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Abstract. Assistive and operative manipulators allow easier and more precise operations for minimally 

invasive surgery. Such manipulators often have a pivot point at the incision port on the patient’s body, 

so the manipulator should have a remote center of motion. This study presents the structural synthesis 

of a non-parasitic 3-dof manipulator with 2R1T motion pattern to be used as a remote center of motion 

mechanism for minimally invasive surgery applications. The manipulators of various kinematic struc-

ture are evaluated considering criteria such as possibility of construction of the mechanism for remote 

center of motion, ease of dynamic balancing, number of links, structural symmetry, the number of ac-

tuators connected to the base and decoupling of the joint inputs and the output motion of the platform. 
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1 Introduction 

 

The use of robotic devices in surgical applications is becoming widespread day by 

day [2]. Some of these devices are used directly in operations while others are be-

ing developed as assistive devices. Compared with manual surgical operations, ro-

bot operated surgeries appear to be more precise [4]. Surgical robots are usually 

used in minimally invasive surgery (MIS) applications. MIS is performed with a 

surgical tool inserted through a small hole (incision port) into the patient’s body. 

Such operations can be completed in less time, with less pain and less blood loss 

compared to conventional surgery. The post-operative process also results in faster 

recovery and smaller surgical scars [6]. 

The necessity of moving through an incision port in MIS requires that the robot 

should have a pivot point at the port. Remote-center-of-motion (RCM) is a point 

which remains stationary with respect to the base of the manipulator without ne-

cessitating any joints at that point such that the end-effector of the manipulator can 

rotate about and slide through this point. The RCM of a manipulator can be ob-
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tained by properly designing the mechanical structure, or by using a kinematically 

redundant manipulator and ensuring RCM by control. Mechanical RCMs are more 

reliable and considered more suitable for clinical practice compared to non-

mechanical ones [7].  

In MIS, a surgical tool can have at most four degrees-of-freedom (dof) through 

the incision port: yaw, pitch, roll and heave [7]. However, yaw, pitch and heave 

movements are sufficient for endoscope movements [8]. This study follows Kong 

and Gosselin’s [3] structural synthesis methods in order to classify manipulators, 

end-effectors of which are capable of non-parasitic yaw, pitch and heave motions, 

i.e. 2R1T (two rotational, one translational dof) motion. The results are compara-

ble with Li and Hervé’s [5] results for classifying non-parasitic 1T2R manipula-

tors, which are the kinematic inversion of the 2R1T case. Recently Huang et al. 

[1] also worked on RCM mechanisms with 2R1T motion, where they have similar 

results for synthesizing the legs, but the manipulators they obtained are few in 

number. After the classification, proper mechanical structures are compared ac-

cording to design criteria for MIS applications with RCM. 

2 Structural Synthesis 

A manipulator with 2R1T motion can have various kinematic structures. The 

simplest kinematic structure would be an RRP (R: revolute, P: prismatic) serial 

manipulator where the R axes intersect each other and the P direction is 

perpendicular to the plane defined by the R axes. Also several types of hybrid 

kinematic structures can be used such as: type 1) the first R of the 2R1T motion is 

serially connected to a 2-dof parallel kinematic chain (PKC) for the RT motion; 

type 2) 2R motion is obtained with a PKC while the T motion is connected 

serially; type 3) second R motion is obtained with a PKC while the first R and the 

T motion are connected serially. Examples for serial and hybrid kinematic 

structures for orienting (2R) manipulators are presented in [9]. 

In this section, the structural synthesis for 3-dof parallel manipulators (PM) for 

2R1T motion pattern is performed. The virtual chain (VC) corresponding to the 

2R1T motion pattern is RRP. The motion and constraints of a kinematic chain are 

respectively represented by twist systems and wrench systems in screw theory [3]. 

Then, the wrench system for an RRP= PKC is a 2F0-1F∞-system (Fig. 1a), where 

F0 and F∞ represent 0-pitch and ∞-pitch wrenches, respectively.  

An RRP VC is illustrated in Fig. 1b. u- and v-axes represent the R joint axes of 

the VC and intersect at the pivot point D. w-axis is along the direction of the P 

joint and passes through the pivot point. The u-axis lies on the XY-plane. u-axes 

attached to different legs may have different directions. v-axis is perpendicular to 

the u-axis, while w-axis is perpendicular to the v-axis. In Fig. 1b, when both yaw 

and pitch angles are equal to zero, u- and v-axes lie on the XY-plane and w-axis 

coincides with the Z-axis of the XYZ frame attached to the base. 
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a.   b.   

Fig. 1 a. 2F0-1F∞-system. b. Description of the RRP VC 

2.1 Decomposition of the wrench system of the PKC 

Combinations of leg constraint degrees (c1, c2, c3 for the three legs) for 3-legged 3-

dof (M = 3) PKCs are given in Table 1.  is the total degree of overconstraint of 

the PKC such that c1 + c2 + c3 =  + M. The number of single dof joints, f, in a leg 

is calculated with the formula f = (6 – c) + M, where c is either of c1, c2, c3. 

Table 1.  Combinations of ci for 3-legged 3-dof PKCs 

∆ 6 5 4 3 2 1 0 

c1 3 3 3 3 3 3 2 3 3 2 3 2 2 3 2 1 
c2 3 3 3 2 3 2 2 2 1 2 1 2 1 0 1 1 

c3 3 2 1 2 0 1 2 0 1 1 0 0 1 0 0 1 

Table 2.  Combinations of leg-wrench systems for 3-legged RRP= PKCs 

∆ 6 5 4 3 
c1,c2,c3 3,3,3 3,3,2 3,3,1 3,2,2 3,3,0 3,2,1 2,2,2 

2Fo-1F∞ 3 2 2 2 2 1 1 1 2 1 1 1 1 0 0 0 
1Fo-1F∞ 0 1 0 0 0 2 0 1 0 1 1 0 0 3 2 1 

2Fo 0 0 1 0 0 0 2 1 0 0 0 1 1 0 1 2 

1Fo 0 0 0 1 0 0 0 0 0 1 0 0 1 0 0 0 

1F∞ 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 
 

∆ 2 1 0 
c1,c2,c3 3,2,0 3,1,1 2,2,1 3,1,

0 

2,2,0 2,1,1 3,0,0 2,1,0 1,1,1 

2Fo-1F∞ 1 1 1 1 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 
1Fo-1F∞ 1 0 0 0 0 2 0 2 1 1 0 0 2 1 1 0 1 0 0 1 0 0 

2Fo 0 1 0 0 0 0 2 0 1 1 0 0 0 1 0 1 0 1 0 0 1 0 

1Fo 0 0 2 0 1 1 0 0 1 0 1 0 0 0 2 0 1 1 0 1 0 2 

1F∞ 0 0 0 2 1 0 1 1 0 1 0 1 

 

 

 

0 0 0 2 1 1 0 0 1 1 

0 1 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 2 1 1 0 
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The platform wrench system is a 2F0-1F∞-system, so the legs may have one of 

the following systems: 2F0-1F∞-, 1F0-1F∞-, 2F0-, 1F0-, 1F∞- or 0-system. The 

wrench system of the moving platform is simply the linear combination of those 

of all the legs [3]. So, combinations of leg-wrench system which do not have two 

F0- and one F∞-system in total fail to produce the platform wrench system and are 

not feasible. Feasible combinations are listed in Table 2.

2.2 Type synthesis and assembly of the legs  

2F0-1F∞-system: There should be f = (6 – c) + M = (6 – 3) + 3 = 6 joints in a vir-

tual loop (VL). Since there are already 3 joints in the RRP VC, there should be 3 

joints on the leg. In order to obtain a 2F0-1F∞-system, two coaxial (3F0-2F∞-

system) and one codirectional (2F0-3F∞-system) compositional units (CUs) are 

combined (Table 3.3 in [3]). Coaxial or codirectional CUs are denoted by ()L, 

where the R or P joints are written inside the parenthesis. A coaxial CU can in-

clude one or more R joints with coincident axes. A codirectional CU can include 

one or more P joints with the same direction. Together with the RRP VC (or more 

specifically (R)L(R)L(P)L VC), there are no feasible solutions for a VL, because 

the leg would have multiple coaxial R joints or multiple codirectional P joints. 

However, the VC itself can be used as a leg. Leg structure alternatives are 

(R)L(R)L(P)L and (R)L(RR)A, where ()A represents a parallel axis CU. Two or three 

legs of this type cannot be used in the PKC, because the centers of the universal 

(U) joints of multiple legs would necessarily be at the pivot point, hence not re-

sulting in a RCM. So the columns in Table 2 with more than one 2F0-1F∞-system 

can be disregarded. 

1F0-1F∞-system: A loop is composed of a coaxial CU and a planar CU (denot-

ed by ()E). There are f = (6 – c) + M = (6 – 2) + 3 = 7 joints in the loop, 4 of which 

are on the leg. A planar CU has at least two joints, at least one of which is an R 

joint and all links move along parallel planes. There can be at most two P joints 

and more than one coaxial R joints is not allowed in the leg, because otherwise the 

leg has internal mobility. Since the R axes in the VC are orthogonal, the coaxial 

unit should definitely be a part of the VC. Also a part of the coaxial chain needs to 

be in the leg as well, because otherwise we have a coplanar 4-joint leg, which has 

internal mobility. So, the only possible structure for the VL is ((RR)LRPE)E, 

where E stands for a planar joint. The VC joints are represented with bold letters 

in the VL in order to distinguish them from the joints of the leg. In practice, the E 

joint may be constructed as a planar RRR, PRR, RPR, RRP, PPR, PRP or RPP 

chain. (R)L part being inside the ()E parenthesis means that the coaxial R joint can 

be positioned arbitrarily in between any two joints of the planar chain. Practically 

we do not prefer an unactuated P joint, so we disregard the solutions with multiple 

P joints in a leg. The feasible legs are ((R)LRRR)E, ((R)LRRP)E, ((R)LRPR)E and 

((R)LPRR)E. The first three are equivalent to URR, URP and UPR legs, respective-

ly. For ((R)LPRR)E, if the (R)L axis is along the P direction, this specific case cor-

responds to a CRR chain. 
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2F0-system: This wrench system is composed of a spherical CU (denoted by 

()S) and a codirectional CU. There are f = (6 – c) + M = (6 – 2) + 3 = 7 joints in 

the VL. A spherical CU includes at least two R joints and a codirectional CU in-

cludes at least one P joint. Two or more codirectional P joints in the leg are not 

feasible in practice. With these conditions, the only possible structure for the VL 

is (SRR)S(PP)L, where S stands for spherical joint. So the leg has a SP structure, 

which can have (RRR)S(P)L form in practice. 

1F0-system: There are f = (6 – c) + M = (6 – 1) + 3 = 8 joints in the VL of this 

wrench system. In Table 3.4 in [3], six different ways are given to obtain a 1F0 

system: (a) a planar CU + a spherical CU, (b) two spherical CUs with distinct cen-

ters, (c) inserting two coaxial CUs into a single-loop kinematic chain (SLKC) 

composed of a planar CU, (d) inserting two coaxial CUs into a SLKC composed 

of a spherical CU, (e) inserting a coaxial CU and a codirectional CU into a SLKC 

composed of a spherical CU and (f) inserting two codirectional CUs into a SLKC 

composed of a spherical CU. In case (a), the only possible SLKCs are in the form 

of (RRR)S(RPE)E. So, leg structures can be in the form of UE. The center of the U 

joint should be on the u-axis and the plane of the U joint should not be parallel to 

the u-axis. Plane of the E joint should be perpendicular to the v-axis. (b) and (d) 

cases are not feasible because of the P joint in the VC. The only possible structure 

of VL for case (c) is ((R)L(RR)LRPE)E. So, leg structure is ((R)L(R)LE)E. The axis 

of the 1st (R)L is along the u-axis; the axis of the 2nd (R)L is along the virtual P di-

rection; plane of the E joint should be perpendicular to the v-axis; (R)L’s can be 

distributed in the E joint. For case (e), the possible structures for VL are 

(RRRRR)S(PP)L(R)L and ((RR)LR(PP)LRRR)S. Thus, the leg structure can be 

S(R)L(P)L, where the center of the S joint is on the pivot point, the axis of the (R)L 

does not pass through the pivot point and direction of (P)L is along the w-axis. Or 

alternatively the leg structure can be ((R)LS(P)L)S, where the axis of (R)L is along 

the u-axis, the center of the S joint is on the v-axis and direction of (P)L is along 

the w-axis. There are two possibilities for case (f): (SRR(PP)L(P)L)S (corresponds 

to leg structure (RRR(P)L(P)L)S, which is not desirable due to two P joints in the 

leg) and (SRRR(P)L(P)L)S  (corresponds to leg structure (SR(P)L)S, which is not 

feasible due to internal mobility of the spherical 4R in the leg).  

1F∞-system: In this system, there are f = (6 – c) + M = (6 – 1) + 3 = 8 joints in 

the VL. For obtaining such a wrench system, we have two cases: (a) combining 

two parallel axis CUs or planar CUs or (b) inserting a coaxial CU into the SLKC 

composed of a parallel axis CU or planar CU. For case (a), using planar CUs is fa-

vorable over using parallel axis CUs due to constructional ease, so only planar 

CUs will be considered. Possible structures for the VL with two planar CUs are 

(..R)E(RP...)E and (...R)E(RP..)E, where each dot represents an R or P joint. Plane 

of the first ()E is perpendicular to the u-axis and plane of the second ()E is perpen-

dicular to the v-axis. So the leg structure is (..)EE or E(..)E where .. may be RR, RP 

or PR. For case (b), possible structures for the VL have the form of 

((RR)LRP....)A. So the leg can be ((R)LRRRP)A, ((R)LRRPR)A, ((R)LRPRR)A or 

((R)LPRRR)A. (R)L is coaxial with the u-axis and the remaining R joint axes are all 

parallel to the v-axis. 
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0-system: In this system, there are no constraints for the dof of the leg and any 

6-dof chain is suitable. SPU can be an example. 

Possible leg configurations are summarized in Table 3. 

Table 3.  Leg alternatives for each system 

System Leg Structure Alternatives 

2F0-1F∞ (R)L(R)L(P)L; (R)L(RR)A 

1F0-1F∞ 
(R)LE ((R)L is co-axial with 1st R joint axis of the VC): ((R)LRRR)E or URR; 

((R)LPRR)E (may be CRR); ((R)LRPR)E or UPR; ((R)LRRP)E or URP 

2F0 SP (The center of S joint should be coincident with the pivot point D) 

1F0 

a) UE (center of U joint is on u-axis; plane of U joint is not parallel to u-axis; plane of 

E joint is perpendicular to v-axis): S(RR)E, S(RP)E, S(PR)E, U(PRR)E 

c) ((R)L(R)LE)E (axis of 1st (R)L is along u-axis; axis of 2nd (R)L is parallel to w-axis; 

plane of joint E is perpendicular to v-axis; (R)L’s can be distributed in E joint) 

e) S(R)L(P)L (center of S joint is on pivot point; axis of (R)L does not pass through 

pivot point; direction of (P)L is along w-axis) or ((R)LS(P)L)S (axis of (R)L is along u-

axis; center of S joint is on v-axis; direction of (P)L is along w-axis) 

1F∞ 

1) (..)EE (plane of ()E is perpendicular to u-axis; plane of E joint is perpendicular to v-

axis): (RR)E(RRR)E, (RR)E(RRP)E, (RR)E(RPR)E, (RR)E(PRR)E; (RP)E(RRR)E; 

(PR)E(RRR)E; E(RR)E: (RRR)E(RR)E, (RRP)E(RR)E, (RPR)E(RR)E, (PRR)E(RR)E; 

(RRR)E(RP)E; (RRR)E(PR)E  

2) ((R)LRRRP)A, ((R)LRRPR)A, ((R)LRPRR)A, ((R)LPRRR)A  

0 Example: SPU 

RRP= PKCs can be generated by assembling three of the alternative leg structures 

given in Table 3. For each six alternative leg-wrench systems in Table 3, a repre-

sentative leg is selected and possible assemblies according to Table 2 are con-

structed in a CAD program. Some of the assemblies result in 4-dof platform mo-

tion due to dependency of the leg wrench systems, so they are disregarded. For the 

assemblies that satisfy the 2R1T motion which can be used as an RCM mecha-

nism, the options for the three joints to be actuated are evaluated. Preferably, the 

actuated joints should be connected to the base. 

3 Design Evaluation 

For some of the assemblies obtained in Section 2 the legs share the first R axes on 

the base, hence they actually have a hybrid type 1 kinematic structure. All the ma-

nipulators obtained in Section 2 are evaluated along with hybrid types 2 and 3 and 

serial assemblies. All alternatives are compared with each other considering the 

following evaluation criteria with their weights, w: ease of dynamic balancing    

(w = 3); number of links (w = 1); structural symmetry (w = 1); decoupling of the 

inputs and the output 2R1T motion (w = 2); and the number of actuators connect-

ed to the base (w = 2). For grading, the following considerations were taken into 

account: For ease of dynamic balancing, grade of legs with prismatic joints (if un-

avoidable) and/or spherical sub-chains was kept low. Less number of links was 



Structural Synthesis of 2R1T Type Mechanisms for Minimally Invasive Surgery Applications 7 

considered as an advantage. Structural symmetry grade is determined based on 

whether there are same types of legs and the legs can be positioned in opposite 

sides. Decoupling of the inputs and the output 2R1T motion was graded based on 

how many inputs directly correspond to an R or T motion of the end-effector. Fi-

nally, more number of actuators that can be connected to the base was considered 

to be in favor. 

The evaluation chart is too big to be presented here. The kinematic structure 

with the highest grade in the evaluation chart has a 2 (1F0-system) and 1 (1F0-1F∞-

system) leg structure. A CAD model of such a system designed as an RCM ma-

nipulator for transsphenoidal surgery is depicted in Fig. 2. The PM in Fig. 2 has 

2URRR-URR kinematic structure. For this PM, the R joint axes on the base 

should be intersecting at the pivot point, but the angles between the axes are arbi-

trary. The R axes of the URRR legs connected to the endoscope should be concur-

rent along the w-axis. Although all legs in Fig. 2 seem to have identical structure, 

one of the legs has one less R joint (about the w-axis), hence the part of the leg af-

ter the second R joint is rigidly connected to the endoscope. 

 

Fig. 2 Conceptual CAD model of an RCM manipulator for transsphenoidal surgery 

Pivot 

point 

Endoscope 

w 

u 
v 
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4 Conclusions 

This study deals with the structural synthesis of a non-parasitic 3-dof manipulator 

with 2R1T motion pattern to be used as an RCM mechanism for MIS applications. 

For the synthesis of the PMs, the constraint based type synthesis method of Kong 

and Gosselin [3] is used. The resulting PMs together with manipulators with 

hybrid and serial kinematic structure are evaluated. The key evaluation criteria are 

possibility of construction of the mechanism for RCM and ease of dynamic 

balancing. The best option is evaluated to be a PM with 2 (1F0-system) and 1 (1F0-

1F∞-system) leg structure which has a total degree of overconstraint of  = 1. The 

future studies include optimization of the dimensions of the PM for a desired 

dexterous workspace, dynamic balancing and constructional design.
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