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Here we uncover the passive micromixer designs with the maximum mixing efficiency under a lesser
flow impedance. Three different designs of micromixers were considered for volume constrained sys-
tems: branched systems of ducts, branching ducts with sphere mixing chamber and branching ducts with
obstacles. The best performing designs, with maximum mixing efficiency and minimum flow impedance,
are uncovered numerically by considering three degrees of freedom (ratios between diameters, between
lengths, and between length and diameter) under total volume constraint. The mixing efficiency, the flow
impedance and the mixer performance (or mixer quality) for all the designs are determined based on
numerical results. The results uncover that the branched micromixer should have long mother ducts with
larger diameter than daughter ducts. Our results also show that branching ducts with sphere mixing
chambers and obstacles also enhance the mixing efficiency but with an additional penalty on flow impe-
dance. Besides, systems with a sphere mixing chamber insertion in the junction between mother and
daughter ducts have greater mixing efficiency than systems with embedded obstacles into the mother
channel. However, for a given flow impedance, the mixing efficiency is greater for branched systems of
ducts than for branching ducts with sphere mixing chamber and with obstacles. For mixer systems built
in a space with limited size, branching ducts with sphere mixing chamber may be a good option because
they require less space than the other systems. Here new analytical models are also proposed to predict
the mixing efficiency and mixer performance based on numerical results. In summary, this paper pro-
vides important insights for the designers of micromixer based on Constructal law.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction additional force term such as magnetic field, oscillation, electroki-
Advanced technologies require systems to be miniature in scale
with greater efficiency. Advancements in MEMS and Lab-on-a-chip
play an integral role to satisfy this requirement. In many applica-
tions such as drug delivery, biochemistry analysis, synthesis of
nucleic acids, cell activation, and chemical reactions, micro scale
devices include a micromixer. In mixing operations, two major
concerns are present. First, mixing efficiency should be the greatest
as possible. The second concern is related to the flow impedance
(pressure drop) that should be low to minimize power input.

The literature focuses on uncovering the micromixer designs
(and design parameters) corresponding to the mixing efficiency
enhancement while minimizing the flow impedance. The
micromixers are categorized based on how the mixing occurs:
active and passive. Micromixers with active mixing requires an
netic and so on [1,2]. Jacobson et al. [3] documented the results of a
dilution experiment for various sample fractions with electrokinet-
ically driven parallel and serial active micromixers. Mao and Xu [4]
uncovered the enhancement in the mixing numerically for
T-shaped micromixers with pulsating flow. Cho et al. [5] proposed
crisscross micromixer with aperiodic time-varying electrokinetic
perturbing flows. They uncovered the effect of perturbation condi-
tions and micromixer geometry numerically. Ebrahimi et al. [6]
numerically investigated mixing enhancement in a T-shaped
microchannel with electroosmotic-pressure driven flow.
Khozeymeh-Nezhad and Niazmand [7] performed a double MRT-
LBM simulation for oscillating rectangular stirrer in a micromixer.
Meng et al. [8] documented that the mixing performance increases
with four arc-electrodes placed around a ring-shape microcham-
ber. The electric field was non-uniform with a phase shift. Silva
et al. [9] experimentally characterized pulsed Newtonian flows in
T-shaped micromixers. They also documented a correlation for
the mixing efficiency based on their experimental results.
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Fig. 1. Symmetric Y-shaped micromixer with boundary conditions.

Nomenclature

A surface area [m2]
c concentration
D duct diameter [m]
Dc diffusion coefficient [m2 s�1]
i index
L duct length [m]
Lc characteristic length [m]
M mixing efficiency
MAE proposed mixing efficiency
N number of data points
P pressure [Pa]
u velocity vector [m s�1]
U velocity magnitude [m s�1]
V volume [m3]
u, v, w velocity vector components [m s�1]
x, y, z directions

Greek symbols
/ angle in between daughter ducts [�]
l dynamic viscosity [Pa s]
q density [kg m�3]

Subscripts
1 mother duct
2 daughter duct
g gauge
i index, local
obs obstacle
sp sphere

Superscript
� average
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Micromixers with passive mixing do not rely on external mech-
anisms and have simplified designs and fabrication processes. Spe-
cies mix due to the diffusion and advection. In addition, the
literature shows that in order to increase the mixing efficiency
the surface area should be increased or the flow should be dis-
turbed which yield an increase in the flow impedance. Therefore,
the current literature focuses on the mixing efficiency enhance-
ment with inserted obstacles [10–15] and split-recombine chaotic
design of micromixers [15–19]. Chen and Zhao [10] numerically
uncovered the layout optimization of obstacles in a three-
dimensional T-shaped micromixer for various Peclet numbers.
Kim et al. [11] optimized the geometry of vortex generators in a
micromixer by using an advanced response surface method. Ritter
et al. [12] documented the effect of asymmetric nozzle-diffuser-
like obstacles on mixing in a microchannel. Marschewski et al.
[13] studied the effect of herringbone-inspired obstacles on the
heat transfer enhancement. Alam et al. [14] documented the effect
of obstacles in a curved microchannel on the mixing efficiency. Li
and Chen [15] numerically investigated the effect of various obsta-
cle designs in a chaotic micromixer on the mixing efficiency and
pressure drop. Viktorov et al. [16] numerically investigated the
effect of inlet flow rate ratios and distinct chaotic micromixer
designs on the mixing efficiency and pressure drop. Hermann
et al. [17] optimized a split and recombine micromixer, and they
uncovered that the development of secondary flows decreases
the mixing efficiency. Chen and Shen [18] studied the mixing effi-
ciency of distinct E-shaped chaotic micromixers. Hossain and Kim
[19] optimized a two-layer serpentine micromixer by using multi-
objective genetic algorithm and surrogate modelling. They have
also documented the Pareto-optimal fronts for the trade-offs
where pressure drop increases as mixing efficiency increases.

Constructal law states that for a finite size flow system to sur-
vive, it must morph in direction of designs measurably better
[20]. Many researchers have showed that it is valid for both ani-
mate [21–31] and inanimate [30–34]. Furthermore, Constructal
law also plays a significant role in the design optimization of engi-
neering systems (see, for example, [35–44]). In this work, we
address the design of micromixer based on the Constructal law.
The mixing efficiency and flow impedance of distinct designs of
branched systems of ducts, branching ducts with sphere mixing
chamber and branching ducts with obstacles are compared and
to uncover the design with the best performance.

Regarding the mixing efficiency enhancement, current available
studies focus on determining it using a non-continuous approach.
The generally accepted definition includes local concentration
evaluated based on a number of discrete data points [10–12,14–1
6,18–19]. This approach may produce different values for the same
conditions because it depends on the number and positions of used
data points in determining the concentration. The formulation pre-
sented here encompasses the evaluation of the mixing efficiency
based on a continuous approach.
2. Model

Consider a passive micromixer composed by two micro-scale
daughter ducts connected to a mother duct in a symmetric
branched assembly of ducts, as shown in Fig. 1. The diameter
and length scales of the cylindrical mother and daughter ducts
are D1 and L1, and D2 and L2, respectively, and / is the angle in
between the daughter ducts (e.g., / = 180� is the T-shaped bifurca-
tion). The overall volume of the fluid domain (summation of the
volumes of daughters and mother ducts) is fixed at V ¼ 10�10 m3.
The concentration, c, at the daughter ducts are 1 and 0, and the car-
rier fluid is water (q ¼ 103 kg=m3 and l ¼ 10�3 Pa�s at T � 20 �C).
The diffusion coefficient for the substance to be mixed in water
is Dc ¼ 10�9 m2=s. Water with different concentrations of sub-
stance to mix is pumped through the daughter ducts at a fixed Rey-
nolds number. The mixing starts at the junction of the daughter
and mother ducts (Fig. 1), and it continues until either fluids leave
the mother duct.

The fluid flow in the domain is obtained by solving the
conservation of mass and momentum equations. The fluid flow is



Table 1
The effect of mesh size on the mixing efficiency.

Number of Mesh Elements MAE (%)
Eq. (7)

Mn
AE �Mnþ1

AE

� �
=Mnþ1

AE

			 			
18,389 84.97 –
29,441 82.20 0.034
93,232 79.79 0.030
167,142 76.83 0.038
463,725 72.90 0.054
587,343 71.95 0.013

Fig. 2. Mixing efficiency of T-shaped micromixers versus the Peclet number:
comparison between the results obtained in this study and those in Ref. [10].
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incompressible, laminar, under steady state and isothermal condi-
tions, and the single phase liquid water has constant properties.
Therefore, the governing equations for fluid flow are
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where x, y, and z are spatial coordinates, u, v and w are the velocity
components corresponding to these coordinates, P and q are pres-
sure and density, respectively, and r2 is the Laplacian operator
(i.e. r2 ¼ @2=@x2 þ @2=@y2 þ @2=@z2).

The velocity field is obtained by solving Eqs. (1)–(4) and then
inserted into the convection-diffusion equation (Eq. (5)), which
governs the concentration field

u � $c ¼ Dcr2c ð5Þ
Here u, c and Dc are the velocity vector, the concentration and

the diffusion coefficient. The literature documents that the mixing
efficiency of the species is generally estimated according to [10]

M ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN

i¼1

ci � �c
�c

� �2
s

ð6Þ

where ci and �c are the local concentration and the average concen-
tration, respectively. As mentioned before, the results obtained with
Eq. (6) depend on the number of data points considered and their
positions. Here, we suggest that the mixing efficiency should be cal-
culated as

MAE ¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZZ
ci � �c
�c

� �2
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Note that ci��c
�c

� �2
is obtained over the surface of interest, and

then not depending on the number of values considered and their
positions.

Eqs. (1)–(5) with boundary conditions shown in Fig. 1 were
solved by using a finite element software, Comsol Multiphysics
5.0 [45]. The fluid enters to the Y-shaped micromixer from two
daughter channels of diameter D2 with a uniform and constant
velocity (specified Re number) in normal direction where the con-
centration of inlets where specified as 0 and 1. The walls of the
channels are impermeable with no-slip, and the fluid leaves from
the micromixer from the mother channel of diameter D1 where
the gauge pressure is 0. Unstructured mesh elements with 5 layers
of boundary-layer meshes were applied. The converge criterion
during the simulations was set as 10�6. Table 1 shows that the rel-
ative error of the mixing efficiency described in Eq. (7) becomes in
the order of 1% when the number of mesh element is 463,725. Mix-
ing efficiency calculated by using Eqs. (6) and (7) when the number
of mesh elements is 463,725 are 72.1% and 72.9%, respectively.
Approximately 50 equidistant data points were used where the
average concentration of them is 0.5 by using Eq. (6). However, if
the position of these data points are not equidistant then the mix-
ing efficiency of Eq. (6) becomes as 71.5%. Therefore, calculating
the mixing efficiency proposed in Eq. (7) will be used throughout
this paper.
Fig. 2 shows the results of validation of the current model rela-
tive to the model specified as T-micromixer in Chen and Zhao [10].
Notice that the Peclet number, Pe, is defined as UD/Dc, where D is
the diameter of the ducts. This plot shows that our results with
29,441 number of mesh elements are in good agreement with
the results of Chen and Zhao [10] (maximum 8% relative error).
However, the results listed in Table 1 show that the results with
this mesh element size are mesh dependent. Then, the mesh size
corresponding to the 463,725 number of mesh elements is used
in our simulations.
2.1. Y-shaped micromixers

Consider the symmetric Y-shaped micromixer design depicted
in Fig. 1, with a constant total volume of V ¼ 10�10 m3 for all sim-
ulation runs. In order to uncover the effect of design parameters
D1/D2 and /, studies were conducted at Re = 100 for various L1/L2.

The influence of D1/D2 and / on the mixing efficiency (Eq. (7))
and on the flow impedance [35] for L1 = L2 = 2 mm and
L1 = L2 = 3 mm is depicted in Fig. 3. It is important to note that
D1/D2 = 2 corresponds to the maximum mixing efficiency and to
the maximum flow impedance for all cases. The minimum flow
impedance is achieved when D1/D2 = 1.2 or D1/D2 = 1.4 depending
on /, but the mixing efficiency is much lower than for D1/D2 = 2
except for /=180� (i.e., T-shaped design). The mixing efficiencies
of T-shaped designs are 5% and 2% for D1/D2 = 1.4 and
L1 = L2 = 2 mm, and for D1/D2 = 2 and L1 = L2 = 3 mm, respectively.
Therefore, the best T-shaped design seems to be for D1/D2 = 1.4
because it provides a higher mixing efficiency with a lower flow
impedance. In addition, comparison of the Fig. 3a–d shows that
increasing the length of the ducts from 2 mm to 3 mm (L1 = L2),
increases both mixing efficiency and flow impedance. Note that
the mixing efficiency varies less than 5% whereas the flow impe-
dance increases about three times. This increase in the impedance
is expected because as the length of ducts increases the diameter
should decrease due to the fixed volume constraint.



Fig. 3. The effect of D1/D2 and / on (a) the mixing efficiency and (b) the flow impedance for L1 = L2 = 2 mm (L1/L2 = 1), and on (c) the mixing efficiency and (d) the flow
impedance for L1 = L2 = 3 mm (L1/L2 = 1).
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A high mixing couple with low flow impedance characterizes a
high quality mixer. Riabouchinsky-Buckingham pi theorem states
that if there is a physical law that gives a relation among certain
physical quantities, then there is an equivalent law which is
expressed as a relation among certain dimensionless quantities.
A famous example of this reasoning is the equation for the radius
of a spherical blast wave obtained by Taylor [46]. Based on a sim-
ilar dimensional reasoning, we define a new quantity that combi-
nes the effects of mixing efficiency and flow impedance. We may
think that the performance of the mixer can be related to several
properties: concentrations, fluid velocity, pressure drop, fluid char-
acteristics, and size of ducts. Applying the Riabouchinsky-
Buckingham pi theorem, we obtain, after some mathematical
manipulation
Fig. 4. The effect of D1/D2 and / on the mixer performance Q:
Q ¼ MAE
Z
ZY

ð8Þ

where Q is the mixer performance (or mixer quality), ZY is the flow
impedance of the Y-shaped structure and Z is the flow impedance of
an equivalent straight tube with the same total length of Y and the
same total volume of Y-structure. Here Z was calculated by using
Eq. (1.26) of Ref. [31] which becomes

Z ¼ 8lPo L

pD4 ð9Þ

where Po is the Poiseuille number which is 16 for round tubes.
Fig. 4 summarizes the mixer performance Q relative to D1/D2

and / for L1 = L2 = 2 mm and L1 = L2 = 3 mm. Note that the mixer
(a) L1 = L2 = 2 mm (L1/L2 = 1), (b) L1 = L2 = 3 mm (L1/L2 = 1).
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performance is markedly high for T-shaped designs (/ = 180�). In
addition, D1/D2 = 1.4 yields the greatest mixing performance for
both L1/L2 = 2 mm and 3 mm.

Fig. 5 shows the effect of D1/D2 and / on the mixing efficiency,
flow impedance and mixing performance for L1/L2 = 1.5. Mixing
efficiency, flow impedance and mixing performance follow a simi-
lar trend of variation as reported in Figs. 3 and 4. Note that,
although L1/L2 = 1.5 for all figures, the size of the ducts has an influ-
ence on MAE, ZY and Q.

Fig. 6 shows the effect of D1/D2 and / on the mixing efficiency,
flow impedance and mixing performance for L1/L2 = 2 where
L1 = 4 mm and 6 mm. The trend of variation in Fig. 6, mixing
efficiency, impedance and mixing performance, is consistent to
Figs. 3–5.

In summary, Y-shaped configurations of ducts with longer
lengths show higher mixing efficiencies and mixer performances.
Fig. 5. The effect of D1/D2 and / on (a) the mixing efficiency, (b) the flow impedance and
mixing efficiency, (e) the flow impedance and (f) the mixer performance for L1 = 4.5 mm
The decrease in the flow impedance is expected because as the vol-
ume of daughter ducts decreases, the diameter of the mother ducts
increases. However, it is inefficient to perform parametric studies
for a fixed L1/L2 by specifying L1 values.
2.2. Design optimization of Y-shaped micromixers

In order to uncover the design of micromixer with maximum
mixing efficiency and minimum flow impedance, the effect of
L2/D2 is considered next.

Fig. 7 shows how D1/D2 and / affect the mixing efficiency, fluid
flow impedance and mixing performance for L1/L2 = 1, L2/D2 = 10
and Re = 100. Fig. 7a shows that increasing the D1/D2 increases
the mixing efficiency exception for D1/D2 = 1 and / � 40�. The
maximum mixing efficiency occurs for / = 180� (T-shaped micro-
mixer) except for D1/D2 � 1.8. Notice that the increase of D1/D2
(c) the mixer performance for L1 = 3 mm and L2 = 2 mm (L1/L2 = 1.5), and on (d) the
and L2 = 3 mm (L1/L2 = 1.5).
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creates a sudden expansion at the junction of the daughter and
mother ducts that promotes a better mixing. Another interesting
result is that the flow impedance decreases with the increase of
D1/D2, and for each diameter ratio is almost independent of /
(Fig. 7b). The results listed in Fig. 7c show that Q increases with
the D1/D2, and also increases with the angle between daughter
tubes up to / � 130�. Notice Y-shape configurations studied at
Fig. 7 have a svelteness number [31] defined as Sv = L/V1/3 (i.e.,
the ratio of external length scale to internal length scale) that var-
ies between 5 and 7. So, the flow impedance at the junction of
mother and daughter ducts cannot be neglected and the Hess–
Murray law for the optimal radii of successive branching tubes is
not valid.
Fig. 6. The effect of D1/D2 and / on (a) the mixing efficiency, (b) the flow impedance an
mixing efficiency, (e) the flow impedance and (f) the mixer performance for L1 = 6 mm
The concentration field and velocity streamlines for the designs
corresponding to the maximum mixing efficiency are presented at
Fig. 8. Fig. 8a–c shows that the concentration becomes more uni-
form at the outlet ducts for D1/D2 = 2, which agrees with the results
depicted at Fig. 7. Fig. 8d–e shows how the streamlines are affected
as D1/D2 ratio increases from 1 to 2. Note that the section at which
the mixing occurs increases as D1/D2 increases too. As mentioned, a
fixed total volume is considered. Then an increase of D means a
decrease of L. This means that a good mixing occurs in Y configu-
rations with lower length of the mother duct.

Fig. 9 shows the mixing efficiency, flow impedance and mixing
performance versus L1/L2 and / for D1/D2 = 2, L2/D2 = 10, and
Re = 100. Note that D1/D2 = 2 corresponds to the maximum mixing
d (c) the mixer performance for L1 = 4 mm and L2 = 2 mm (L1/L2 = 2), and on (d) the
and L2 = 3 mm (L1/L2 = 2).



Fig. 7. The effect of D1/D2 and / on (a) the mixing efficiency, (b) the flow impedance and (c) the mixing performance.

Fig. 8. Concentration field: (a) D1/D2 = 1, L1 = L2 = 1.619 mm and / = 180�, (b) D1/D2 = 2, L1 = L2 = 1.285 mm and / = 180�, (c) D1/D2 = 2, L1 = L2 = 1.285 mm and / = 60�.
Velocity streamlines: (d) D1/D2 = 1 and / = 180�, (e) D1/D2 = 2 and / = 180�, (f) D1/D2 = 2 and / = 60�.
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Fig. 9. The effect of L1/L2 and / on (a) the mixing efficiency, (b) the flow impedance and (c) the mixing performance.

Fig. 10. The effect of L2/D2 and / on (a) the mixing efficiency, (b) the flow impedance and (c) the mixing performance.
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efficiency and mixer performance, and minimum flow impedance
(see Fig. 7). Fig. 9a shows that the mixing efficiency increases with
L1/L2. The effect of angle / on mixing efficiency and mixer perfor-
mance is only important for / < 60� and / < 120�, respectively.
Fig. 9b show that the flow impedance increase with L1/L2 but it is
almost insensitive to /. Increasing L1/L2 provides slender
micromixers and the effect of local losses diminish as the design
becomes slender (Svelte) [31]. Fig. 9c shows that the mixer perfor-
mance is almost the same when L1/L2 = 2 and 4.

In summary, Fig. 9 shows that the mixer performance increases
with L1/L2. The lines representing the mixer performance as a func-
tion of L1/L2 are less spaced with the increase of L1/L2. This occurs
because the increase of L1/L2 also increases the flow impedance.
Therefore, increasing the L1/L2 after a limit value would not change
the mixer performance greatly. Note that L1/L2 = 10 provides mix-
ing efficiency greater than 90%.

Fig. 10 documents the effect of L2/D2 and / on the mixing effi-
ciency, fluid flow impedance and mixer performance for D1/D2 = 2,
L1/L2 = 10 and Re = 100. Similar to Fig. 9, mixing efficiency, flow
impedance and mixing performance increase as L2/D2 increases
too. However, Fig. 10c shows that the mixer performance is maxi-
mum for / = 140� when L2/D2 = 12.

Figs. 3–6 show that the flow impedance has the smallest value
when D1/D2 is in between 1.2 and 1.4. Note that, if losses at junction
of ducts are negligible, theHess-Murray lawalso states that the opti-
mal ratio between diameters of the mother and daughter ducts is
21/3 (�1.26) to minimize the flow impedance under a total volume
constraint [31,35]. Fig. 11 shows how the mixing and impedance
for a Y-shaped configuration design base on Hess-Murray law.

According to Figs. 10 and 11, the mixing efficiency for the same
L2/D2 increases as D1/D2 decreases from 2 to 21/3. The reason for this
Fig. 11. The effect of L2/D2 and / on (a) the mixing efficiency, (b) the fl
behavior is relatedwith the increase in the lengthof the ducts for the
fixed flow domain as diameter ratio decreases. Note that, according
to Fig. 11b the increase in the mixing efficiency comes with a great
penalty of impedance. Figs. 10 and 11 shows that approximately
the same mixing efficiency is achieved with at least half of the flow
impedancewhenD1/D2 is 2 relative to 21/3. Therefore, themixer per-
formance of Fig. 11c is at least half of the values in Fig. 10c.

Note that, in Fig. 7, the decrease in the flow impedance is due to
the decrease in the fluid flow rate because the Reynolds number is
fixed (Re = 100). Therefore, the influence of both the fluid flow rate
and the Reynolds number should be analyzed for the base (the
design in Fig. 7 with D1/D2 = 1) and optimized design (the design
of Fig. 10 with L2/D2 = 12). Fig. 12 shows how the mixing efficiency
and the flow impedance varies as the fluid flow rate increases from
1 � 10–8 to 5 � 10–8 m3/s for the optimized design of Fig. 10.
According to Fig. 12a, the Reynolds number varies from 50 to
252 and the mixing efficiency varies less than 1%, but the flow
impedance increases in the order of 6% for the each incremental
increase in the flow rate. For the base design, Fig. 12b documents
how the mixing and flow impedance varies for the fluid flow rate
depicted at Fig. 12a. The mixing efficiency varies approximately
3%, however, the maximummixing efficiency is very low compared
with values shown at Fig. 12a (i.e., �54%). Furthermore, the change
in the flow impedance for the base design is about 15% for the each
incremental increase in the flow rate as shown in Fig. 12b.

2.3. Sphere mixing chamber

Here we consider that there is a spherical mixing chamber at
the junction of the mother and daughter ducts with volume frac-
tion of Vsp (ratio of the sphere volume divided by the total flow
ow impedance and (c) the mixing performance when D1/D2 = 21/3.



Fig. 12. The effect of fluid flow rate on the mixing efficiency and the flow impedance (a) optimized design of Fig. 10 and (b) base design of Fig. 7.

642 E. Cetkin, A.F. Miguel / International Journal of Heat and Mass Transfer 131 (2019) 633–644
domain). The total volume of the flow domain is fixed at
V ¼ 10�10 m3 which is similar to the previous cases. Fig. 13 shows
the effect of L1/L2 and / on the mixing efficiency and on the flow
impedance when Vsp = 0.1. Both mixing and impedance increase
with L1/L2. Therefore, L1/L2 should be decided based on the lower
value of flow impedance that has a mixing efficiency enough close
to 100%. For instance, L1/L2 = 6 correspondence to approximately
96% mixing efficiency which would be acceptable in most applica-
tions where the flow impedance is 40% less than for L1/L2 = 8 which
Fig. 13. The effect of L1/L2 and / on (a) the mixing efficiency and (b) the flow imped

Fig. 14. The effect of sphere volume fraction and the angle / o
the mixing efficiency is approximately 98%. Note that the flow
impedance is not affected by the angle a. Very remarkably is the
fact that the sphere mixing chamber enhances mixing similarly
to the effect of change in the diameters at the junction.

In Fig. 14, we plotted the mixing efficiency and the flow impe-
dance versus Vsp and / for L1/L2 = 6, that correspondence to the
minimummixing efficiency depicted in Fig. 13. Fig. 14a shows that
the increase in the ratio of Vsp enhances mixing efficiency. The
maximum mixing occurs for higher angles /. For Vsp = 0.25, the
ance when Re = 100, D1/D2 = 1 and L2/D2 = 10 with sphere volume fraction of 0.1.

n (a) the mixing efficiency and (b) on the flow impedance.



Fig. 15. Micromixers with inserted obstacles to enhance mixing: (a) schematic representation of Y-shaped mixer with obstacle, (b) concentration field and (c) velocity
streamlines.

Fig. 16. The effect of obstacle volume fraction and / on (a) the mixing efficiency and (b) the flow impedance.
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mixing efficiency is similar to the L1/L2 = 8 design depicted at
Fig. 13. Note that, the flow impedance increases with Vsp but is
almost independent of the angle /. According to Figs. 10 and 14,
insertion of a sphere mixing chamber into micromixers is a better
option if the length of the domain cannot be increased due to
design limitation.

2.4. Obstacles for mixing

Next, consider a number of cylindrical obstacles are inserted
into the mother duct with the volume fraction of Vobs (ratio of
the obstacle volume divided by the total flow domain) as shown
in Fig. 15a. The obstacles were inserted in staggered arrangement
with origin-to-origin spacing of 2 � SL for the cylinders in the same
row, and spacing of SL for the neighboring cylinders. The surfaces of
the obstacles are no-slip surfaces. Unlike in the sphere mixing
chamber case, the obstacles are not included into the flow domain,
i.e. no fluid inside the obstacles. Therefore, the length scales of the
ducts increases with the increase in the Vobs.

Fig. 15b-c shows the concentration field and velocity streamli-
nes, respectively, when Vobs = 0.04. The obstacles help spreading
flowing fluids and enhances mixing. However, it also increases
the flow impedance due to the increase in the drag force.

Fig. 16 shows the effect of Vobs and / on both the mixing effi-
ciency and flow impedance. The results listed in this figure shows
that the flow impedance increases with Vobs due to the increase in
the drag force. Fig. 16 also reveals that mixing efficiency has a max-
imum at Vobs = 0.04. This means that the mixing does not always
increase with increasing Vobs. For Vobs > 0, mixing efficiency and
flow impedance are almost independent of the angle /.

3. Conclusions

Here we address the fundamental question of what the design
of branched micromixers should be to obtain maximum perfor-
mance. New models for mixing efficiency and mixer performance
are presented.

Three different designs of micromixers were considered for
volume constrained systems: branched systems of ducts, branch-
ing ducts with sphere mixing chamber and branching ducts with
obstacles. First, the design parameters corresponding to the
desired mixing efficiency and the smallest flow impedance were
uncovered for branching ducts. The optimal branched micromixer
design corresponds to a long mother duct with higher diameter
than the daughter ducts (D1/D2 = 2). The optimal configuration
also depends on the angle / between the daughter ducts, which
is 180� (i.e., a T-shaped design). The optimal branching ducts not
necessarily match the Hess-Murray law (i.e., D1/D2 = 21/3) because
losses at junction between mother and parent ducts are not
negligible.
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In addition, the results show that both branching ducts with
sphere mixing chamber and with obstacles require greater pump-
ing power (due to increased flow impedance) for the same mixing
efficiency compared to branched systems of ducts. Results also
show that the systems with sphere mixing chamber yields better
mixing efficiency than the systems with staggered obstacles for
the same flow impedance. For mixer systems built in a space with
limited size, branching ducts with sphere mixing chamber may be
a good option because they require less space than the other mix-
ing systems.
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