemes which are 

examined in detail as follows.  

 

16QAM case study 

In 16QAM case, constellation map is divided into four regions as given in Fig. 3. The 

region boundaries are simple for 16QAM that the big green circle (      point) is taken as a 

reference point. In the first step, the regions of the transmitted symbol pairs (       , 

       ) are determined by using this reference point. The real and imaginary parts of the 

given symbol pair is compared to reference point to determine the approximate regions. In 

this step, since we have four regions, we can think each region as a constellation point so the 

constellation points are   instead of    for each symbol. Therefore, the search set size will 

be    
     

      . As shown in the Fig. 3, after checking 16 probable region pairs, 

(Region4, Region3) is selected. In the second step, the regions of the symbol pairs are known 

so the constellation points belonging to not selected regions such as Region1 and Region2 

are ignored while forming the    matrix. Thus, the constellation points for each symbol are 

reduced from      to     for the second step and the search set size became    
     

 

     .  Total  calculations for the proposed algorithm for 16QAM can be given as 

       
     

    
     

. As a result, the overall effect of  using regions is reducing the 

number of calculations  from           (full search case) to              .  

 

64QAM case study 

The constellation map is divided into sixteen regions for 64QAM case as seen in Fig. 4. 

In the first step, the region of symbol pairs are determined approximately by using the five 

boundary points (green big circles) whose locations on the constellation map are given as 
     ,               ,                                  and                  . The 

real and imaginary parts of the symbols are compared with the given boundary points in 

order to find the approximate regions of the symbol pairs. In this step, since we have    

regions, we can assume that the constellation points are    instead of    for each symbol so 

the search set size will be    
     

        . As shown in the Fig. 4, after checking 256 

probable regions, (Region13, Region12) which is surrounded with red boxes is selected for 

(       ,        ) symbol pair. In the second step, the constellation points belonging to not 

selected regions are ignored while forming the    matrix as in the 16QAM case. Thus, the 

constellation points for each symbol are reduced from      to     for the second step 

and the search set size became    
     

      .  Total calculations for the proposed 
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algorithm for 64QAM can be given as        
     

    
     

. Finally, the calculations for 

64QAM case is reduced from            (full search case) to             
   .  Due to this, the complexity and process time of the proposed channel estimation is 

reduced significantly. 

 
Fig. 3. Regions for 16QAM. 

 

 
Fig. 4. Regions for 64QAM.  
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4. Performance Results  

In this section, we evaluate the performance of the proposed low complexity frequency 

domain EM-based channel estimation algorithm for Alamouti STBC-OFDM with higher 

order constellations. The proposed low complexity iterative channel estimation scheme is 

compared to the pilot based initial channel estimation, the time domain EM-based STBC-

OFDM channel estimation algorithm described in [16][17], the frequency domain EM-based 

STBC-OFDM channel estimation algorithm that searches all constellation points also called 

full search case and perfect channel state information case for 16QAM and 64QAM in terms 

of BER and MSE. The BER and MSE are obtained through Monte-Carlo simulations. 

 In the simulations, the symbol duration is selected as       including      guard 

interval to avoid ISI due to channel delay spread. The entire channel bandwidth is chosen 

      , and is divided into    subchannels. The time varying frequency fading channel has 

  taps and the Doppler shift is chosen to be      . Each tap is Rayleigh distributed and the 

conventional exponential decay multipath channel model is used for power-delay profile. 

The channel is assumed to be constant in two consecutive OFDM symbols. We use 

   OFDM symbols in one OFDM frame and 8 pilot symbols for each OFDM symbol 

(    ). The simulation results are averaged over 2000 simulation runs. 

 
 

Fig. 5. The BER performance of STBC-OFDM for 16QAM 
 

First of all, we obtained the BER and MSE results in Fig. 5 and Fig. 6, respectively for 

the 16QAM case. In Fig. 5, it is seen that the EM-based channel estimation algorithms 

outperform the pilot-based initial channel estimation algorithm. The frequency domain EM-

based channel estimation algorithms have also better BER performance compared to the time 
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domain EM-based channel estimation algorithm and both algorithms give close performance 

to the perfect channel estimation case. Although, the proposed low complexity algorithm 

does not search all possible symbol pairs while estimating the channel coefficients by using 

EM algorithm, it still has almost the same BER performance with the  full search case that 

search all possible symbol pairs. The total number of symbol pairs so the total calculation 

value is       for the full search case but it is              for the proposed one. 

Thus, it can be said that the proposed algorithm reduced the complexity significantly with a 

ratio of       , without too much BER performance loss. In order to compare the channel 

estimation performance, the MSE result is also given in Fig. 6. It is seen that the EM-based 

schemes outperforms the initial channel estimation scheme and the frequency domain 

schemes achieve better MSE performance than the time domain scheme. The proposed 

algorithm and the full search case give almost the same results and they are both close to the 

Cramer-Rao Lower Bound (CRLB). Thus, it can be said that the channel estimation 

performance is not effected when eliminating the symbol pairs that are belong to not selected 

regions in the proposed algorithm. The reason is that only the symbols in the neighborhood 

can give valuable information for accurate estimation while the others have almost zero 

probability to contribute on channel estimation process. Thus, it is shown that it is not 

necessary to search all points in the constellation. This result is important since the 

complexity of the system is decreased and it is now more suitable for the practical 

applications. 

 

 
 

Fig. 6. The MSE performance of STBC-OFDM for 16QAM. 
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    Fig. 7. The BER performance of STBC-OFDM for 64QAM. 

 

 

 

 
Fig. 8. The MSE performance of STBC-OFDM for 64QAM. 
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Second of all, the BER and MSE performances are obtained for 64QAM in Fig. 7 and 

Fig. 8, respectively. It is seen that the performance of the initial channel estimation has been 

improved by using the EM-based channel estimation algorithms. The BER and MSE 

performances of the proposed reduced search case and full search case are almost the same 

and close to the perfect CSI and CRLB, respectively. Both of the frequency domain schemes 

outperform the time domain EM-based scheme for the higher order modulation schemes. For 

64QAM, the total number of symbol pairs so the total calculation value is        for the 

full search case but it is                for the proposed one.  Thus, it can be seen 

that increasing the number of points to be searched does not effect the performance results 

too much. The proposed algorithm also reduces the complexity with a ratio of 93% for this 

case. 

 
Table 1. Average execution time (sec) of the algorithms (Eb/No= 20 dB) 

 

              Algorithm 

Modulation 

Full Search Case Proposed Reduced Search Case 

16QAM 37.8 3.9 

64QAM 540 4.2 

 

 

Finally, the complexity of the full search case and proposed reduced search case 

algorithms are compared by measuring the execution time required by each of them in order 

to support the conclusions drawn by using BER and MSE results . The results given in Table 

1 are obtained by using  MATLAB R2011b on a PC with Core 2 Duo processor operating 

with a clock 3 GHz. These results also show that the proposed algorithm decrease the 

complexity of the algorithm significantly.  

5. Conclusion 

In this paper, we have proposed a low complexity frequency domain EM-based channel 

estimation method for STBC-OFDM with higher order constellations. The proposed scheme 

revealed that it is not required to search all constellation points to obtain a good 

performance. The complexity of the EM-based channel estimation for STBC-OFDM has 

been decreased significantly by reducing the number of constellation points to be searched 

and the process time of the channel estimation has been shortened without any performance 

loss. Therefore, the proposed algorithm is suitable for practical wireless communication 

systems with high data rate applications. Moreover, the proposed channel estimation method 

can be extended to multiuser MIMO-OFDM schemes with more than two transmit and 

receive antennas and any order of constellations. 
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