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An Extended Jacobian-Based
Formulation for Operational
Space Control of Kinematically
Redundant Robot Manipulators
With Multiple Subtask
Objectives: An Adaptive Control
Approach
In this study, an extended Jacobian matrix formulation is proposed for the operational
space tracking control of kinematically redundant robot manipulators with multiple sub-
task objectives. Furthermore, to compensate the structured uncertainties related to the
robot dynamics, an adaptive operational space controller is designed, and then, the cor-
responding stability analysis is presented for kinematically redundant robot manipula-
tors. Specifically, the proposed method is concerned with not only the stability of
operational space objective but also the stability of multiple subtask objectives. The com-
bined stability analysis of the operational space objective and the subtask objectives are
obtained via Lyapunov based arguments. Experimental and simulation studies are pre-
sented to illustrate the performance of the proposed method. [DOI: 10.1115/1.4042464]

1 Introduction

Kinematically redundant robot manipulators have a greater
number of joints than the number of variables necessary to
describe a given task. Due to the differences between the dimen-
sion of the joint space (i.e., n) and the dimension of operational
space (Cartesian space or end-effector space) (i.e., m) of kinemati-
cally redundant robot manipulators, there exist n–m redundant
degree-of-freedom (DOF) [1], thus generating at least one inde-
pendent parameter to define the output configuration to perform a
desired task in the operational space. However, from a mathemati-
cal perspective, this redundancy exposes an inverse kinematic
problem for kinematically redundant robot manipulators due to
the infinite many joint configuration solutions for any given
desired position of the end-effector. In spite of the inverse kine-
matic problem, taking the advantage of this redundancy while
properly manipulating the kinematically redundant robot manipu-
lator in the operational space, joint motion in the null-space of the
Jacobian matrix can be used to perform subtasks (secondary
objectives) such as special joint configurations, avoidance of sin-
gularities, manipulability enhancement, joint limit avoidance, and
obstacle avoidance. For a more detailed review of the topic on
kinematically redundant robot manipulators, the interested reader
referred to Refs. [2]–[4] with their references. From a quick
review of this topic in literature, researchers generally focused on
two major redundancy resolution (inverse kinematic) methods for
the aforementioned problem: (i) pseudo-inverse Jacobian-based
control formulations and (ii) redundancy resolution via an
extended Jacobian (task augmentation).

In early research on pseudo-inverse Jacobian-based control for-
mulation for redundancy resolution, first, Khatib [5] proposed this

formulation and developed a control method based on the
dynamic model of a robot manipulator in operational space. Then,
Hsu et al. [6] presented a feedback linearization controller that
guarantees end-effector tracking and enables the self-motion of
the manipulator flow along the projection of a given arbitrary vec-
tor field. To deal with simultaneous multiple objectives, recently,
Ott et al. [7] proposed a null space projection-based approach for
dynamic control of kinematically redundant robot manipulator.
However, these control methods were based on exact knowledge
of the robot dynamics. For the same problem with dynamical
uncertainties, adaptive control methods were presented for kine-
matically redundant robot manipulators in Refs. [8]–[16]. To com-
pensate unstructured uncertainties in robot dynamics, robust
control methods were presented in Refs. [17]–[21]. Most of these
pseudo-inverse Jacobian-based robust and adaptive control meth-
ods achieved end-effector tracking without the integration of the
subtask objective into the stability analysis. First, in Refs. [11]
and [12], the authors addressed this issue by designing an adaptive
controller that achieved asymptotic tracking in the operational
space in conjunction with systematic integration of the subtask
objective into the stability analysis. Later, the proposed methodol-
ogy of Ref. [16] ensured a combined stability analysis for both
operational space tracking and subtask objectives. However, in
Ref. [16], only one subtask objective can be performed since the
proposed methodology was applicable for one redundant DOF
(i.e., n�m¼ 1). One of our motivations in this study arises from
the requirement of multiple subtask objectives for highly redun-
dant robot manipulators (i.e., n�m> 1).

As noted in Ref. [4], the extended Jacobian methods have a
major advantage over pseudo-inverse Jacobian-based methods in
that it is cyclic (also called repeatability). It is mentioned that the
motion of the robot manipulator during periodic tasks to be recur-
rently repeated may be unpredictable. In early research on the
extended Jacobian method for redundancy resolution, in Ref. [22],
Baillieul proposed this method that projects the gradient of the
cost function onto the null space of the Jacobian. In another
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augmentation method for solving kinematic redundancy [23], Ser-
aji proposed an augmented inverse Jacobian for controlling the
manipulator configuration. In Ref. [24], the authors proposed a
steady motion control for redundant robot manipulators using an
extended operational space formulation. Robust adaptive control
for redundant manipulators, presented in Ref. [25], ensures the
global stability of trajectory tracking objective in the presence of
bounded disturbances. The authors in Ref. [26] used the extended
Jacobian method of Ref. [22] for redundant robot manipulator
control with obstacle avoidance. Simas et al. [27] proposed an
extended Jacobian matrix based on kinematic constraints and
applied for collision avoidance of a P3R redundant robot manipu-
lator. For the problem of inverse Jacobian kinematics, the authors
in Ref. [28] developed an extended Jacobian approximation algo-
rithm combining the advantages of both the pseudo-inverse Jaco-
bian method and the extended Jacobian method. However, all
these methods mentioned above did not consider the stability
analysis of subtask objectives.

In this study, we propose an extended Jacobian based adaptive
operational space controller formulation that makes use of subtask
objectives to extend the manipulator Jacobian. The use of subtask
objectives to extend the manipulator Jacobian enables the pro-
posed controller to perform both the main end-effector tracking
objective and an extra subtask objective at the same time. Specifi-
cally, an extended operational space formulation is designed by
integrating the null-space of the Jacobian matrix with the opera-
tional space Jacobian matrix. Additional subtask functions
depending on the joint motion with equality constraints are prop-
erly chosen up to the amount of the redundant DOF. In order to
compensate for parametric uncertainties in the robot dynamics, an
adaptive controller is designed. A Lyapunov stability theorem is
then proposed, and asymptotic stability of the designed controller
is ensured. This study presents a major improvement to the litera-
ture in the sense that multiple subtask objectives can be performed
along with the main operational space objective. In addition, the
performance of the proposed extended operational space formula-
tion is experimentally validated using a 3DOF kinematically
redundant robot manipulator, and then, a simulation study is per-
formed on the model of 4DOF manipulator on MATLAB/SIMULINK.
For the subtask objectives, inspired from Ref. [29], we developed
a function which aims that a fixed laser or optic camera on the first
joint accurately tracks the end-effector of the manipulator.

The rest of this paper is organized as follows: dynamic and
kinematic models for robot manipulator are given in Sec. 2.
Extended operational space formulation is provided in Sec. 3.
Error system formulation is provided in Sec. 4. Section 5 presents
the design and the stability analysis of the adaptive operational
space controller. The experimental and simulation results are
given in Secs. 6 and 7, respectively, and concluding remarks are
given in Sec. 8.

2 Dynamic and Kinematic Models

The dynamic model of an n DOF revolute joint robot manipula-
tor is described as [6]

M hð Þ€h þ Vm h; _h
� �

_h þ G hð Þ þ Fd
_h ¼ s tð Þ (1)

where h tð Þ; _h tð Þ; €h tð Þ 2 Rn are the joint position, velocity, and
acceleration vectors, respectively, M hð Þ 2 Rn�n represents the
mass-inertia matrix, Vm h; _h

� �
2 Rn�n represents centripetal-

Coriolis effects, G hð Þ 2 Rn represents gravitational effects, Fd 2
Rn�n is the constant, diagonal, positive definite dynamic frictional
effects, and the control input torque vector is defined as
s tð Þ 2 Rn. For the development of controller and the stability
analysis, the following properties are required [30].

PROPERTY 1. The mass-inertia matrix M(h) is symmetric and
positive-definite and satisfies the following inequalities:

m1jjfjj2 � fTM hð Þf � m2jjfjj2 8f 2 Rn (2)

where m1, m2 2 R are positive constants and k � k denotes the
standard Euclidean norm.

PROPERTY 2. The mass-inertia and centripetal-Coriolis matrices
satisfy the following skew symmetric relationship:

fT _M hð Þ � 2Vm h; _h
� �� �

f ¼ 08f 2 Rn (3)

where _M hð Þ denotes the time derivative of the mass-inertia
matrix.

PROPERTY 3. The left-hand side of (1) can be linearly parameter-
ized as shown below

Y h; _h; €h
� �

/ ¼ M hð Þ€h þ Vm h; _h
� �

_h þ G hð Þ þ Fd
_h (4)

where Y h; _h; €h
� �

2 Rn�p is the regression matrix and / 2 Rp is
the constant parameter vector that depends on robot parameters.

The end-effector pose in the operational space x tð Þ 2 Rm (with
n>m) can be written as a function of the joint position as shown
below

x ¼ f hð Þ (5)

where f : Rn ! Rm is the forward kinematics function. Differen-
tiating Eq. (5) with respect to time, the velocity kinematics can be
written as

_x ¼ J _h (6)

where _x tð Þ 2 Rm is the operational space velocity vector and
J hð Þ¢ @f hð Þ=@h

� �
2 Rm�n is the Jacobian matrix.

Following remarks are standard in the dynamic redundant robot
control literature [5,30].

Remark 1. During the control development, we need J(h) to be
full-rank 8h which is possible by avoiding all kinematic singular-
ities a priori.

Remark 2. The dynamic and kinematic terms of revolute joints
robot manipulators depend on h(t) via trigonometric functions
only, and as result of this, they remain bounded for all possible
h(t).

3 Extended Operational Space Formulation

The subtask function, denoted by ys hð Þ 2 R n�mð Þ, will be spe-
cifically designed to depend only on h as follows:

ys ¼ fs h tð Þð Þ (7)

where fs : Rn ! R n�mð Þ. The time derivative of ys can then be
obtained as

_ys ¼ Js
_h (8)

where Js hð Þ 2 R n�mð Þ�n is the subtask Jacobian defined as

Js¢
@ys

@h
(9)

In order to avoid utilizing pseudo inverse of the Jacobian matrix,
we combine the m dimensional forward kinematics and the
(n�m) dimensional subtask objectives into �x tð Þ 2 Rn defined as
follows:

�x tð Þ¢ x
ys

� �
¼ f hð Þ

fs hð Þ

� �
(10)

Taking the time derivative of Eq. (10) yields

_�x ¼ �J _h (11)

where �J hð Þ 2 Rn�n is the extended Jacobian matrix defined as
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�J¢
J
Js

� �
(12)

Remark 3. The extended Jacobian matrix �J has full rank if and
only if the subtask function ys(t) is carefully defined in terms of
the joint positions h.

The design objective is to make the end-effector position, x(t),
go to some desired position xd tð Þ 2 Rm and make subtask func-
tion, ys, go to some desired subtask yd tð Þ 2 R n�mð Þ. Therefore, we
define an extended desired position, denoted by �xd tð Þ 2 Rn, as
follows:

�xd¢
xd

yd

� �
(13)

Remark 4. It is assumed that the extended desired positions with
first-order and second-order time derivatives (�xd tð Þ; _�xd tð Þ, and
€�xd tð Þ) are all bounded functions of time.

4 Error System Development

The tracking error, denoted by e tð Þ 2 Rn, is defined as follows:

e¢�xd � �x (14)

By using the first-order time derivative of Eq. (14) and substitut-
ing Eq. (11), we obtain

_e ¼ _�xd � �J _h (15)

To further simplify the stability analysis, we define an auxiliary
error-like term, expressed by r tð Þ 2 Rn, as

r¢�J
�1 _�xd þ aeð Þ � _h (16)

where a 2 Rn�n is a constant, diagonal, positive-definite control
gain matrix. It is highlighted that in view of Remarks 1 and 3,

inverse of the extended Jacobian matrix �J
�1

exists 8h. Premulti-
plying Eq. (16) by �J and substituting Eqs. (11) and (15), we
obtain

_e ¼ �aeþ �Jr (17)

By using the first-order time derivative of Eq. (16), premultiplying
by mass-inertia matrix M hð Þ, and then substituting Eq. (1), we
obtain the following open-loop error dynamics:

M _r ¼ �Y/� Vmr � s (18)

where

�Y/ ¼ M
d

dt
�J
�1 _�xd þ aeð Þ

� 	
þ Vm

�J
�1 _�xd þ aeð Þ þ Gþ Fd

_h (19)

with �Y h; _h; �xd; _�xd; €�xd; t; e; _e
� �

2 Rn�p denoting an available
regression matrix and / 2 Rp representing the constant parameter
vector (e.g., mass, inertia, and friction coefficients).

5 Adaptive Controller Design and Stability Analysis

In this section, the control design and the accompanying stabil-
ity analysis will be presented. An adaptive control method is
developed when parametric uncertainties exist in the dynamic
model (i.e., the parameter vector / in Eq. (19) is uncertain) pro-
vided full-state feedback.

Considering the error system formulations in Sec. 4, the follow-
ing stability analysis and the compensation of uncertain dynamic
model parameters, we design the control input torque s tð Þ as

s ¼ �Y /̂ þ Krr þ �J
T
e (20)

where Kr 2 Rn�n is a positive-definite, constant, diagonal, control
gain matrix and /̂ tð Þ 2 Rp is the estimation of the uncertain
parameter vector /, and is updated according to

_̂/ ¼ C �Y
T
r (21)

where C 2 Rp�p is a constant, positive definite, diagonal adaptive
gain matrix. As can be seen from Eq. (20), pseudo-inverse Jaco-
bian is not used in the controller. The parameter estimation error
~/ tð Þ 2 Rp is defined as

~/¢/� /̂ (22)

Substituting Eqs. (20) and (22) into Eq. (18), the closed-loop error
system for r(t) can be written as follows:

M _r ¼ �Vmr � Krr � �J
T
eþ �Y ~/ (23)

Now the stability analysis can be easily proceeded for the adaptive
controller. We begin our analysis by introducing the following
Theorem:

THEOREM 1. For the robot manipulator dynamics given in Eq.
(1), the proposed adaptive controller in Eq. (20) with the estima-
tion law of the uncertain parameter vector in Eq. (21) guarantees
asymptotic operational space tracking and asymptotic subtask
control in the sense that

ke tð Þk ! 0 as t!1 (24)

Proof. In order to prove Theorem 1, first, a non-negative scalar
function (i.e., a Lyapunov function candidate), denoted by
V e; r; ~/
� �

2 R, is defined as

V¢
1

2
eTeþ 1

2
rTMr þ 1

2
~/

T
C�1 ~/: (25)

From the dynamic model Property 1, it can easily be observed that
the following boundedness can be written for Eq. (25) as

k1jjzjj2 � V � k2jjzjj2 (26)

where k1¢ 1=2ð Þmin 1;m1; kmax Cð Þ
� 	

; k2¢ 1=2ð Þmax 1;m2;f
kmin Cð Þg with kmax �ð Þ and kmin �ð Þ denoting the maximum and min-
imum eigenvalues of a matrix, respectively, and z tð Þ 2 R 2nþpð Þ is
the combined error-like vector defined as

z tð Þ¢ eT rT ~/
T

h iT

(27)

We can write the first-order time derivative of Eq. (25) as follows:

_V ¼ eT _e þ rTM _r þ 1

2
rT _Mr þ ~/

T
C�1 _~/ (28)

Substituting Eqs. (17), (23), and time derivative of Eq. (22) along
with Eq. (21) into Eq. (28), and then canceling common terms
with mathematical simplifications, we obtain the following
equation:

_V ¼ �eTae� rTKrr (29)

where Eq. (3) was also utilized. From a mathematical perspective,
the right-hand side of Eq. (29) can be upper bound as

_V � �k3 jjejj2 þ jjrjj2
� �

(30)

where k3¢minfkmin að Þ; kmin Krð Þg.
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From Eqs. (25), (26) and (29), (30), it is simple to observe that

the defined nonscalar function V e; r; ~/
� �

2 L1, and therefore, the

entries of the combined error vector e(t), r(t) and ~/ tð Þ 2 L1.

From the boundedness of ~/ with Eq. (22), it is clear that

/̂ tð Þ 2 L1. Based on the boundedness of �xd tð Þ, from Eq. (14), it
is observed that �x tð Þ 2 L1. In view of Remarks 2 and 4, bounded-
ness of error terms e(t) and r(t) can be used along with Eq. (17) to

conclude that _�x tð Þ 2 L1. Above boundedness expression can be

used with Eq. (16) to prove that _h tð Þ 2 L1. In view of Remark 2,

the boundedness of _h can be used to prove that Vm h; _h
� �

2 L1.
All boundedness expressions mentioned above can be used with
Eq. (18) to prove that _r tð Þ 2 L1. The robot manipulator dynamics
in Eq. (1) can be used to demonstrate s tð Þ 2 L1, and then, stand-
ard signal chasing arguments can be employed to prove that all
signals remain bounded under the closed-loop operation. After
integrating Eq. (30) in time from 0 to þ1, we obtain

ðþ1
0

_V tð Þdt � �k3

ðþ1
0

jje tð Þjj2 þ jjr tð Þjj2
� �

dt (31)

and after some mathematical manipulations

ðþ1
0

jje tð Þjj2 þ jjr tð Þjj2
� �

dt � V 0ð Þ
k3

(32)

from which it can easily be seen that e(t) and r(t) are square-
integrable functions. Barbalat’s Lemma [31] can then be used to
obtain asymptotic operational space tracking and subtask control
given in Eq. (24). �

Remark 5. At this point, we would like to point out that similar
stability result, asymptotic end-effector and subtask tracking, can
also be obtained using LaSalle’s invariant set theorem [32].

6 Experimental Study

In order to demonstrate the performance of the proposed con-
troller, an experimental study is conducted on a redundant robot
manipulator. The 3DOF robot manipulator, as shown in Fig. 1,
has an articulated structure with three links and three actuators
and works on the plane. Direct drive actuators of E137576 Maxon
Motors with the technical features of a nominal voltage of 24
VDC, a speed constant of 263 rpm/V, a nominal speed of
5530 rpm, and a nominal torque of 78.2 m N�m were used. The
motors are driven by a Maxon Escon 36/2 DC 4-Q Servo-
controller with a maximum power of 72 W. For an absolute angu-
lar measurement, AS5045 magnetic rotary encoders were used
with a resolution of 4096 positions per revolution based on con-
tactless magnetic sensor technology. The proposed control method
is implemented on the computer and run on MATLAB SIMULINK by
using a real time window target. The control inputs are transmitted
to the motor drivers with analog signals, and encoder signals are
received as quadrature counter inputs. The data transmission
between the computer and the drivers is carried out with a Humu-
soft MF624 data acquisition board at the frequency of 1 kHz sam-
pling rate.

Using Euler-Lagrange formulations, the generalized mass-
inertia matrix and centripetal-Coriolis matrix can be represented
as

M hð Þ ¼
M11 M12 M13

M12 M22 M23

M13 M23 M33

2
4

3
5 (33)

Vm h; _h
� �

¼
Vm11 Vm12 Vm13

Vm21 Vm22 Vm23

Vm31 Vm32 Vm33

2
4

3
5 (34)

where the entries of the mass-inertia matrix in Eq. (33) and the
entries of the centripetal-Coriolis matrix in Eq. (34) (which are
formed to satisfy Property 2) are given as follows:

M11 ¼ p1c2 þ p2 c3 þ c23ð Þ þ p3 M22 ¼ p2c3 þ p4

M12 ¼ p6c2 þ p2c3 þ p7c23 þ p4 M23 ¼ p7c3 þ p5

M13 ¼ p7 c3 þ c23ð Þ M33 ¼ p5

Vm11 ¼ � p1s2 þ p2s23ð Þ _h2 � p2 s3 þ s23ð Þ _h3

Vm12 ¼ � p6s2 þ p7s23ð Þ _h2 � p2 s3 þ s23ð Þ _h3

Vm13 ¼ �p7 s3 þ s23ð Þ _h3

Vm21 ¼ p6s2 þ p7s23ð Þ _h1

Vm22 ¼ �p2s3
_h3

Vm23 ¼ �p2s3
_h1 � p7s3

_h3

Vm31 ¼ p7 s3 þ s23ð Þ _h1

Vm32 ¼ p2s3
_h1 þ p7s3

_h2

Vm33 ¼ 0

where pi (i 2 f1;…; 7g) denote the mass parameters (i.e., mass of
the links, center of mass of each link, and link lengths) with unit
kg m2, si, ci, si;j; ci;j represents sin hið Þ; cos hið Þ; sin hi þ hj

� �
;

cos hi þ hj

� �
(i; j 2 f1; 2; 3g), respectively. The constant parame-

ters are given as p1 ¼ 0:0213; p2 ¼ 0:0029; p3 ¼ 0:0433;
p4 ¼ 0:0177; p5 ¼ 0:0017; p6 ¼ 0:0106, and p7 ¼ 0:0015 kg�m2.

It should be noticed that the gravitational effects were not con-
sidered in this experiment since the manipulator is horizontally

Fig. 1 3DOF planar redundant robot manipulator

Fig. 2 Representation of the laser/camera tracer subtask
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moving on the plane. In addition, we also neglected the friction
parameters since they do not have a significant effect.

Using Denavit–Hartenberg parameters, the end-effector posi-
tion of the manipulator in the operational space can be obtained to
have the following form:

x tð Þ ¼ X tð Þ
Y tð Þ

� �
¼ l1c1 þ l2c12 þ l3c123

l1s1 þ l2s12 þ l3s123

� �
(35)

where the link lengths are l1 ¼ l2 ¼ l3 ¼ 0:127 m and si, ci, sij, cij,
sijk, and cijk represent sin hið Þ; cos hið Þ; sin hi þ hj

� �
; cos hi þ hj

� �
;

Fig. 3 Experiment: operational space tracking errors e(t)

Fig. 4 Experiment: desired xd(t) and actual x(t) operational space trajectories
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sin hi þ hj þ hk

� �
; cos hi þ hj þ hk

� �
(i; j; k 2 f1; 2; 3g), respec-

tively. Based on the above forward kinematic calculations, the
manipulator Jacobian is obtained as

J ¼ �l1s1 � l2s12 � l3s123 �l2s12 � l3s123 �l3s123

l1c1 þ l2c12 þ l3c123 l2c12 þ l3c123 l3c123

� �
(36)

The manipulator was initialized to be at rest at the following joint
position h 0ð Þ ¼ 0; p=2;p=3½ �T rad. The desired trajectory in the
operational space was chosen as

xd ¼
Xd

Yd

� �
¼ 0:017þ 0:02 sin 0:1tð Þ 1� exp �0:1tð Þ

� �
0:1905� 0:02 cos 0:1tð Þ 1� exp �0:1tð Þ

� �" #

(37)

Fig. 5 Experiment: control input torques s(t)

Fig. 6 Experiment: subtask function
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In this experiment, we introduce a new subtask function (i.e.,
laser/camera tracer) that aims to allow a perpendicularly fixed
laser beam or optic camera on the middle of the first joint which
absolutely traces line of the sight of the end-effector of the manip-
ulator. This novel subtask was motivated by the inspiring work
[29] where two hyper redundant robot manipulators worked co-
operatively to replace a section of a critical pipe in a nuclear jun-
gle where one of them was only used to hold a vision system at its
end-effector. As represented in Fig. 2, the subtask function can be
trigonometrically written as follows:

ys ¼
l1

2
þ l2c2 þ l3c23 (38)

According to the aim of the subtask function, the desired subtask
is to force ys to go to zero, and therefore, yd¼ 0. It should be noted
that this novel idea of the subtask function is not conducted with a
real camera/laser equipment, but its mathematical model is per-
formed in the experimental study.

After some trial and observing errors, we obtained the best
results for the proposed controller of Eq. (20) with the following
control and adaptation gains; a ¼ 90� diag 1:2; 1:1; 1f g and
Kr ¼ 45� diag 1:2; 1:1; 1f g; C ¼ 10�4 � I7. The initial values of
the parameter update vector were chosen as /̂ 0ð Þ ¼ 10�3

� 20; 2; 40; 10; 1; 10; 1½ �T.
The operational space tracking errors are presented in Fig. 3. It

is observed that errors on X and Y coordinates of the end-effector
are less than 1 mm, which is an acceptable value when compared
to the operational space of the end-effector. Figure 4 illustrates
the actual and desired operational space trajectories. From Figs. 3
and 4, it is observed that the end-effector position converged to
the desired task position. Figure 5 shows the applied torques to
the three joints. As it is expected, the control input torque values
of each three joints are quite lower than the maximum continuous
torque of 78.2 m N�m. From the result of the subtask objective
shown in Fig. 6, it is observed that the subtask function value
went to the desired subtask value and satisfied the subtask objec-
tive. Finally, Fig. 7 presents the estimates of uncertain parameters.
As observed from Fig. 7, the estimated values of the uncertain
parameters approximately converge to some values in finite time,
which means that our adaptive update rule worked well. It should
be noted that different initial values were also tried, and similar
good results were obtained during the experimental study.

7 Simulation Study

In this section, a simulation study results is presented to show
the validity of the proposed controller with multiple subtask
objectives. For this numerical study, a 4DOF planar robot manipu-
lator, as shown in Fig. 8, is simulated on MATLAB/SIMULINK with a
data rate of 1 kHz. As the authors obtained in Refs. [33] and [34],
the kinematic and dynamic models of 4DOF planar robot

Fig. 7 Experiment: estimates of uncertain parameters /̂(t)

Fig. 8 4DOF planar redundant robot manipulator
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manipulator are modeled. The end-effector position of the manip-
ulator in the operational space can be written as

x tð Þ ¼ X tð Þ
Y tð Þ

� �
¼ l1c1 þ l2c12 þ l3c123 þ l4c1234

l1s1 þ l2s12 þ l3s123 þ l4s1234

� �
(39)

where the link lengths are l1 ¼ 0:6 m; l2 ¼ l3 ¼ 0:4m; l4 ¼ 0:3 m
and s1234 and c1234 represent sin h1234ð Þ and cos h1234ð Þ,
respectively.

Initial joint positions of the manipulator were chosen as h 0ð Þ ¼
p=10; 2p=5; p=10;p=4½ �T rad. The desired operational space tra-

jectory was selected as follows:

xd ¼
Xd

Yd

� �
¼ 0:1þ 0:05 cos 0:1tð Þ 1� exp �0:1tð Þ

� �
1:0þ 0:05 sin 0:1tð Þ 1� exp �0:1tð Þ

� �" #
(40)

Since the 4DOF planar robot manipulator has two redundant
DOF, two different subtask functions can be introduced in this

Fig. 9 Simulation: operational space tracking errors e(t)

Fig. 10 Simulation: desired xd(t) and actual x(t) operational space trajectories
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simulation study. The first subtask function with the same objec-
tive (laser/camera tracer) in Sec. 6 can be trigonometrically writ-
ten as follows:

ys1 ¼
l1

2
þ l2 cos h2ð Þ þ l3 cos h2 þ h3ð Þ þ l4 cos h2 þ h3 þ h4ð Þ

(41)

Fig. 11 Simulation: control input torques s(t)

Fig. 12 Simulation: subtask functions ys1(h) and ys2(h)
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The second subtask function might be related to the first subtask
function to be more realistic in industrial applications. It is noticed
that the relationship between the first subtask objective and the
second or the rest subtask objectives is not mandatory for the pro-
posed method. As shown in an example of Fig. 8, for the align-
ment of the laser/camera setup on the middle of the first link, the
second link might be used to handle the setup as perpendicularly.

Therefore, the second subtask function aims to force a joint to go
to a desired angle and is selected as follows:

ys2 ¼ h2 � p=2 (42)

According to the aim of the subtask functions, both desired sub-
tasks are to force ys1 and ys2 to go to zero, therefore
yd1 ¼ yd2 ¼ 0. The adaptive controller of Eq. (20) was obtained

Fig. 13 Simulation: four joint positions

Fig. 14 Simulation: estimates of uncertain parameters /̂(t)
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with the following control and adaptation gains; a ¼ Kr ¼ 2� I4.,
C¼ I7. The initial values of the parameter update vector were cho-
sen as /̂ 0ð Þ ¼ 0:05; 2; 0:5; 0:2; 2; 1; 0:1½ �T.

As illustrated in Fig. 9, the operational space tracking errors
converge to zero on X and Y coordinates of the end-effector.
Figure 10 presents the desired and actual operational space trajec-
tories. From Figs. 9 and 10, it is observed that the end-effector
position converges to the desired end-effector position. As shown
in Fig. 11, control input torques applied to the four joints are rela-
tively smooth. Figure 12 shows the two subtask functions. It is
clear that both subtask functions went to the desired subtask val-
ues and satisfied the multiple subtask objectives. From the angle
positions of four joints in Fig. 13, it is seen that the second joint is
forced to go to p/2 rad, which is the second subtask objective.
Figure 14 shows the estimates of uncertain parameters.

8 Conclusions

The main focus of this study is to design an extended opera-
tional space controller formulation with multiple subtask objec-
tives for kinematically redundant robot manipulators with
uncertain dynamical parameters. The aim is to make the extended
Jacobian to be full-rank by extending the operational space con-
troller with subtask objectives as an amount of the redundant
DOFs. To deal with uncertain dynamics, a standard adaptive con-
trol method has been designed. The stability of the overall system
and convergence of the operational space tracking and subtask
objectives are ensured via Lyapunov based arguments.

Experimental studies on the 3DOF kinematically redundant
robot manipulator were conducted using the proposed controller
with a subtask objective. In the novel subtask objective, the redun-
dant robot manipulator was considered as being equipped with a
camera or laser on one of the links that trace the end-effector of
the manipulator while performing the main end-effector tracking
objective. To illustrate the performance of the proposed method
for the multiple subtask objectives, simulation studies were per-
formed on the model of 4DOF kinematically redundant robot
manipulator.

The proposed extended operational space controller is novel
when compared to the existing literature on control of kinemati-
cally redundant robot manipulators. When compared to the aug-
mented based Jacobian methods in the literature [22]–[28], our
proposed method achieves asymptotic subtask tracking and
asymptotic operational space tracking while the adaptive control-
ler of Ref. [25] ensures globally ultimately extended operational
space tracking. As opposed by the operational space controller
along with the pseudo-inverse of Jacobian-based null-space con-
troller in Refs. [11,12], and [16], our extended Jacobian-based
controller (20) allows us to carry out a combined stability analysis
for both operational space tracking and subtask objectives without
requiring to design an external null-space controller. In addition,
the other advantage of the proposed controller (20) is able to apply
to hyper redundant robot manipulators without requiring a sepa-
rate stability analysis for multiple subtask objectives while still
ensuring the operational space control objective.
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